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Preface

Dear colleagues,

The volume you have just opened contains the proceedings of the 27th International Con-
ference Applied Mechanics 2026, held in�Cesḱe Bud�ejovice and organised by the Faculty of
Applied Sciences, University of West Bohemia in Pilsen.

It is likely that no one attending the very �rst edition in 1999 could have foreseen where
this conference would be twenty-seven years later, especially considering how signi�cantly the
research environment in our countries has changed over that time.

It should be noted that organising and attending conferences of primarily local importance
is not particularly encouraged nowadays, and the papers and presentations delivered here do
not directly contribute to the formal success metrics of grant projects. Nevertheless, this year's
conference has brought together nearly sixty researchers, both early-career and senior, who have
come to present their work and engage in informal discussions beyond the lecture hall. With
this attendance, Applied Mechanics will likely rank among the largest local conferences of its
kind held in the Czech Republic. This would not be possible without your active participation
and the generous support of our partners.

What makes the Applied Mechanics conference truly unique is the community that has grad-
ually formed around it — a network of colleagues across our countries and academic institutions
who share not only similar professional interests and responsibilities, but also long-standing
friendships and a strong sense of collegiality.

Another de�ning feature of the conference is the continuous presence of young researchers,
many of whom have the opportunity, often still as students, to present their work to an expert
audience for the very �rst time, while at the same time experiencing the welcoming and friendly
atmosphere that has always been a hallmark of this event.

It is our sincere wish that this spirit of Applied Mechanics endures, and that participation in
the conference continues to inspire future generations of young researchers, while remaining a
traditional meeting place for those who have helped shape its history over the years.

Radek Buĺ�n
Chairman of the Organising Committee

Faculty of Applied Sciences
University of West Bohemia in Pilsen
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Mánek, M., Fusek, M.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

Dynamic analysis of a multibody system constrained by stiff damped springs
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Podu�ska, J., Arbeiter, F., Tŕavń��cek, L., Gratza, R., Zach, D., Huta�r, P. . . . . . . . . . . . . . . 121



Optimization of Jones-Wilking-Lee EOS parameters for the PG3 explosive
Prado, A., Castedo, R., Santos, A. P., Chiquito, M., Gómez-De-Cabo, C., Ĺopez, L. M., Yenes, J.
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Advanced modeling of a quasi-zero stiffness isolator with Euler-buckled beam using ab-
solute nodal coordinate formulation
Zav�rel, J., Naar, M.,�Sika, Z. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

Finite element model updating of a composite component based on experimental modal
analysis
Zbon�cák, R. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

On accelerated creep testing of 3D printed AlSi7Mg0.6 with DIC
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MATHEMATICAL MODELING AND EXPERIMENTAL
DEMONSTRATION OF A NONLINEAR ENERGY SINK

Franti�sek Bare�s1

Abstract: This paper presents the mathematical modeling and experimental validation of a passive Nonlinear Energy Sink
(NES) designed for vibration control. The proposed NES utilizes cubic stiffness springs combined with repulsive magnetic
forces to achieve its nonlinear characteristics. The system's equations of motion were solved using the Harmonic Balance
Method and numerical continuation, supported by a Spline Curve approximation to maintain stability. The model is validated
using the physical demonstrator utilizing camera-based motion tracking.

Keywords: Nonlinear Energy Sink; Passive Vibration Control; Magnetic Nonlinearity; Eddy Current Damping

1 Introduction

Vibration of mechanical structures is a problem discussed in many engineering �elds. It is observed
in many cases, that this problem was solved by installation of vibration absorber [1]. These devices
can be classi�ed as passive, active and semi active vibration absorbers. Active absorber includes a
regulator, which changes parameters with changing situations, passive dampers are just dead-mass on
the construction and semi active dampers combine both of these stances [2]. This work is focused on the
area of the passive one. Generally, the basic solution is mass damper with one degree of freedom. It is
tuned to reduce vibration to one speci�c frequency. Typically it is the natural frequency of the system.
This type of solution was often used in engineering practice, but it has weakness in small frequency
range, in which the damping effect is ef�cient. One way to achieve a robust damping effect is the concept
generally known as nonlinear energy sink (NES). This way is common in the academic community. The
proof of that can be more than 100 papers about this topic published during the year 2024 [3].

It can be given some examples of NES research in academic space. The constriction with spring
was realized by [4]. In this case the results are veri�ed by experimental measurement. However, this
concept was modi�ed with the goal of achieving better results. [5] added a piecewise stiffness element to
the system. This idea was also realized in [6]. Another principle is to use magnetic force. This concept
is realized in [7]. The next principle is the track NES presented in [8], where the speci�c nonlinear
stiffness is caused by the geometry of the track, which leads to the NES active mass being described as a
trajectory. This source studied more performances of the trajectory and found one with a good effect of
vibration reduction.

This work is focused on developing NES using two realizations of a nonlinear connection. It consist
of springs with cubic stiffness characteristic and repelling magnetic force. The goal is to effectively
reduce the resonance peak of one degree of freedom system, which is waked kinematically by linear
harmonic oscillations. Firstly, this system will be solved by numerical computation and used to tune
NES parameters. Then, the result will be veri�ed using the physical demonstrator.

2 Mathematical Model

In �gure 1, vibration demonstrator with massM and positionx1, connected to a �xed table by two
leaf springs with stiffnessk1 and material dampingc1 is shown. On the demonstrator top, the NES on
the linear tracks with variable positionx2 and dampingcn is installed. The NES has a massm and it
is connected to the demonstrator by springs attached at a right angle at the track, as shown in �gure3.

1 Franti�sek Bare�s; Department of Mechanics, Faculty of Applied Sciences of the University of West Bohemia in Pilsen;
bares@students.zcu.cz
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That creates approximately cubic stiffnesskn . Next on the NES is installed magnets, which creates a
repulsive magnetic forceFm (a) dependent on the relative position of the NESa. That is displayed in
�gure 2.

Figure 1: Schema of the demonstrator. Figure 2: Placing of the magnets on the NES.

Figure 3: Placing of the springs makes cubic stiffness.

The linear oscillations are generated kinematically by the displacementy. It is realized by a slotted link
mechanism with eccentricityY and powered by an electric motor with angular velocity! . The equations
of motion have the form

M •x1 + c1( _x1 � _y) + k1(x1 � y) � cn ( _x2 � _x1) � kn(x2 � x1)3 � Fm (x2 � x1) = 0 ;

m•x2 + cn ( _x2 � _x1) + kn (x2 � x1)3 + Fm (x2 � x1) = 0 :
(1)

As there are two magnet pair states in equilibrium position with gapd and with relative deviationa, the
magnetic force between left a right magnet pairs can be described as [10]

Fl =
B 2A2(h + R)2

�� 0h2

�
1

(d + a)2 +
1

(d + a + 2h)2 �
2

(d + a + h)2

�
;

Fr =
B 2A2(h + R)2

�� 0h2

�
1

(d � a)2 +
1

(d � a + 2h)2 �
2

(d � a + h)2

�
;

(2)
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where:

• B is the magnetic �ux density (T),

• A is the circular area of the magnet (m2),

• h is the thickness of the magnet (m),

• R is the radius of the magnet (m),

• � 0 is the permeability of vacuum (4� � 10� 7 H/m),

• z is the gap between the magnets (m).

The �nal magnetic force declared in the equations of motion (1), which is dependent on distancea, can
be described by the difference of forces (2), as displayed in �gure2:

Fm (a) = Fr � Fl : (3)

3 Computation of the Frequency response curves

The equations of motion (1) are solved using theHarmonic Balance Method, where the steady-state
solution of the ordinary differential equations (ODE) is approximated by a truncated Fourier series [11].
This approximation is substituted into the original ODE, and the resulting terms are grouped by their
respective frequencies. By requiring the residuals of the included harmonics to vanish, the differential
equations are transformed into a system of nonlinear algebraic equations. The unknowns in this system
are the Fourier coef�cients of the included frequencies, which can then be solved numerically.

The magnetic force, de�ned by the formula (3), are approximated by a polynomial function during
the Harmonic Balance process. In this work, two methods of approximation were used. The �rst ap-
proach utilizes a6th-order Taylor polynomialevaluated at the center pointa = 0 . However, this method
is limited by its range of accuracy, as the approximation is only valid in the immediate vicinity of the
center point. While accuracy could theoretically be improved with a higher-order polynomial, doing so
often leads to poor convergence conditions. Consequently, an alternative approach usingSpline Curve
approximation was developed. By this method, the magnetic force is divided into small intervals, each
approximated by a series of 3rd-order (cubic) polynomials, providing better stability of the numeric so-
lution. TheC2 continuity of spline on the interval's border gives stability of the numerical solution in
this area.

Figure 4: Computed amplitude characteristic of the main structure and the NES.
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Figure 5: Comparison of the frequency response curves with and without NES

Figure4 shows frequency response curves from the cases with the NES parameters are tuned to optimal
value. Namely, the range around the resonance frequency of the primary system has small deviationsx1.
This amplitude given by theHarmonic Balance Methodwas compared with the time response given by
theRunge-Kutta method. In the �gure4, these results are shown as the maxima and minima of this time
response and in some cases are displayed as the whole plot. It can be observed that in the area around the
natural frequency, the time response has nonlinear behavior with a more colorful frequency spectrum.

It can also be observed that the frequency range during which the NES reduces the amplitude is
around 0.4 Hz. This area is evident in the amplitudes of added massx2. Here, the amplitudes currently
increase thus, the energy of the primary system is successfully transferred to the NES. The amplitude
characteristic ofx2 has similar behavior likeDuf�ng Oscillator, which, for example, describes Krack in
[11]. Therefore, it can be observed as something like a resonance peak inclined to a space of higher fre-
quencies. This inclination creates an area where, theoretically, there are three solutions for one frequency.
Two of them are stable, and one is unstable. At the amplitude characteristic ofx1, this phenomenon can
be observed as a closed loop when described as unstable solutions. Figure5 shows the optimal case, the
NES in the described model can ef�ciently reduce oscillations of the primary system in the area around
the resonance frequency. Especially, the currently described primary system with one degree of freedom
has a natural frequency:
 := 3 :02 Hz, In the case when the gaps between magnets are:d = 0 :078 m,
the NES at this natural frequency reduced 89% of the former system's amplitude.

4 Ef�ciency given from the Pulse Characteristic

As described by Gendelman [9], the ef�ciency of targeted energy transfer (TET) is dependent on
the size of the pulse, which can be described by initial energy. By accepting this fact, it was the study
of the pulse characteristic of the described system stated by the equations (1). However, it is possible
to evaluate the ef�ciency of the NES like the relation to the total energy of the NESEN and the whole
system, whereEP is the total energy of the main structure [12]:

� =
EN

EP + EN
� 100 %: (4)

However, it is hard to apply this approach to practical NES design because the energy, depending on the
current velocity, changes over time. Thus, accepting this fact, it was chosen to state the work [13], where
the ef�ciency of the TET was expressed as the relation between the dissipation energy of NES vibration
and the kinetic energy at the start of the pulse:

� =

RT
0 cn ( _x2(t) � _x1(t))2dt

1
2M _x2

1(0)
� 100 %; (5)
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where the _x2
1(0) is the initial velocity of the primary structure. The integral from the formula (5)

was solved numerically by obtaining an impulse time response, which is the solution of theRunge-
Kutta Method. The �gure 6 shows, how several parameters can have an effect on the NES Ef�ciency.
Namely, it is: the gap between magnetsd, the initial velocity of the primary structure_x1, and the relative
mass of the NES� related to the mass of the primary structure. This ef�ciency was used to �nd optimal
parameters using global optimization methods.

Figure 6: Relation of the NES ef�ciency with the selected parameters.

5 Experimental Veri�cation

The experimental stand was built based on the vibration platform, where the vibrations are generated
kinematically using the Scotch yoke mechanism. On this platform, the primary structure with two leaf
springs and the NES is placed, which is connected by linear traction using linear ball bushings (�gure1
and2). First, the placement of the magnets position and springs to create cubic stiffness were set, next
the optimal damping of the NES it set. This was achieved by the eddy current produced by magnets
moving along the copper plate. The motion data were recorded using the camera, and the speci�c point
on the structure was tracked. For that, an algorithm was developed based on �nding areas in the shot
with a high percentage of red color. The tracking point is established as the centroid of an area. The
algorithm also includes several techniques for �ltering data.

6 Conclusion

The study details the development of a passive Nonlinear Energy Sink (NES) aimed at effectively
reducing the resonance peak of a single-degree-of-freedom mechanical structure. The NES achieves its
nonlinear characteristics through two combined mechanisms: springs con�gured to create cubic stiffness
and repulsive magnets that generate a nonlinear magnetic force. The system's equations of motion were
solved using the Harmonic Balance Method to �nd the amplitude characteristics. The ef�ciency of the
targeted energy transfer was also evaluated using pulse characteristics simulated via the Runge-Kutta
method. This allowed for global optimization based on the magnet gap, initial velocity, and relative mass
impact the damping time and energy dissipation. To verify the mathematical and numerical �ndings, a
coupled system of the linear oscillator and the NES physical demonstrator was constructed.

Acknowledgement

The work was supported by the internal grant project SGS-2025-015 of the University of West Bo-
hemia in Pilsen.

5



References

[1] WAGG, David J. A review of the mechanical inerter: historical context, physical realisations and
nonlinear applications.Nonlinear Dynamics. 2021, vol. 104, no. 1, pp. 13-34.

[2] ZHANG, Bao-Lin; HAN, Qing-Long and ZHANG, Xian-Ming. Recent advances in vibration control
of offshore platforms.Nonlinear Dynamics. 2017, vol. 89, pp. 755-771.

[3] GENG, Xiao-Feng; DING, Hu; JI, Jin-Chen; WEI, Ke-Xiang; JING, Xing-Jian and CHEN, Li-Qun.
A state-of-the-art review on the dynamic design of nonlinear energy sinks.Engineering Structures.
2024, vol. 313, pp. 118228.

[4] JIANG, Xiaoai; MCFARLAND, D Michael; BERGMAN, Lawrence A and VAKAKIS, Alexander F.
Steady state passive nonlinear energy pumping in coupled oscillators: theoretical and experimental
results.Nonlinear Dynamics. 2003, vol. 33, pp. 87-102.

[5] GENG, Xiao-Feng and DING, Hu. Theoretical and experimental study of an enhanced nonlinear
energy sink.Nonlinear Dynamics. 2021, vol. 104, no. 4, pp. 3269-3291.

[6] YAO, Hongliang; CAO, Yanbo; ZHANG, Shijia and WEN, Bangchun. A novel energy sink with
piecewise linear stiffness.Nonlinear Dynamics. 2018, vol. 94, pp. 2265-2275.

[7] GENG, Xiaofeng; DING, Hu; JING, Xingjian; MAO, Xiaoye; WEI, Kexiang and CHEN, Liqun.
Dynamic design of a magnetic-enhanced nonlinear energy sink.Mechanical Systems and Signal
Processing. 2023, vol. 185, pp. 109813.

[8] WANG, Jingjing; ZHENG, Yuqiang and MA, Yuhong. Experimental validation of a nonlinear mass
damper enabled by movable track parts.Engineering Structures. 2025, vol. 328, pp. 119736.

[9] GENDELMAN, Oleg V. Transition of energy to a nonlinear localized mode in a highly asymmetric
system of two oscillators.Nonlinear dynamics. 2001, vol. 25, no. 1, pp. 237-253.

[10] CHALLA, Vinod R; PRASAD, Marehalli G; SHI, Yong and FISHER, Frank T. A vibration energy
harvesting device with bidirectional resonance frequency tunability.Smart Materials and Structures.
2008, vol. 17, no. 1, pp. 015035.

[11] KRACK, Malte and GROSS, Johann.Harmonic balance for nonlinear vibration problems. Vol. 1.
City: Springer, 2019.

[12] HONG, Dongxiao; HILL, Thomas L and NEILD, Simon A. Understanding targeted energy transfer
from a symmetry breaking perspective.Proceedings of the Royal Society A. 2021, vol. 477, no. 2251,
pp. 20210045.

[13] KUMAR, P; NARAYANAN, S and GUPTA, S. Targeted energy transfer in stochastically excited
system with nonlinear energy sink.European Journal of Applied Mathematics. 2019, vol. 30, no. 5,
pp. 869-886.

6



20
26

APPLIED MECHANICS
April 13 - 15, 2026, Ceské Budejovice, Czech republic �� ��

2026

POSSIBILITIES OF IMPROVING TRAJECTORY TRACKING
ACCURACY OF SPATIAL 6R ROBOT WITH NONLINEAR

ACTIVE 6-DOF ABSORBER

P. Bene�s1, R. Petr2, J. Krivo�sej3, K. Kraus4, Z. �Sika5

Abstract: This article uses simulations to study the concept of a hybrid system combining a 6R robot with a Stewart platform-
type absorber placed on the robot's end effector. The aim is to improve accuracy of tracking the desired 6-DoF motion of the
robot's end-effector including suppression unwanted vibrations. For the given system, the possibility of coordinated control of
this entire nonlinear system is studied with the aim of determining its applicability and limitations. The basis is the use of a
modi�ed version of the computed torque method. In the robot model, compliances are considered in this initial study only in
the transmissions between individual drives and controlled rotary joints.

Keywords: Active vibration absorber; 6R robot; Stewart platform; Computed torque control

1 Introduction

Robots and manipulators face challenges from mechanical vibrations caused by rapid movements,
drive chain compliance or joint and arm �exibility. These vibrations degrade positioning accuracy, ex-
tend settling times, and limit operational speeds. This article addresses vibration suppression for spatial
6R robots through an active Stewart platform absorber, Figure1, attached to the end-effector, Figure
2. The research progressed from simulation model development, through passive absorber design, to
active control, systematically evaluating performance across representative trajectories with impulsive
disturbances.

Figure 1: Demonstration of an active Stewart
platform-type absorber. [1]

Figure 2: Visualization of a 6R robot with an
attached absorber.

2 Problem description

A dynamic model of a 6R robot, inspired by the Stäubli TX2-90, was developed, with joint compli-
ance incorporated through torsional springs and dampers. Computed Torque Control [2] was employed,
but persistent oscillations remained under impulsive disturbances during tracking of prescribed trajecto-
ries. Then, a Stewart platform-type vibration absorber was attached to the robot's end-effector, allowing
the generation of compensatory forces and moments in all spatial directions. This mechanism was �rst
implemented passively, tuned to dominant vibrational frequencies. While effective near tuned frequen-

1 Petr Bene�s; CTU in Prague Faculty of Mechanical Engineering; petr.benes@fs.cvut.cz
2 Robin Petr; CTU in Prague Faculty of Mechanical Engineering; robin.petr@fs.cvut.cz
3 Jan Krivo�sej; CTU in Prague Faculty of Mechanical Engineering; jan.krivosej@fs.cvut.cz
4 Karel Kraus; CTU in Prague Faculty of Mechanical Engineering; karel.kraus@fs.cvut.cz
5 Zbyn�ek �Sika; CTU in Prague Faculty of Mechanical Engineering; zbynek.sika@fs.cvut.cz
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cies, the passive absorber's performance varied with robot con�guration changes across the workspace.
The second step was active control of the Stewart platform. Linear Quadratic Regulator with output
weighting (LQRy) was designed using extended state-space models combining robot and absorber dy-
namics. Full-state feedback represented the ideal case, while observer-based control provided a realistic
implementation with state estimation from reduced-order models. Controller gain scheduling preserved
performance despite varying robot dynamics along the trajectory.

3 Results

System performance was evaluated by tracking end-effector error on several trajectories under im-
pulsive disturbances, see Figure3. Without an absorber, prolonged oscillations persisted; the passive
absorber reduced but did not eliminate ringing; active LQRy signi�cantly lowered peak deviations and
accelerated settling to the desired trajectory. The ideal full-state LQRy outperformed observer-based
control, though both substantially improved over passive and baseline con�gurations.

Figure 3: Comparison of the absolute error of the end-effector [3]

4 Conclusion

The Stewart platform-based active absorber achieved six-degree-of-freedom vibration suppression
and con�rmed the proposed concept for spatial robotic manipulators. Active control preserved perfor-
mance despite varying system dynamics. The results suggest that a 6-DOF active absorber is a promising
approach to vibration attenuation in serial robots.
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APPLICATION OF FMI STANDARD IN BUS MBD MODEL 
DEVELOPMENT 

Jozef Bucha1, Roland Jan�þ�R2, ���X�E�R�ã Magdolen3, �-�i�Q �ý�X�O�t�N4 

Abstract:  This paper presents a methodology for integrating a multibody dynamics (MBD) bus model developed 
in Adams/Car with Matlab/Simulink using the Functional Mock-up Interface (FMI) standard. The Adams/Car 
model of the hydrogen bus SK080HS exported as a Functional Mock-up Unit (FMU) via co-simulation mode. 
Appropriate input and output state variables enable seamless data exchange between the two environments. The 
tool-independent nature of FMI ensures model portability across simulation platforms, supporting the 
development and validation of advanced vehicle control strategies for autonomous driving applications. 

Keywords: FMI standard; Adams/Car; Matlab/Simulink; co-simulation; multibody dynamics; bus 

1 Introduction 
Simulations are essential in modern vehicle development, enabling virtual testing of 

functionality, reliability, and safety before physical production. They shorten development 
time, reduce prototype costs, and allow testing of extreme conditions without risking real 
components. This article focuses on the Hydrogen bus SK080HS (fig. 1) as the subject of the 
simulation model. The FMI (Functional Mock-up Interface) standard complements this by 
providing an open format for model exchange between simulation tools. Models exported as 
FMUs (Functional Mock-up Units) can be used for co-simulation across different software 
without sharing source code, supporting modularity and reusability [1]. 

 
Figure 1: Hydrogen bus SK080HS 
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2 Multibody Model of Bus in Adams/Car 
The Adams/Car program uses a three-level vehicle modeling system. (Template �Æ 

Subsystem �Æ Assembly) [5]  
The MBD model of the bus consists of eight parts, each having its own subsystem based 

on own template. The created model represents an assembly model of the entire vehicle. The 
names of the individual subsystems and their corresponding templates are listed in fig.2 [1]. 

anycontrol_systemcontrol_systemcontrol_system_VLControl system

frontfront_suspension_bus.sub

rearrear_suspension_bus.sub
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Powertrain
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Figure 2: Block diagram of the MBD bus model 

The front suspension used in the bus is modified double wishbone suspension where 
upright consist of tower and knuckle connected by revolute joint (fig. 3), in the rear 
suspension rigid axle is used (fig. 4) [1]. 

 
Figure 3: Front suspension template  Figure 4: Rear suspension template 

Fig.5 shows full vehicle assembly according fig.2. used with MDI_SDI_Testrig. 
 

 
Figure 5: Full vehicle assembly of bus with MDI_SDI_Testrig. 
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3 Functional Mock-up Interface 
The Functional Mock-up Interface is a free standard that defines a container and an 

interface to exchange dynamic simulation models using a combination of XML files, binaries 
and C code, distributed as a ZIP file. It is supported by 250+ tools and maintained as a 
Modelica Association Project. A Functional Mock-up Unit (FMU) is the executable that 
implements the interface defined by the Functional Mock-up Interface (FMI) standard. FMI 
standard supports two types of co-simulations [3]: 

�x Model Exchange: 
o The FMU (Functional Mock-up Unit) provides only the model equations (e.g. 

ODEs, DAEs). 
o The solver is external �²  it's provided by the master simulator (e.g. Simulink, 

Dymola, etc.). 
o The master controls Time integration, Step size, State events. 

�x Co-Simulation: 
o The FMU includes its own solver. 
o Each FMU advances independently in time over given steps. 
o The master only coordinates time steps and data exchange. 

MSC Adams/Car can export and use FMU only in Co-Simulation mode, not in Model 
Exchange and supports FMU v1 and FMU v2 [1],[3]. 

3.1 Driving machine 

The Driving Machine in Adams Car is a software module (a virtual driver) that controls 
the entire vehicle during simulation, ensuring consistent, repeatable, and automated vehicle 
tests. The Driving Machine steers the vehicle, applies the throttle and brake, and shifts gears 
(using the clutch). The Driving Machine can operate in pure open-loop mode (without 
feedback), in pure closed-loop mode (with feedback) or with combination of open and closed-
loop mode [4], [5]. 

An event in Adams Car is a test maneuver that defines what happens to the vehicle 
during the simulation. An event is represented by an xml file that contains data for defining 
and transmitting sets of command signals, feedback signals, and parameters for each of the 
five control inputs: steering, throttle, brake, gear, and clutch. Fig. 7 shows pure open loop 
event with Varval function (values are transmitting from primary solver to vehicle FMU [2]. 

To easily incorporate MBD model of the bus to FMU, full vehicle assembly contains 
simple control subsystem (fig. 2). Control subsystem contains input state variables used in 
event (Steering_input, Throttle_input, Brake_input, Gear_input, Clutch_input) and output 
state variables (used for computation of vehicle position, orientation and velocity and 
�D�F�F�H�O�H�U�D�W�L�R�Q���� �D�Q�G�� �I�R�U�� �F�R�P�S�X�W�D�W�L�R�Q�� �R�I�� �H�D�F�K�� �Z�K�H�H�O�¶�V�� �S�R�V�L�W�L�R�Q�� �D�Q�G�� �R�U�L�H�Q�W�D�W�L�R�Q���� �>���@���� �2�X�W�S�X�W�� �V�W�D�W�H��
variables are computed using Adams functions and based on markers attached to vehicle body 
and each suspension spindles and uprights or axle (fig. 6). 

FMU of vehicle is possible to create using plugin Adams/Controls. Created FMU 
contains all necessary files for co-simulation [4]: vehicle model (.adm, .acf files), tire property 
files, driving event (.xml file), and also needed .dll files and .so files. Fig. 8 shows data driven 
co-simulation of FMU model in Simulink [6]. 
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Figure 6: Front suspension template  Figure 7: Open loop event with Varval 
function 

 
Figure 8: Data driven simulation of FMU vehicle in Simulink 

4 Conclusion 
This article outlined a methodology for integrating Adams/Car and Matlab/Simulink via 

the Functional Mock-up Interface (FMI) standard. The definition of suitable input and output 
state variables facilitated smooth data exchange between the Adams/Car vehicle model, 
functioning as the FMI slave, and the Matlab/Simulink environment acting as the master. 
Thanks to the tool-independent nature of the FMI standard, vehicle models can be readily 
shared and deployed across a variety of simulation platforms. Adams/Car delivers high-
fidelity representation of vehicle dynamics, tire-road interactions, and suspension behaviour, 
while Simulink provides rich libraries suited to the development of advanced driver assistance 
systems (ADAS), autonomous driving algorithms, machine learning models, and sensor 
fusion techniques. Combined, these tools offer a robust environment in which researchers and 
engineers can develop and validate complex vehicle control strategies. 
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ADVANCED FRICTION MODELS WITH STICTION USED IN 
FRICTION-INDUCED VIBRATIONS ANALYSIS 

Radek Bulín1, �0�L�F�K�D�O���+�D�M�å�P�D�Q2, Jan Rendl3, Miroslav Byrtus4 

Abstract:  Friction-induced vibrations (FIV) are an interesting phenomenon in the dynamics of mechanical systems 
that can occur across a wide range of applications, including brake systems (squeal noise) and precision machining. 
The study of FIV is important for mitigating unwanted noise and vibrations that may lead to significant wear. This 
work focuses on advanced friction models that incorporate internal contact dynamics and capture microscopic 
displacements during the stiction phase, within a minimal mathematical model that exhibits FIV. The goal is to 
reveal whether the precisely modelled stiction can influence the FIV of the mechanical system. 

Keywords: friction-induced vibrations; friction models; stiction; dynamic simulation 

1 Introduction 
Friction-induced vibrations (FIV) represent a critical phenomenon in mechanical 

engineering, manifesting as self-excited oscillations in systems with sliding contacts. These 
vibrations are the primary source of unwanted effects, including brake squeal in the automotive 
industry, chatter in high-precision machining, and wear in industrial components. The economic 
and functional impact of FIV necessitates precise predictive models that can identify instability 
thresholds before the design phase is finalised. 

Traditional analyses often rely on simplified friction laws, such as the Coulomb model, 
which assume a constant friction coefficient or a simple step-change between static and kinetic 
states. However, such models frequently fail to capture the complex physics occurring at the 
contact interface during the transition from rest to motion. In reality, the "stiction" phase is not 
purely static; it involves microscopic elastic and plastic deformations of asperities, known as 
pre-sliding displacement. 

Recent advancements in contact mechanics have led to the development of sophisticated 
friction models that incorporate internal state variables to describe these dynamics. This paper 
investigates the influence of these advanced friction models on the onset and character of FIV. 
By utilising a minimal mathematical model (such as a mass-on-a-belt oscillator), we examine 
whether the precise modelling of internal contact dynamics and stiction significantly alters the 
predicted vibration patterns and stability limits of the system. 

2 Model description 
Figure 1 shows the analysed minimal mechanical model, which should exhibit friction-

induced vibrations.  It contains a point mass with weight m, which is connected to the base 
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frame via two inclined springs with stiffnesses k2 and k3. The point mass is in contact with a 
belt which has a specified velocity, vbelt.  

The contact between the point mass and the belt is modelled using Hertzian contact 
theory [1], which is characterised by normal contact stiffness kc, penetration �/ and penetration 
coefficient n. The main contribution of this paper lies in the testing of various friction models. 
As the basic representative of static friction models, the Bengisu-Akay model is used [2]. This 
model is based on the Coulomb model with the Stribeck effect, which is smoothed around the 
zero relative contact tangential velocity. This smoothening may result in drift during the stiction 
contact phase, which is an undesired effect. The first advanced friction model, which belongs 
to the category of dynamic friction models, is the so-called amended LuGre model [2]. The 
dynamic friction models introduce an additional state variable dedicated to the friction model, 
so an additional differential equation is solved. Some limitations of the LuGre model were 
addressed in [3], and a new friction model, which overcomes most of the LuGre model's 
unrealistic behaviour, called the second-order dynamic friction model (FrD2), was proposed 
there. This model employs a second-order differential equation to describe the dynamics of the 
fictitious bristle, which captures the microscopic frictional displacements while maintaining the 
static friction (stiction) phase very well. The last tested model is the generalised Maxwell slip 
model (GMS), which is based on N spring elements (bristles), where each has its own stiffness 
and maximal saturation force, which it is able to carry before it slides. This model is often used 
in precise friction compensation in mechatronic systems, because of its frictional memory 
before and after the sliding. In this work, the smoothed GMS model is used [4].  

Despite the simplicity of the minimal model, there are a lot of structural parameters that 
can have an influence on FIV, such as spring pretension, position and stiffness, belt velocity 
and further various contact and friction parameters. The tuning of these parameters to reach 
unstable FIV can be tricky and we will address this in further work. 

 
Figure 1: The used minimal mechanical model, which can exhibit friction-induced vibrations.  

3 Simulations 
Table 1 shows the selected key parameters used in the preliminary model analysis. There 

are, indeed, many other parameters not mentioned and related to the friction models (for 
example, Stribeck curve parameters), but it is not that important to describe them within this 
extended abstract, because they are the same for all of the tested friction models. 

The basic question is whether the friction force, which acts in the horizontal direction, 
can induce the vertical vibrations of the point mass, so the FIV appear. As it is shown in 
Figure 2, where the vertical velocity time history of the point mass is shown, the FIV appears 
in all tested friction models. Interestingly, the Bengisu Akay, LuGre and FrD2 models show 
similar results; only in the case of the Bengisu Akay model, the vertical oscillations are slightly 
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damped over time. This can happen because this model exhibits a slight drift during the stiction 
phase. On the other hand, the GMS model in this case shows different behaviour, where the 
vertical oscillations are more pronounced over time.  

 
 

Description Parameter Value 
Point mass weight m 1 kg 
Spring 2 stiffness k2 1000 N/m 
Spring 3 stiffness k3 2000 N/m 
Contact stiffness kc 107 N/m1.5 
Initial angle of spring 2 �.20 45° 
Initial angle of spring 3 �.30 120° 
Vertical pretension h 0.1 m 
Belt velocity vbelt 0.5 m/s 
Static friction coefficient �ä�æ 0.5 
Dynamic friction coefficient �ä�× 0.3 
Total bristle stiffness parameter �ê�4 106 N/m 
Number of Maxwell springs N 10 

Table 1. Selected key parameters. 
 
 

 

 
Figure 2: Point mass vertical velocity for all tested friction models. 
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When trying to identify the source of this behaviour, it is advisable to focus on the GMS 
model state variables. In this case, we have N = 10 state variables, which are used to determine 
the friction force. Their time history is shown in Figure 3. It is apparent that each GMS spring 
element has a different force saturation, so the sliding of each element, which is characterised 
by the sudden change from growing deformation to constant deformation (e.g. between 19.2 s 
and 19.4 s �± blue, red, yellow, purple, green curve etc., in that order), appears at a different 
spring deformation level. This is typical behaviour of the GMS model. When all the spring 
elements are in the sliding mode, each spring deformation is lowered, because the dynamic 
friction coefficient, which is lower than the static friction coefficient, is employed (e.g. state 
between 19.41 s and 19.54 s). Then, the stiction appears again (time around 19.54) and the point 
mass starts to move as it is stuck to the belt. During this motion reversal, the GMS spring 
elements remain negatively or positively prestressed (frictional memory), which clearly affects 
�W�K�H���Z�K�R�O�H���S�U�R�F�H�V�V���R�I���³�V�Q�D�S�S�L�Q�J���V�S�U�L�Q�J�V�´���L�Q���W�K�H���Q�H�[�W���U�R�X�Q�G�����6�L�Q�F�H���R�W�K�H�U���I�U�L�F�W�L�R�Q���P�R�G�H�O�V���G�R���Q�R�W��
include this effect, it is the main suspect �L�Q���W�K�H���V�H�D�U�F�K���I�R�U���W�K�H���U�H�D�V�R�Q���E�H�K�L�Q�G���W�K�H���*�0�6���P�R�G�H�O�¶�V��
different response. 

 

 
Figure 3: Time history of the GMS model state variables (bristles deformation). 

4 Conclusion 
This paper investigated the influence of various friction models on friction-induced 

vibrations using a minimal mechanical mass-on-a-belt model. The numerical simulations 
confirmed that the choice of the friction model significantly affects the predicted dynamic 
response of the system. While the Bengisu-Akay, LuGre, and FrD2 models yielded relatively 
similar results with stable or slightly damped oscillations, the smoothed generalised Maxwell 
slip model exhibited more pronounced vertical vibrations over time. It has to be noted that the 
different behaviour was demonstrated only using one case. In other cases, all models can behave 
differently, which will be further analysed. 

The distinct behaviour of the GMS model can be attributed to its "frictional memory". As 
shown in the analysis of internal state variables, the individual Maxwell elements remain 
prestressed during motion reversal, which fundamentally alters the subsequent sticking and 
sliding phases. This study demonstrates that precisely modelling stiction and internal contact 
dynamics is crucial for accurate FIV analysis, as simplified models may fail to capture memory-
related instabilities. Future research will focus on tuning structural and friction parameters to 
further explore these instability thresholds. 
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DIGITAL TWIN OF A HIGH-PRESSURE MULTISTAGE 
PUMP 

Radim Burda1, �.�D�U�H�O���.�X�E�i�þ�H�N2, �0�L�O�R�V�O�D�Y���3�R�S�R�Y�L�þ 3 

Abstract:  The article outlines the development of a digital twin for a high-pressure, horizontally split pump 
designed for extreme conditions. It employs advanced computational fluid dynamics (CFD), deformation, 
�V�W�U�H�V�V�H�V�����Y�L�E�U�D�W�L�R�Q�����V�W�U�X�F�W�X�U�D�O���G�\�Q�D�P�L�F�V�����&�6�'�����D�Q�G���V�L�J�Q�D�O���S�U�R�F�H�V�V�L�Q�J���W�R���F�U�H�D�W�H���D���P�R�G�H�O���W�K�D�W���H�Y�D�O�X�D�W�H�V���W�K�H���S�X�P�S�¶�V��
operational states in real time. The digital twin includes stationary and dynamic reduced models for predicting 
steady-state conditions and dynamic processes. A data collection and processing platform enables calibration and 
estimation of non-measurable parameters, such as impeller stress, enhancing regulation and maintenance. The 
article details the model development stages and experimental validation. 

Keywords: digital twin, reduced model, pump, CFD, deformation, stress, vibration, Ansys, service life 

1 Introduction 
Digital twins play a key role in monitoring and optimizing complex systems due to their 

ability to predict operating states in real time. There are a number of definitions of digital 
twins in the literature, the key being that it is a digital replica of a real-life piece of equipment 
or machine that is connected to the piece of equipment or machine, thus enabling the 
prediction of key variables immediately in real time. If this connection does not occur, it is 
only a virtual model, not a digital twin. The original definition [1] further states that any 
information that can be obtained from observing a real piece of equipment can be obtained 
from its digital twin. However, this concept is not ideal in practice, because a complete 
description is computationally very demanding and unrealistic, and therefore the key variables 
that can be predicted using a digital twin are determined. Furthermore, the complex 
functioning of a real piece of equipment is reduced to a set of models with different levels of 
complexity that the selected variables predict. 

In the field of pumps and rotating machinery, digital twins are becoming a key tool for 
improving performance and safety. An example is a digital twin system for diagnosing 
centrifugal pump failures using convolutional neural networks, which enables vibration 
monitoring and real-time failure prediction [2]. Another example includes the application of a 
digital twin in a pump turbine monitoring system, where 3D modeling, reduced models, and 
machine learning are combined to predict pressure pulsations and cavitation, resulting in 
reduced computational effort and improved accuracy [3].  

This article focuses on the development of a digital twin of a high-pressure multistage 
pump for extreme conditions. The article describes in detail the development stages, including 
the setup of numerical simulations, preparation of reduced models, validation and 
experimental verification of the model. Thus, it contributes to the development of 
technologies for advanced control, maintenance and life management of pumps in demanding 
applications. 
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2 Numerical analysis 
Most deployed digital twins use a pseudo -transient approach, where the reduced model, 

which is the basis of the digital twin, is created only during stationary operation. The 
following chapter describes the settings of the CFD solver (Ansys CFX), the mechanical 
solver (Ansys Mechanical) and the software that connects the solvers together (System 
Coupling). The basis of the reduced models are therefore the results from the so-called Fluid 
Structure Interaction (FSI) analyses. 

2.1 CFD model 

For the purposes of CFD simulation, the pump model was divided into stationary 
domains and blade channel domains. The spaces between the envelope and the cover and 
support discs were retained, as they have a significant influence on the resulting forces. 
However, the spaces of small gaps around the seals were neglected. The fluid domain of the 
impeller was meshed in the Ansys TurboGrid program, which allows the creation of 
structured hexahedral meshes for bladed rotating machines. The stationary domain was 
meshed in the Ansys ICEM software.  

  
Figure 1: Fluid domain in Ansys CFX software (interface highlighted in green), 

hexahedral network of blade channels 
 
The pressure boundary condition was applied to the input inlet with parameterized total 

pressure value. Then mass is supplied to the outlet flow outlet with a parameterized flow 
value. The boundary condition stationary was prescribed for the pipe walls wall . Then 
rotational on the rotor blades wall with a parameterized speed value. The k-�&���6�7�7���W�X�U�E�X�O�H�Q�F�H��
model was chosen , the water was considered incompressible and the entire system was 
modeled as isothermal , where the water temperature serves only to determine the material 
properties throughout the simulation. 

For tuning the system, the key parameter is the permeability, which was set to a value of 
5000 m-1. This value was approximately determined based on a stationary calculation for the 
optimal point, however, based on experimental measurements, a correction of the entire 
system will be necessary. 

2.2 Mechanical model 

The finite element mesh (Fig. 2) was created on the existing CAD model of the pump, 
suitably modified and simplified for FE analyses.  
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Figure 2: Finite element mesh of the pump and CAD and FE model of the rotor. 

 
Boundary conditions were applied to the circular anchor holes, where displacements in 

all directions were prevented. The FE model of the pump was loaded with the pressure from 
the pumped medium. 

2.3 FSI analysis 

The resulting pressures on the wetted surfaces were imported into the strength analysis 
within the Ansys Workbench (stationary ROM) and System Coupling (Dynamic ROM) 
interfaces. The resulting displacements from the strength analysis are not imported back into 
the CFD simulation. This is therefore a one-way FSI analysis.  

3 Stationary reduced model 

3.1 Preparation of a stationary reduced model 

Reduced models (Reduced Order Models) serves to reduce the complexity of the 
models used, when the simulated model is replaced by a so-called metamodel. This is a 
statistical model that includes the response surfaces of all output quantities depending on all 
input quantities. The entire Ansys Workbench project was imported into the Ansys optiSLang 
program , in which the sensitivity analysis was performed. 

3.2 Evaluation of the stationary reduced model 

For the needs of the stationary reduced model, 110 simulations were calculated. For the 
digital twin, the key points are mainly the response surfaces for the individual parameters, 
which then respond in real time to the input parameters from the measurements within the 
pump run. The presented graphical results therefore serve to check the correctness of the 
individual simulations. 

4 Dynamic reduced model 

4.1 Transient simulation evaluation 

A total of 4 ramp-up scenarios and 4 ramp-down scenarios were simulated in the first 
set of scenarios. These scenarios involve a rapid ramp-up and ramp-down from zero speed to 
25%, 50%, 75% and 100% of nominal speed (2980 rev /min) in 0.5 s. In the next set of 
scenarios, 3 ramp-ups with a time of 2 s were subsequently simulated to 25%, 50% and 100% 
of nominal speed and in the last set, a ramp-down from these speeds in 2 s. The different 
ramp-up and ramp-down steepnesses and the different speed values are intended to 
sufficiently describe all states of speed changes of the dynamic reduced model.  
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Figure 3 RPM 100 Start-up (Set 2) �± Pressures on the flow lines across the pump 

4.2 Preparation of a dynamic reduced model 

the Dynamic ROM Builder tool was used , which uses a deep learning approach to 
create dynamic reduced models, with the goal of creating a dynamic reduced model for a 
universal dynamic system described by the equation: 
 dX/dt=F(X(t),B(t))whereX(t=0)=X0 ( 1) 
Where: 
 X is a result vector of size n output , which is time-dependent. 
 B is a vector of magnitude n of excitation , which is time-dependent. 
 F is a nonlinear function of vectors X and B. 
 X0 is a vector of size n output that represents the initial state of the solution. 

 
Figure 4 �± Illustrative diagram of inputs for creating a dynamic digital twin 

 
The function F is identified using training data (a set of transient result vectors X and 

their corresponding excitation vectors B). This training data is the result of transient 
simulations described in previous chapters. These scenarios were divided into training and 
validation. Furthermore, the output variables were separated by type, so that, for example, 
separate reduced models were created for forces and head. The resulting reduced models are 
exported in FMU format, which can then be used in an application neutral to Ansys software 
licenses. An illustrative diagram of the entire process can be seen in Fig. 4. The function F is 
identified using an optimization process, which minimizes: 
 �Å�;�U�R�P���W��-�;���W���Å�A�� (2 ) 
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5 Validation and calibration of reduced models 

5.1 Comparison with validation scenarios 

Both the stationary and dynamic models were compared with a scenario of ramping up to 
25% RPM and decreasing to 0% RPM, which was not used to train the dynamic reduced 
models and therefore provides a better estimate of the prediction error. The reduced models 
are compared with CFD analysis, not with experimental measurement data, and therefore 
serve only as preliminary information about the quality of the regression. The curves are also 
compared with the dynamic model method in the Ansys OptiSLang environment, which is not 
presented in this article. 

5.2 Calibration of reduced models 

The resulting reduced models must be calibrated for each deployment separately, 
depending on the operational data. Each pump is exposed to different external conditions 
during deployment and may therefore show a different response to the input signal. At the 
same time, the calibration will also affect the error between numerical simulations and reality. 
Therefore, the digital twin must be calibrated first based on experimental measurements of the 
real pump, but subsequently calibrated after a certain period of operation in order to tune it to 
the actual work and at the same time, so that the model can be calibrated at given time 
intervals, e.g. for pump aging. For this reason, a hybrid digital twin concept was prepared, 
which allows the use of results from both numerical simulations and data from measurements 
and pump operation. Within the Ansys Twin environment Deployer can use the Fusion 
modeling function, which prepares these hybrid models based on neural network machine 
learning, and can use learning based on time series or parametric description of the 
dependence of the output response on the input parameters.  

6 Comparison with experimental measurement 
The resulting calibrated models, which serve as the basis for the digital twin of the 

multistage pump, were subsequently verified against experimental measurements. In the 
experiment, the strain gauges were placed in the same place as in the simulations, namely on 
the pump envelope.  

   
Table 1 �± Comparison of deformations on the pump envelope for experimental measurements 
(left) and FSI simulation (right). 
 

 
Figure 5 �± Positions of strain gauges and points of strain measurement for FSI simulations. 
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In Fig. 6, we can see a comparison of the characteristics from the experimental measurement 
and the prediction by the stationary reduced model.  

 
Figure 6 - comparison of characteristics from experimental measurement and prediction by a 

stationary reduced model (transport height, power). 

7 Conclusion 
A digital twin of a high-pressure multistage pump was created, based on a stationary 

and dynamic reduced model, which was created based on the reduction of results from a one-
way FSI analysis. The digital twin also includes the creation of monitoring software and 
connection to a real pump, which was not the main focus of this article. The resulting reduced 
models were experimentally verified, and the results replicate experimental measurements, 
both with respect to hydraulic parameters such as delivery head, power and efficiency, and at 
the level of mechanical parameters such as deformation, stress or strain. Furthermore, a 
system for correcting reduced models based on the results of a more accurate dynamic 
analysis was shown, which is key mainly for points far from the optimum, when we can 
observe a greater degree of swirl in the blade channels. A similar principle can subsequently 
be used for correction depending on data from real pump operation. 

The resulting digital twin brings benefits mainly in the possibility of predicting pump 
fatigue, which allows for better planning of pump overhauls, which can therefore be in 
operation for a longer period of time. A significant advantage is the ability to create a digital 
twin only once and then deploy it on all supplied multistage pumps. 

In conclusion, it is necessary to underline the high computational and time requirements 
for the simulation of individual transient scenarios that were used for the dynamic reduced 
model. High pump speeds correspond to a very small time step, however, the total start-up or 
stop time is in the order of seconds, which leads to the aforementioned high computational 
requirements. In the future, it would be useful to test a combination between a stationary and a 
dynamic approach, where the simulation would be considered as transient, but a set of 
operating points with constant boundary conditions would be simulated similarly to the 
stationary analysis. With this approach, it is possible to significantly reduce the total FSI 
simulation time for one operating point, and thus a larger set of scenarios would be created for 
creating a reduced model. Furthermore, it would be possible to average the data over time and 
thus create a similar model to the stationary one, with only relevant results for operating 
points far from the optimum. 
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FRICTION-INDUCED INSTABILITIES
IN ROLLING-SLIDING CONTACT

Miroslav Byrtus1, Jan Rendl2, Radek Buĺ�n3, Michal Haj�zman4

Abstract: This paper investigates friction-induced instabilities in railway vehicle drives, speci�cally focusing on torsional
vibrations triggered by sudden drops in wheel-rail adhesion. The study models the adhesion mechanism by assuming an
elliptical contact area and a friction coef�cient that varies with slip speed. A minimal torsional model of the drive system is
derived to investigate the dynamic response during wheel slip.

Keywords: Friction-induced vibration; instability; minimal model; wheel-rail contact

1 Introduction

Currently, high operational demands are placed on railway vehicle drives due to constantly increas-
ing traction power, vehicle travel speeds, and growing requirements for safety, reliability, and comfort.
Traction railway vehicles represent a complex electro-mechanical system consisting of many compo-
nents that interact with each other. The individual axle drive represents one of the key components of
a railway vehicle bogie, whose dynamic properties directly affect the operational characteristics of the
entire vehicle. Although the basic properties of the drive are determined by the speci�c drive design
and the structural elements used, the fundamental task of the drive is the safe transmission of traction
forces to the wheel-rail contact. One of the frequent and simultaneously undesirable phenomena occur-
ring during vehicle travel is a sudden change in adhesion conditions in the wheel-rail contact, caused,
for example, by water adhering to the rail surface, the presence of various impurities, etc. In steady-state
operational modes, where relatively large adhesion forces are transmitted between the wheels and the
rail (e.g., during vehicle start-up or when pulling a heavy train set), all drive components, including the
wheelset, are torsionally statically deformed (preloaded). If a signi�cant drop in adhesion conditions
occurs in the wheel-rail contact in such an operational state, followed by wheel slip, the static preload is
reduced, leading to undesirable torsional oscillation of all drive components, especially the wheelset. The
complex behavior of such a system can then be negatively affected by self-excited vibrations arising as
a result of changes in adhesion conditions [5, 6], or it can lead to undesirable squeal-nose vibrations [7].
This paper introduces the model adhesion in a wheel-rail contact and shows its basic properties. Then,
a mathematical model of a minimal torsional system for friction-induced vibration simulation is derived
and the mode-coupling instability is demonstrated in time domain.

2 Model of the Adhesion Mechanism in the Wheel-Rail Contact

The transmission of forces in the wheel-rail contact is ensured by an adhesion mechanism, which
fundamentally affects the traction and braking capability of railway vehicles. In the case of complex
vehicle dynamics models, operational states are mostly investigated under the assumption of relatively
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Figure 1: Typical course of the adhesion coef�cient depending on the relative slip for various conditions
in the wheel-rail contact

small adhesion forces. The contact between wheels and rails is modeled, for example, using Kalker's
theory [3], where linearized longitudinal, lateral, and rotational slip forces are considered. The friction
coef�cient is considered constant, and the difference between dry and wet (contaminated) conditions is
usually modeled only by a different value of the friction coef�cient.

If the focus is on the drive dynamics and if large traction forces act (e.g., start-ups, braking, transi-
tions to coasting, etc.), the transmission of these forces in the wheel-rail contact is realized mainly in the
longitudinal direction. The adhesion coef�cient depends on the relative slip1 and reaches a maximum
value, the so-called adhesion optimum, for a given critical creepskr . A typical course of the adhesion
coef�cient is shown in Fig.1, where the in�uence of dry and wet (or contamination-given) operational
conditions on the initial slope and the course of the adhesion curve and on the position of the adhesion
optimum is evident.

The drop in the adhesion coef�cient in the region of large relative slips is explained by the decrease
in the friction coef�cient with increasing slip speed due to the temperature increase in the wheel-rail
contact surface [1], or as a consequence of different friction coef�cient values in the adhesion and slip
regions of the contact area (static and kinematic friction coef�cient) [4].

Here, a method developed in [9, 8] is used to calculate adhesion forces. This method assumes an
elliptical contact area in the wheel-rail contact with semi-axesa; b. In any longitudinal section, the
normal stress is distributed according to Hertzian contact theory. The distribution of the corresponding
tangential stress is evident from Fig.2. The maximum value of tangential stress at any point on the
contact surface is given as

� max = f �; (1)

wheref represents the friction coef�cient, which is constant over the entire contact area, and� is the
normal stress. Furthermore, a linear growth of the relative displacement between the surfaces of both
bodies along the line segmentAB in the contact area is assumed. In the �rst phase (segmentAB ), points
of the bodies in the contact area adhere to each other, and relative displacements between the surfaces are
the result of surface deformations. The tangential stress is oriented against the direction of slip, and its
magnitude grows linearly along the line segmentAB (this assumption is consistent with the simpli�ed
Kalker's theory [3, 2]). As soon as the tangential stress reaches its maximum in the adhesion region
according to (1), relative movement occurs. The region of relative movement is called the slip region.
The shear stress is oriented against the direction of slip.

1 Relative slip in contact is referred to ascreep. For wheel-rail contact, it is de�ned in the longitudinal direction as the difference
between the actual peripheral speed of the wheel and the peripheral speed of the wheel during ideal rolling. This difference is
relative to the vehicle speed.
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Figure 2: Distribution of normal and shear stress in the wheel-rail contact

The magnitude of the resulting tangential force is determined as

F =
ZZ

(U)
� dx dy; (2)

whereU represents the contact area, the direction of thex coordinate corresponds to the longitudinal
direction, and the direction of they coordinate corresponds to the lateral direction. The components of
the tangential force transmitted by the contact can be expressed in the form

Fi = F
si

s
; i = x; y and s =

q
s2

x + s2
y (3)

gives the magnitude of the tangential slip in the contact area. The adhesion coef�cient is then de�ned
as the ratio of the corresponding tangential force component and the normal force transmitted by the
contact

� i =
Fi

N0
; i = x; y: (4)

The distribution of tangential stress in the elliptical contact area can be transformed onto a hemisphere
by the following substitution, neglecting rotational slip (spin creep).

y� =
a
b

y; � � =
a
� 0

�; (5)

where� 0 represents the maximum value of tangential stress in the contact area.
The tangential stress at a given point on the contact surface is proportional to the slips, and its

magnitude depends on the position of the point on the line segmentAC with a proportionality coef�cient
K , see Fig.2. The gradient of tangential stress in the adhesion region can be expressed as [9]

" =
2
3

K�a 2b
N0f

s; (6)

whereN0 is the normal contact force andK represents the contact shear stiffness. This coef�cient can
be derived from the linear Kalker's theory [2] for the longitudinal direction

" x =
1
4

G�abc11

N0f
sx ; (7)
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whereG is the shear modulus of elasticity andc11 is the Kalker's coef�cient. The resulting tangential
force can then be expressed in the form [9]

F = � 0
b
a2

ZZ

(U)
� � dx dy� = � 0

b
a2

4
3

a3
�

"
1 + "2 + arctg "

�
; (8)

where according to Hertzian contact theory holds

� 0 = � 0f =
3
2

N0f
�ab

(9)

and � 0 represents the maximum normal stress in the contact area. After substituting (9) into (8), the
magnitude of the tangential force is given as

F = �
2N0f

�

�
"

1 + "2 + arctg "
�

: (10)

The expression for the tangential stress gradient (6) can be further modi�ed considering relation (9) as
follows

" =
2
3

K�a 2b
N0f

s =
Ka
� 0

s =
Ka
� 0f

s =
s

%adf
; (11)

where a coef�cient%ad = � 0=(Ka ) was introduced. For railway wheels, the coef�cientK has values
from the interval



1:5 � 1013; 2:5 � 1013

�
Nm� 3 [10]. The value of the coef�cient%ad then ranges within


5 � 10� 3; 15� 10� 3
�
.

The consideration of the in�uence of rotational slip on the magnitude of tangential forces can be
found, for example, in [9]. As stated above, the attention here is focused on investigating limit adhesion
states in wheel-rail contact, where the in�uence of rotational slips can be neglected. From relation (10),
or (4), it is evident that the tangential force, or the corresponding adhesion coef�cient� , is a monotonic
function with respect to the slip it depends on. However, practice shows [9, 8, 10] that the tangential
(adhesion) force, or the adhesion coef�cient, depends on the slip speedvs, and this dependence can be
described in the following form [8]

f = f 0
�
(1 � A)e� Bv s + A

�
; (12)

whereA represents the ratio of the limit value of the friction coef�cient for in�nite slip speedf 1 and the
maximum value of the friction coef�cientf 0 (static friction coef�cient), i.e.A = f 1 =f 0. The speci�c
values of parametersA andB are based on extensive experiments described in the literature [8].

The dynamic behavior of the drive in limit adhesion states is associated with the transmission of
forces in the wheel-rail contact mainly in the longitudinal direction for railway vehicles, where the mag-
nitudes of the forces signi�cantly exceed the values of forces in the lateral direction and rotational slip
moments. The in�uences of the lateral and rotational directions can therefore be neglected. The total
relative slip can then be expressed as

s = sx =
v + r _' W � v

v
; (13)

wherev represents the vehicle speed,_' W is the relative wheel speed compared to the nominal wheel
speed during ideal rolling. Then the expressionv + r _' W expresses the actual peripheral speed of the
wheel at the point of contact. The adhesion coef�cient in the longitudinal direction has then the following
form

� (s; v; f; %ad) =
2
�

f

2

6
4

s
%ad f

1 +
�

s
%ad f

� 2 + arctg
�

s
%adf

�
3

7
5 : (14)
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Figure 3: Courses of adhesion coef�cients depending on relative slip and on: (a) the value of the static
friction coef�cient f 0, (b) parameter%ad, (c) vehicle speed

The courses of adhesion characteristics for different adhesion conditions are shown in Fig.3. The
in�uence of key adhesion model parameters is shown sequentially, i.e., the in�uence of the static friction
coef�cient valuef 0, the in�uence of the value of parameter%ad, which depends on the geometric and
material parameters of the contact, especially parameterK , which determines the steepness of the curve.
And further, on the magnitude of the vehicle speed. For all mentioned cases, the adhesion coef�cient is
always plotted simultaneously depending on the relative slip.

3 Minimal model for friction-induced torsional vibration

Consider a single-wheel drive system where only torsional vibrations are taken into account. Assume
that the entire system can be reduced to two discrete discs. One represents the wheel (W ) itself, while
the other represents the reduced moment of inertia of the entire torsional chain to the motor part (M ).
Furthermore, it is assumed that the vehicle moves at a constant speedv. The angular displacements then
represent relative deviations with respect to the nominal motion of the system. The equations of motion
can be the written in a con�guration space of relative angular displacementsq = [ ' M ' W ]T as follows

I M •' M + bt ( _' W � _' M ) + kt (' W � ' M ) = M M ;

I W •' W � bt ( _' W � _' M ) � kt (' W � ' M ) = rW f T ;
(15)

whereI M , I W stand for moment of inertia of the motor and wheel,k for torsional coupling stiffness,b
for viscous torsional damping.M M represents driving torque andrw f F corresponds to adhesion moment
acting on the wheel, whererw is radius of the wheel and the force is expressed according to (10).
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Figure 4: Chosen friction-induced time responses of relative torsional deformations of the torsional
coupling between motor and wheel; (a) stable, (b) close to the stability limit, (c) unstable
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Fig. 4 shows time histories of relative torsional deformation during transient motion when a constant
motor torqueM M is applied. In case (a), the torque is small enough that the system remains in the
stable region of the adhesion characteristic (with a positive slope), and it can be seen that the vibrations
attenuate. In case (b), the applied torque is so large that the system operates near the stability boundary.
From case (c), an amplitude growth can be clearly seen, which is caused by the fact that the system
operates on the part of the adhesion characteristic with a negative slope.

4 Conclusion

This paper presented a methodology for modeling the adhesion mechanism in wheel-rail contact and
its impact on drive dynamics. Based on a simpli�ed two-mass torsional model, the system sensitivity
to changes in traction torque and adhesion conditions was demonstrated. The analysis showed that
operating on the negative slope of the adhesion characteristic leads to amplitude growth and instabilities.
Insights into system behavior near the stability boundary are crucial for improving the reliability of
railway vehicle drives. The model con�rmed that the nonlinear dependence of friction on slip speed is
the primary source of self-excited torsional vibrations. This work thus provides a theoretical foundation
for further research into transient phenomena in limit adhesion states.
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HR-DIC CHARACTERIZATION OF NEAR-TIP FIELDS AND 
CRACK CLOSURE FOR FATIGUE CRACK GROWTH IN 

EA4T RAILWAY AXLE STEEL 

Pavol �'�O�K�ê1, J�R�V�p Antonio Aguilera2, Pablo Lopez-Crespo3, �2�Q�G���H�M��Peter4,  
Rostislav �)�D�M�N�R�ã5, Pavel �+�X�W�D��6, Michal Jambor7 

Abstract:  Fatigue crack growth and closure behaviour critically affect the durability of railway axles. This study 
�H�P�S�O�R�\�V�� �K�L�J�K�)�U�H�V�R�O�X�W�L�R�Q�� �G�L�J�L�W�D�O�� �L�P�D�J�H�� �F�R�U�U�H�O�D�W�L�R�Q�� ���+�5�)�'�,�&���� �W�R�� �H�[�D�P�L�Q�H�� �Q�H�D�U�)�W�L�S�� �G�H�I�R�U�P�D�W�L�R�Q�� �G�X�U�L�Q�J�� �F�U�D�F�N��
propagation in EA4T (25CrMo4) axle steel. Crack growth is tracked using crack mouth opening displacement 
�D�Q�G�� �I�X�O�O�)�I�L�H�O�G�� �'�,�&�� �P�H�W�K�R�G�V���� �7�K�H�� �H�Y�R�O�X�W�L�R�Q�� �R�I�� �V�W�U�H�V�V�� �L�Q�W�H�Q�V�L�W�\�� �I�D�F�W�R�U�V�� �D�Q�G�� �F�U�D�F�N�� �F�O�R�V�X�U�H�� �Z�L�W�K�� �F�U�D�F�N�� �O�H�Q�J�W�K�� �L�V��
�H�[�S�H�U�L�P�H�Q�W�D�O�O�\�� �D�Q�D�O�\�V�H�G���� �7�K�H�� �U�H�V�X�O�W�V�� �G�H�P�R�Q�V�W�U�D�W�H�� �W�K�H�� �F�D�S�D�E�L�O�L�W�\�� �R�I�� �+�5�)�'�,�&�� �I�R�U�� �G�H�W�D�L�O�H�G�� �F�K�D�U�D�F�W�H�U�L�]�D�W�L�R�Q�� �R�I��
�F�U�D�F�N�)�W�L�S���I�L�H�O�G�V���D�Q�G���L�W�V���S�R�W�H�Q�W�L�D�O���I�R�U���L�P�S�U�R�Y�L�Q�J���I�D�W�L�J�X�H���F�U�D�F�N���J�U�R�Z�W�K���P�R�G�H�O�O�L�Q�J���L�Q���U�D�L�O�Z�D�\���D�[�O�H���V�W�H�H�O�V�� 

Keywords: Digital image correlation; Fatigue crack growth; Crack closure 

1 Introduction 
Digital image correlation (DIC) has become a powerful experimental method in fracture 

mechanics [1] because it provides full-field, non-contact measurements of displacement and 
strain near a crack tip. Unlike point-based methods, DIC can capture local deformation 
gradients, crack opening behaviour, and evolving damage with high spatial detail, making it 
especially useful for determining fracture parameters such as crack opening displacement 
(COD), stress intensity factors (SIFs), and crack growth characteristics. For data analysis, the 
Python library CrackPy [2] offers a practical workflow for processing DIC results and 
extracting fracture-mechanics quantities from experimental measurements.  

�,�Q���W�K�H���S�U�H�V�H�Q�W�H�G���U�H�V�H�D�U�F�K�����K�L�J�K�)�U�H�V�R�O�X�W�L�R�Q�����+�5�����'�,�&���D�Q�G���I�X�O�O-field DIC are employed to 
analyse fracture behaviour near the crack tip and the overall response, while a classical crack 
mouth opening displacement (CMOD) sensor measurement is used to compare the global 
crack behaviour.  

2 Methodology 
For fracture-mechanics characterization using DIC, a combined local and global 

measurement methodology was adopted. HR-DIC was performed using a Questar QM-100 
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long-distance microscope coupled with a 4 MP PointGrey digital camera, providing a field of 
�Y�L�H�Z�� �R�I�� �D�S�S�U�R�[�L�P�D�W�H�O�\�� �������� �î�� �������� �P�P�� �I�R�U�� �G�H�W�D�L�O�H�G�� �R�E�V�H�U�Y�D�W�L�R�Q�� �R�I�� �W�K�H�� �F�U�D�F�N-tip region. Full-
field DIC measurements were acquired using a 5 MP Limess digital camera equipped with a 
�P�D�F�U�R���O�H�Q�V�����\�L�H�O�G�L�Q�J���D���I�L�H�O�G���R�I���Y�L�H�Z���R�I���D�S�S�U�R�[�L�P�D�W�H�O�\���������î���������P�P���I�R�U���P�R�Q�L�W�R�U�L�Q�J���W�K�H���R�Y�H�U�D�O�O��
specimen response. CMOD was measured using an INSTRON CMOD sensor with a gauge 
length of 10 mm. All experiments were conducted on an MTS 809 servo-hydraulic testing 
machine with a load capacity of 100 kN. Experiments were conducted on Single Edge Notch 
�7�H�Q�V�L�R�Q�����6�(�1���7������ �V�S�H�F�L�P�H�Q�V���������� �î�� ���� �î�� �������� �P�P���� �Z�L�G�W�K���î�� �W�K�L�F�N�Q�H�V�V�� �î�� �O�H�Q�J�W�K������manufactured 
directly from an EA4T railway axle. The recorded DIC data were evaluated in ZEISS 
Correlate software, and the exported nodemap data were subsequently processed using the 
CrackPy Python library to determine the relevant fracture-mechanics parameters. 

A specialized loading procedure was employed to ensure reliable DIC data acquisition. 
Figure 1 schematically illustrates the loading sequence applied during the experiments. Each 
sequence consisted of four segments of rapid, conventional fatigue loading. Before each 
fatigue-loading segment, a crack-�O�H�Q�J�W�K�� �D�Q�G�� �û�6�,�)�� �G�H�W�H�U�P�L�Q�D�W�L�R�Q�� �V�H�T�X�H�Q�F�H�� �Z�D�V�� �S�H�U�I�R�U�P�H�G����
comprising a dwell at minimum load, a ramp to maximum load, and a dwell at maximum 
load. At the end of each sequence, five slow loading cycles from minimum to maximum and 
back to minimum load were applied to obtain sufficient data for COD and crack-closure 
evaluation. During each slow cycle, 400 images were recorded to provide sufficient temporal 
resolution for COD and crack-closure analysis. 

Fatigue crack growth testing and crack closure evaluation were conducted in accordance 
with ASTM E647 [3] standard for the measurement of fatigue crack growth rates. 

 
Figure 1: Loading sequence during the HR-DIC measurement 

3 Results and discussion 
Based on the experimental methodology described above, the following section presents 

the evaluation of crack closure and fracture response obtained from the complementary 
measurement techniques. Particular attention is given to the comparison between the global 
response derived from CMOD measurements and the local crack-tip behaviour captured by 
HR-DIC. In addition, the processed nodemap data enable the determination of COD 
behaviour, crack length, and SIF evolution, providing a basis for discussing both the 
experimental trends and their relevance for fracture-mechanics interpretation. 

The compliance offset diagram compiled in accordance with ASTM E647 provides a 
sensitive method for identifying the crack opening (closing) load by evaluating the deviation 
of measured displacement from the theoretical linear-elastic compliance of a fully open crack. 
Plotting the compliance offset against normalized force reveals high initial offset values at 
low loads, indicating crack closure. As the applied load increases and the crack surfaces 
separate, the offset approaches zero, reflecting fully open, linear behaviour. Conventionally, 
the opening load is defined by the intersection of the data with a predefined threshold, such as 
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the typical 4% offset criterion. However, for noisy datasets or gradual opening transitions, this 
threshold can be ambiguous. In such cases, a more robust bilinear evaluation method is 
applied. Separate linear regressions are fitted to the closed-crack and open-crack regions, and 
their mathematical intersection objectively defines the crack opening force. 

Figure 2 presents the crack closure evaluation derived from the CMOD sensor 
measurements. This global technique effectively captures the overall compliance of the 
specimen, providing a macroscopic indication of the crack closure level that averages the 
entire crack front behaviour. In contrast, Figure 3 illustrates the COD evaluated at a local 
position of 0.1 mm behind the actual crack tip, as obtained from the HR-DIC measurements. 

  
Figure 2: Compliance offset behaviour determined 

from the CMOD sensor 
Figure 3: Compliance offset behaviour determined from 

the HR-DIC at 0.1 mm behind the crack tip 

4 Conclusion 
The combined use of HR-DIC and global CMOD measurements provides a 

comprehensive framework for evaluating both macroscopic compliance and highly localized 
near-tip kinematics during fatigue crack growth. This unlocks the potential for future work to 
study the effects of overloads and underloads, including their persistence during subsequent 
crack growth. Integrating the CrackPy library for data processing enables automated crack 
�O�H�Q�J�W�K�� �G�H�W�H�F�W�L�R�Q�� �D�Q�G�� �H�Y�D�O�X�D�W�L�R�Q�� �R�I�� �W�K�H�� �D�F�W�X�D�O�� �û�6�,�)���� �O�L�Q�N�L�Q�J�� �O�R�F�D�O�� �H�[�S�H�U�L�P�H�Q�W�D�O�� �R�E�V�H�U�Y�D�W�L�R�Q�V��
with fracture-mechanics assessment. 
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DESIGNING AN ADJUSTABLE ROLLING-TYPE
NONLINEAR ENERGY SINK

�St�eṕan Dyk1, Radek Buĺ�n2, Lubo�s Smoĺ�k3, Jan Rendl4, Miroslav Byrtus5

Abstract: The contribution introduces the design and analysis of an adjustable Nonlinear Energy Sink (NES) featuring a
con�gurable potential – ranging from monostable to bistable regimes. This contribution introduces the underlying mathemat-
ical model, provides a detailed analysis of its stability and performance, and outlines practical design strategies for hardware
realization.

Keywords: Nonlinear energy sink; NES; bistable; rolling; vibration absorber;

1 Introduction

Effective vibration control is essential for preventing structural fatigue and maintaining system per-
formance. While the classic TMD [1] is a staple of passive mitigation, its narrow-band nature often
fails in non-stationary environments. Nonlinear Energy Sinks (NESs) address this by utilizing targeted
energy transfer to provide broadband attenuation [2]. Bistable NES variants are particularly effective,
as they transition into high-dissipation inter-well orbits when the excitation energy overcomes the po-
tential barrier [3]. Since the optimal performance of such systems depends heavily on the geometry of
the potential landscape, the ability to adjust well parameters is paramount. This contribution details a
novel adjustable bistable NES, focusing on the systematic tuning of its potential landscape to maximize
vibration mitigation across varying operating regimes.

2 Design ideas & preliminary results

The proposed design is inspired by rolling-type vibration absorbers traditionally utilized in slender
structures such as masts, towers [4], and wind turbines. In their classic form, these devices consist of
a rolling cylinder or a heavy ball con�ned within a cylindrical or spherical cavity [5]. In this work, we
extend this concept into a multistable regime by vertically displacing the absorber center of mass (CoM)
from its geometric center. This vertical eccentricity generates a central potential barrier surrounded by
two symmetrical potential wells. The magnitude of this CoM displacement serves as the primary tuning
parameter, providing a mechanism for adjustability that fundamentally in�uences the NES properties.

During the development of the physical demonstrator, several design features were implemented to
satisfy two critical operational requirements: the elimination of slip between the rolling element and the
cavity, and the maintenance of continuous contact during aggressive dynamic regimes characterized by
extreme amplitudes and accelerations. Physical prototypes were created to characterize the fundamental
behaviour of the device. To validate its vibration-mitigation ef�cacy when coupled to a structure, the NES
was integrated into a primary Single-Degree-of-Freedom oscillator consisting of a mass-plate supported
by �exible leaf springs. Snap-back (release) tests were conducted, successfully demonstrating targeted
energy transfer during the initial high-energy inter-well phase, followed by the transition into a nonlinear
TMD regime during the subsequent intra-well oscillations.
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Fig. 1 presents the simulated motion of the coupled system, contrasting the LO response with a
locked NES against the response with a fully functional, activated device. The inclusion of the NES
displacement data facilitates a direct observation of the inter-well and intra-well transitions as they occur
throughout the vibration decay process.
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Figure 1: Example of the BNES response to the shock.

3 Conclusion

This contribution documents the comprehensive development of a novel bistable NES, spanning
from its conceptual design and mathematical formulation to the empirical validation of a laboratory-
scale prototype. Furthermore, the results highlight the superior ef�cacy of such multistable devices in
mitigating high-amplitude vibrations – a regime where the performance of traditional Linear Tuned Mass
Dampers (TMDs) is inherently constrained.
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CHARACTERIZATION AND MODELING OF METASTABLE
� -TITANIUM ALLOYS FOR BIOMEDICAL APPLICATIONS

M. Frost1, M. Janovsḱa2, A. Moskovka3, J. Maśak4, D. Gabriel5, M. Knapek6, J. Stŕasḱy7

Abstract: Metastable� -titanium alloys feature great potential for use in biomedical applications, such as surgical instruments
and biomimetic devices. Our study presents results from extensive experimental and theoretical research on the mechani-
cal behavior of three speci�c metastable� -titanium systems, in which phase transformations play a key role. In particular,
we address the adjustment of elastic properties by mechanical loading, the development of constitutive models to predict
(thermo)mechanical response, and the design of product functionality through computational structural analysis. We also pro-
vide basic material science context and outline the envisaged application potential.

Keywords: metastable� -titanium alloys; shape memory; TWIP; elasticity; modeling; hip joint endoprosthesis

1 Introduction

The diversity of attainable mechanical properties makes so-called metastable� -titanium alloys par-
ticularly attractive for the development and design of applications across diverse industries, including
aerospace or biomedical. By alloying the pure titanium with so-called� -stabilizing elements (e.g., Mo,
V, Nb, or Ta), the original hexagonal close-packed (hcp)� -phase is altered by the body-centered cu-
bic (bcc) � -phase and becomes the phase achieved by quenching to room temperature. However, the
resulting alloys remain in a metastable state, which motivates their naming. By deliberate tailoring of
their chemical composition and heat treatment, various initial phase compositions and microstructures
can be achieved, which enables a rich palette of microstructural mechanisms to accommodate imposed
deformation. Indeed, in addition to “conventional” dislocation slipping, stress-induced martensitic trans-
formation from bcc� phase to a lower-symmetric phase, e.g., orthorhombic� 00phase or hcp� 0 phase,
stress-induced transformation to hexagonal! phase, and deformation twinning can be employed to in-
crease ductility, improve cold-workability, or adjust elastic properties of the material [1].

In this contribution, we present our experimental and theoretical investigation of the mechanical
behavior of different� -titanium systems and, simultaneously, provide a broader context, including ma-
terials science background and motivation from prospective real-world applications. We focus on three
case studies that address particular “families” of� -titanium alloys, each with a distinct research purpose
and featuring distinct scienti�c challenges.

2 Adjusting the elastic properties of Ti-Mo alloys via deformation

Research on the Ti-Mo system dating back to the 2010s has increased interest in resolving the
“strength–ductility trade-off” in metastable� -titanium alloys by involving more deformation mecha-
nisms. Indeed, by controlling composition and processing, the interaction among slip, phase transforma-
tion, and deformation twinning allows achieving a superior combination of toughness and formability.
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Figure 1: Evolution of true stress (full black line), work hardening rate (blue line), and Young's modulus
(red circles) of polycrystalline Ti-15Mo alloy subjected to tensile deformation up to approx. 34% true
strain. The elastic modulus was determined for the undeformed state and after unloading from approx.
18% and 34% true strain in the loading direction. The dotted line marks the region of roughly constant
hardening rate.

So-called transformation-induced plasticity (TRIP) and twinning-induced plasticity (TWIP), i.e., the dy-
namic restriction of dislocation motion during deformation by various phase interfaces and twin bound-
aries, play the key role in this respect [2]. Theoretical and statistical investigation of the relation between
chemical composition and occurrence of TRIP, TWIP, or their combination resulted in semi-empirical
guidelines for the development of new metastable Ti-based binary, ternary, or quaternary alloys. For
instance, a variation of just a few percent in molybdenum alters the dominant deformation mechanism,
and hence the mechanical characteristics of the Ti-Mo system [1].

Recently, we have observed a dramatic variation of elastic properties induced by mechanical de-
formation in Ti-Mo alloys. Fig.1 shows the tensile deformation of polycrystalline Ti-15Mo (wt.%) up
to approx. 34% true strain (full black line) with subsequent unloading together with the corresponding
strain hardening computed for the loading phase (blue line). The right axis shows the values of Young's
modulus measured in the loading direction, determined ex-situ at the undeformed state, after unload-
ing from the maximum deformation, and after unloading from approx. 18% deformation (full circles).
The elastic properties were determined using contactless resonant ultrasound spectroscopy, a character-
ization method that analyzes resonant frequencies and modes of small, freely vibrating samples after
thermal excitation; see [3] for details.

For low strains, a signi�cant decrease in the strain-hardening rate is observed. The strain hardening is
rather steady for medium strains, i.e., between approx. 5% and 15% true deformation (see the dotted line
as an eyeguide), and then it slowly declines. This evolution con�rms previous �ndings [4] and indicates
that the TWIP effect delivers high work hardening and large ductility in this type of alloy. The Young's
modulus shows a sharp decrease both after the �rst half of the loading phase, where the twinning activity
ceases, and after unloading from the maximum tension. However, the deformation after approx. 17%
strain is believed to be dominated by dislocation-mediated plasticity [4]. Hence, further microstructural
characterization is needed to clarify the phenomena underlying the observed deformation-induced elastic
softening. Let us also note that the development of tough, albeit elastically soft, titanium alloys is a highly
topical research quest, see Section4 for details.
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3 Predicting the peculiar mechanical behavior of biocompatible Ti-Zr-Nb-Sn shape mem-
ory alloys via computational modeling

Superelasticity and shape memory effect are remarkable phenomena of so-called shape memory
alloys (SMA), which are widely employed in the medical industry (archwires, catheters, stents, retractors,
etc.). NiTi-based shape memory alloys are most established and widespread, although the serious health
hazards of nickel have been recognized and documented [5]. This motivates the search for alternative
SMAs that avoid the addition of nickel and other potentially medically unsafe elements.

Since shape memory phenomena are based on reversible martensitic transformations, metastable
titanium alloys naturally come into focus. Delicate variations in chemical composition allow tuning of
properties to meet the requirements of human-body applications. For instance, niobium is an ef�cient
� -phase stabilizing element; the addition of tin reduces stress hysteresis and transformation temperatures
and increases the recovery strain; the addition of zirconium can, under speci�c conditions, increase the
recovery strain, etc. [1]. Hence, it is no wonder that the Ti-Zr-Nb-Sn system was identi�ed as promising
superelastic, hypoallergenic� -titanium alloys for biomedical tools and devices [6].

The cost-effective development and design of �nal products usually employs a computational model,
whose core is a constitutive law of the material. The core must provide the relation between stress and
strain (and temperature) to the computational engine (e.g., based on the �nite element method), thereby
solving the time evolution of the product subjected to (thermo)mechanical loading.

For proper formulation and parameterization of the constitutive core, extensive characterization of
the mechanical behavior under simple loading scenarios is essential. A set of tensile tests at different
temperatures (typical for SMA characterization) was conducted on the Ti-18Zr-11Nb-3Sn (at.%) sam-
ples. Since the presumed activation of TWIP, the loading protocol consisted of loading up to 4% tensile
strain, followed by 25 “training cycles”, in which the sample is repeatedly unloaded to 10 MPa and
reloaded to 4% strain (w.r.t. the initial length).

Figure2 presents the stress-strain dependence in the last cycle of the “tranining” performed at tem-
peratures� 25 � C; 0 � C; 25� C and50 � C. The increment of strain at unloading to 10 MPa in the last cycle
with respect to the previous cycle was less than 0.02% in all cases, con�rming the very good stability
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Figure 2: The last cycle of tensile cycling tests of Ti-18Zr-11Nb-3Sn performed at different tempera-
tures. Dashed lines denote the (idealized) purely elastic unloading path of the sample, which is used for
the determination of transformation-related reversible strain indicated by" � .

37



of the mechanical response of the “trained” samples. Due to the Calusius-Claperon type of dependence
between stress and temperature valid for martensitic transformation in SMA, the stress at “plateau-like”
parts of the curves increases with increasing temperature. Capturing such an evolution and the shape of
the hysteresis loop is essential for the constitutive model, see our previous works [7, 8].

To determine the (idealized) transformation-related reversible strain in a loading cycle, the dashed
lines in Fig.2 mark the (idealized) purely elastic unloading path of the material. Their intersections with
the stress axis determine such reversible strain (labelled by" � for � 25 � C); it reaches almost 2% for0 � C
and25� C, just about 1.75% for� 25� C and less than 1.5% for50 � C. This shows that the alloy achieves
its optimal superelastic performance at temperatures comfortable for the human body, which is bene�cial
for biomedical applications. The coupled in�uence of plasticity on phase transformation and vice versa
poses a challenge for future constitutive model enhancement.

4 Assessing the mechanical performance of hip joint endoprosthesis from Ti-Nb-Zr-O
alloys via computational simulations

Another attractive feature of metastable� -titanium alloys is the ability to reach low Young's modulus
by simple alloying. The crystal lattice of martensitically transforming materials is less stable near the
transformation temperature, which typically leads to elastic softening. Hence, by tuning the chemical
composition, both high strength and low elastic modulus can be reached [9]. These qualities, along
with chemical stability and corrosion resistance, make some metastable� -Ti alloys well-suited for use
in load-bearing biomedical implants.

The elastic modulus of biomedical implants should be as close as possible to that of human bones to
enable more physiologic load transfer and to avoid the so-called stress shielding. Stress shielding occurs
when the mechanical stress typically experienced by the bone with an implant is reduced, potentially
weakening the bone. This is primarily governed by Wolff's law, which states that mechanical stimuli
regulate the dynamic remodeling of bone, resulting in changes in density and microarchitecture [10].

A computational structural model of a bone-implant system can signi�cantly facilitate the devel-
opment, design, and assessment of new implants. The computational simulations are used not only to
evaluate implants' endurance properties but also to reconstruct the mechanical stress and strain distribu-
tions within the system to identify and localize potential risk of stress shielding.

To evaluate the performance of a hip joint replacement made of a novel Ti-Nb-Zr-O alloy family
with easily tunable elastic properties, we have constructed an idealized bone-implant model and per-
formed a computational structural analysis by �nite element method (FEM). The geometry of a stem of
benchmark endoprosthesis (produced by Beznoska, Ltd. [11]) is shown in Fig.3(a) together with the
computational mesh of 26,705 quadratic tetragonal elements. It was embedded into a simpli�ed model
of a thighbone, constructed as a cylinder with one base perpendicular to the symmetry axis and the other
tilted by 40� , see the cut of the model along the symmetry plane of the implant in Fig.3(b). The green
region representing the prosthesis is �xed within the blue one representing the bone. The latter was
meshed into 172,556 quadratic tetragonal elements and assigned isotropic elastic properties correspond-
ing to human bone tissue, i.e., Young's modulusE = 17 GPa and Poisson ratio of 0.3, i.e., the shear
modulusG := 6 :5 GPa. The system is mechanically loaded by applying a force distributed over the
top circular side of the stem taper with the direction indicated by a golden arrow; see ASTM standard
[12]. The nodes on the right-hand side of the bone model were completely �xed in displacement; this is
marked with a magenta segment. The elastic properties of the stem were varied to study the in�uence of
the stem alloy on the distribution of stress and strain within the system.

The spark plasma sintering method enables the fabrication of bulk metastable Ti-Nb-Zr-O alloys with
spatially controlled chemical composition [13], thereby also enabling spatial control of elastic properties.
In our example, the elastic properties of the stem were set either corresponding to Ti-23Nb-7Zr-0.8O,
E = 91 GPa,G = 34 GPa, or to Ti-32Nb-7Zr-0.5O,E = 62 GPa,G = 22 GPa, corresponding to
the local maximum and minimum within the compositional range studied in [13]. Fig. 3(c) illustrates

38



(a)

(b)

(c)

0 25 50 (mm)

Figure 3: Computational simulation of loading of hip joint endoprosthesis. (a) Reference geometry
with a FEM mesh superimposed. (b) Bone-implant FEM model cut along the symmetry plane of the
stem. Applied force marked with a golden arrow, the side with nodes with �xed displacements marked
in magenta. (c) The distribution of von Mises equivalent stress within the symmetry cross-section of the
stem for Ti-32Nb-7Zr-0.5O. Note the non-linear segmentation of the colorbar.

the results on the distribution of von Mises equivalent stress within the symmetry cross-section of the
softer stem (made of Ti-32Nb-7Zr-0.5O). As expected, the highest stress concentration is located in the
neck, with a difference of less than 2% relative to the maximum of the stiffer stem. From an endurance
standpoint, the two materials are nearly equivalent. However, the difference between the maximum von
Mises equivalent stress reached in the bone (at the contact edge with the stem, not presented in the �gure)
amounts to approx. 20%, which may be a signi�cant variation when assessing stress shielding. The next
step of the work will be to investigate microstrains within the stem with spatially heterogeneous (and
even anisotropic) elastic properties, as a potential input to models of bone remodeling.

5 Concluding remarks

The contribution summarizes recent progress in the theoretical and experimental investigation of
the mechanical behavior of three metastable� -titanium systems and provides a broader context from
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materials research. It illustrates the bene�ts of synergy between computational modeling and material
development for functional design of applications and outlines directions for future research.
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[6] LÓPEZ PAVÓN, Luis; KIM, Hee Young; HOSODA, Hideki; et al. Effect of Nb content and heat
treatment temperature on superelastic properties of Ti-24Zr-(8-12)Nb-2Sn alloys.Scripta Materi-
alia. 2015, vol. 95, pp. 46-49. Available from: https://doi.org/10.1016/j.scriptamat.2014.09.029.
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[13] PREISLER, Dalibor; JANOVSḰA, Michaela; SEINER, Hanu�s; et al. High-throughput charac-
terization of elastic moduli of Ti-Nb-Zr-O biomedical alloys fabricated by �eld-assisted sinter-
ing technique.Journal of Alloys and Compounds. 2023, vol. 932, no. 2, 167656. Available from:
https://doi.org/10.1016/j.jallcom.2022.167656.

40



20
26

APPLIED MECHANICS
April 13 - 15, 2026, Ceské Budejovice, Czech republic �� ��

2026

LEAF SPRING MODELLING FOR RAIL VEHICLE
MULTIBODY SIMULATIONS

M. Haj�zman1, P. Polach2, O. Sḱala3, K. �Sime�cek4

Abstract: The mechanical behavior of leaf springs is highly complex, governed by structural �exibility, non-linear contact
interactions, and inter-leaf friction. This paper presents an integrated approach to the modeling and parameter identi�cation
of leaf spring assemblies for rail vehicle dynamics. Focusing on a leaf spring utilized in a freight coal wagon, the proposed
methodology combines experimental measurements with multibody simulation (MBS) and numerical optimization. The re-
sulting model provides an accurate representation of damping and stiffness characteristics essential for high-�delity vehicle
simulations.

Keywords: Multibody system; dynamics; leaf spring; parameter identi�cation

1 Introduction

Leaf springs are common suspension components in both road and rail vehicles, and developing ac-
curate dynamic models for them is a necessary part of vehicle simulations. The behavior of these springs
is dif�cult to model because it is in�uenced by several different factors, speci�cally the �exibility of the
leaves [1], the contact between them, and internal friction. While there are many ways to include leaf
springs in a multibody model, the choice of modeling method usually depends on the type of experimen-
tal data that is available to the designer. This paper focuses on the modeling and parameter identi�cation
of two speci�c types of leaf springs: a traditional steel parabolic spring (Figure1) and a composite glass-
reinforced plastic (GRP) spring (Figure2). The models of these suspension elements were created using
SIMPACK software to represent the leaf springs within a multibody simulation environment. The main
goal was to develop a methodology that uses experimental measurements and optimization procedures
to identify the correct parameters for these models.

Figure 1: The steel parabolic leaf spring. Figure 2: The GRP leaf spring.

2 Computational model of a leaf spring

The multibody modeling approach used in this paper is based on the �nite segment method [2] with
nonlinear elastic forces and friction. We chose this method because it provides a good compromise
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between capturing the complex behavior of the spring and keeping the number of degrees of freedom
low. Furthermore, using nonlinear force elements allows us to avoid directly solving the contact problem
between the individual leaves.

The leaves are divided into three articulated rigid bodies connected by spherical joints. Other rigid
bodies are used for the modelling of shackles (chain links) in order to connect the leaf spring with the
car body (see Figure3 for the visualization). The force (torque) elements are introduced between the
bodies in the spherical joints. Each torque has three spatial components and represents nonlinear elastic
behaviour, damping and friction effects [3].

Figure 3: Visualization of the leaf spring multi-
body model connected to the wheelset and car
body.

Figure 4: Visualization of the multibody model
used for the determination of the leaf spring static
characteristics.

3 Parameter identi�cation

To determine the static elastic behavior of the leaf springs, experimental tests were conducted. The
springs were mounted on a dedicated test stand (see Figure4 for a visualization of the loaded spring) and
subjected to an excitation force at a frequency of 0.05 Hz.

The parameter identi�cation is formulated as an optimization problem, with the objective of mini-
mizing the discrepancy between the experimental and numerical force-deformation characteristics. To
improve the numerical conditioning of the optimization, relative parameters were utilized. The selected
optimization algorithm requires a scalar-valued objective function. While options such as the correla-
tion coef�cient exist, this study utilizes an objective function based on the absolute difference between
corresponding points on the measured and calculated curves. This function is de�ned as

 ( �p) =
NX

i =1

j dmi � dci ( �p)j ; (1)

while N is the number of points in which the characteristic is compared,dmi is the deformation for the
i -th chosen point of the measured characteristic anddci ( �p) is the deformation for thei -th chosen point
of the calculated characteristic dependent on the optimization parameters in vector�p.

The optimization work�ow was implemented in MATLAB, utilizing iterative batch calls to the SIM-
PACK solver. After each simulation, the results corresponding to the updated parameters were exported
back to MATLAB for evaluation. The initial design parameters were assigned manually. Figure5 com-
pares the experimental force-deformation curve of the GRP leaf spring with the initial response of the
multibody model. The �nal identi�ed characteristics for the GRP leaf spring are presented in Figure6,
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showing a strong correlation with the measured data. Similar agreement between the measured and
identi�ed results was observed for the steel leaf spring.
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Figure 5: The measured force-deformation char-
acteristic and the initial optimization characteristic
of the GRP leaf spring.
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Figure 6: The measured force-deformation char-
acteristic and the �nal identi�ed characteristic of
the steel parabolic leaf spring.

4 Conclusion

This paper presented a practical modeling approach for leaf springs within the framework of multi-
body systems. The parameter identi�cation procedure was formulated as an optimization problem, where
the design parameters represented the force and torque elements. The objective function evaluated the
agreement between the measured and calculated force-deformation characteristics, de�ned as the sum
of absolute differences at discrete points along the curves. This optimization problem was solved using
the simplex method available in MATLAB's Optimization Toolbox. Based on the presented results, it
can be concluded that the developed identi�cation process is both accurate and effective. Furthermore,
the identi�ed leaf spring models were successfully implemented in the multibody simulation of a freight
wagon, and the complete rail vehicle model was validated against experimental data from the test stand.
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3 Application

The developed software is utilized to investigate the dynamic effects of radial clearance in the revo-
lute joint between the crank and the connecting rod of the planar slider-crank mechanism. The mecha-
nism runs under constant crank's angular velocity of 5000 rpm and has the following main dimensions:
crank length 50 mm, connecting rod length 120 mm, and radius of the imperfect joint's bearing 10 mm.
Three different clearance sizes are presented – 0 mm (i.e., ideal joint), 0.1 mm, and 0.5 mm.

Figures1–4 show differences in the dynamic response of the mechanism during two periods of mo-
tion. Figures1–3 display signals that, in the ideal case (thick blue curves), oscillate periodically. The
larger the radial clearance is, the more severe the signal corruption becomes. Figure3, depicting the
crank torque needed to maintain the constant velocity, demonstrates rapidly increasing demands on the
crank actuator with larger clearance size – the actuator must both deliver high amount of torque, com-
pensating strong impacts in the clearance joint, and quickly react since impacts are extremely fast events
compared to the overall system's dynamics. Figure4 demonstrates relative trajectory of the journal's cen-
tre with respect to the bearing's centre. It shows multiple phases of journal's free motion within clearance
followed by signi�cant impacts of the journal into the bearing's surface in the case of larger clearance,
while the trajectory creating a circle without any major interruptions is evident for small clearance.

4 Conclusion

The study demonstrates that incorporating radial clearances and friction into multibody models sig-
ni�cantly alters the dynamic behaviour of a slider-crank mechanism. Using in-house software based on
Lagrange's equations, the authors show that increasing clearance leads to stronger non-linear effects, in-
cluding impacts, vibrations, and signal irregularities. Larger clearances notably increase actuator torque
demands and introduce rapid, high-intensity force �uctuations. The results highlight how even small
imperfections can degrade system performance and complicate control. Overall, the work emphasizes
the importance of realistic joint modelling for accurate prediction and design of mechanical systems.
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a large number of studies are devoted to the effect of LSP on the microstructure of treated materials,
evaluated using SEM, TEM, EBSD, or neutron diffraction. A comparatively smaller number of results
are available for LSP-induced residual stresses (RS), with X-ray diffraction (XRD) being more popular
than hole-drilling, while the contour method is just beginning to gain traction in the community. Despite
the predominance of XRD in RS measurement, the vast majority of data concerns RS pro�les in the
direction orthogonal to the material surface, and almost no surface measurements of RS are available.

Finally, of all the analyzed papers, only seven used the velocity interferometer system for any re�ec-
tor (VISAR) to study the material's dynamic response during LSP. As far as we know, only data on the
behavior of pure aluminum, AA2024-T3 and AA7175-T7351 aluminum alloys, and Ti6Al4V ELI grade
alloy are available. Among the four listed materials, pure aluminum and AA2024-T3 are the most ana-
lyzed. For the remaining two materials, only partial results from one study were found. Unfortunately,
no data on post-LSP residual stresses for pure aluminum were found. For AA2024-T3, four studies were
identi�ed in which hole-drilling was used to measure residual stresses under various LSP process param-
eters and material states. Hereafter, limited by the availability of experimental data, we will focus solely
on AA2024 aluminum alloy.

3 Evaluating suitability of AA2024-T3 material models
Here, we forego a detailed description of the simulation approach and the numerical framework used.

An interested reader is referred to the contribution by Anna Kovárnov́a in these conference proceedings
or to our earlier work [2]. Instead, we focus on the most common model used in LSP simulations, the
empirical Johnson-Cook (JC) model [4]

� y =
�
A + B " n

p

� �
1 + C ln

�
_"e�
p =_� 0

p

��
; _"e�

p = max
�

_"p; _"0
p

�
(1)

where� y = � y ("p; _"e�
p ) is the yield criterion, which is a function of the plastic strain"p and the plastic

strain rate_"e�
p . Finally, A, B , C, n, and _"0

p are empirical parameters, of which onlyA, representing the
static yield stress of virgin material, is usually well de�ned.

key [REF] A (MPa) B (MPa) n (� ) C (� ) _"0
p (1/s) Calibration

johnsoncook1983 [4] 265 426 0.34 0.0150 1.0 HSB
ayad2022 [5] 369 329 0.35 0.0350 1.0 VISAR
zhou2018 [6] 369 684 0.73 0.0083 1.0 N/A
sticchi2015 [7] 350 972 0.73 0.0100 1.9�10� 4 QS-L.
righi2025 [8] 368 689 0.73 0.0083 1.0 N/A
harant2022 [9] 370 431 0.36 0.0233 0.02 HSB

Table 1: Empirical parameters for the Johnson-Cook model. Calibration methods considered are the
Hopkinson split bar (HSB), residual stress from LSP (RS-LSP), VISAR, and quasi-static combined with
literature survey (QS-L). If N/A is listed, the parameters source was either not listed or pointed to a
wrong reference.

For the AA2024T3 alloy, six sets of JC material parameters were found in the literature and are
listed in Table1. Note that, interestingly, the original Johnson-Cook set of parameters for AA2024T3,
obtained using the Hopkinson split bar, has a signi�cantly lower static yield stress than the remaining
models. Also, the set of parameters by Sticchi et al. Has a strangely highB , which is combined with a
relatively intense rate hardening induced by very low_"0

p. Based on the parameter values alone, it is not
possible to estimate the models behavior during LSP simulations.

Dynamic response To evaluate the performance of the models listed in Table1, we replicated the
experiment of Ayad et al. [5], where the authors used VISAR to measure backface velocity in the center
of a1 mm thick cylindrical specimen of5 mm radius. The probed area over which the measured velocity
was effectively averaged was a circle of50� m radius. In the simulation, the specimen was approximated
by leveraging its axi-symmetry, and the data sampling corresponded to the probed area in the physical
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Regarding the laser con�guration, signi�cantly less data is available compared to the study by Ayad
et al. [5], who derive their laser model directly from [1] and describe it in great detail. In fact, only the
laser type (Nd:YAG), wavelength (1064 nm), energy (1.0, 1.5, and 3.0 J), FWHM duration (20 ns), and
spot shape (square of side 1 mm) are listed in the paper. However, in a subsequent publication by the
same group [11], the authors specify the use of the Fabbro model [12] for converting laser power density
to pressure amplitude. Still, no data apart from the photographs of laser-induced surface deformations
shown in Figure4 are available regarding the pressure pulse spatial pro�le.

To reverse-engineer the probable laser-induced loading on the sample, we selected theayad2022
model, �xed the laser energy and FWHM duration, and modi�ed the size and sharpness of the pressure
spatial pro�le to achieve a deformed spot similar to that shown in Figure4. Note that a change in spot
size leads to the change of the laser power density (i 0). For the conversion ofi 0 to pressure amplitude
(p0), we used the Fabbro model [12]. To obtain the temporal pressure pro�le, the model from [1] was
utilized. Full laser characterization is presented in Figure4.
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Figure 5: Experimental LSP-induced residual stresses from [10] compared to simulations with different
material models listed in Table1. Experimental data correspond to 1.5 J laser energy and AA2024-T3 in
no-clad, and no-foil and Al-foil con�gurations. Scheme of simulated vs true sample treatment is in the
sub�gure.

In experiments, a sample40� 40� 4:8 mm was subjected to a series of non-overlapping square shots.
In simulations, we used an axi-symmetric approximation with the same mesh resolution as previously
used to replicate the VISAR data from Ayad et al. [5]. In experiments, the residual stress induced by the
LSP was measured using hole-drilling with a 2 mm i.d. hole. In simulations, we sampled stresses in the
vertical direction at the location indicated on the left hand side of Figure5. The results are reported in
the right hand side of the same �gure.

4 Discussion and conclusion
Comparing the estimated and measured residual stresses, it seems that none of the models align

well with the experimental data but theayad2022 andharant2022 models are the most promising.
Nonetheless, the experimental data exhibit signi�cant uncertainties; substantial pre-stress near the sample
surface is reported in [10]; the approximation of square LSP shots via the axi-symmetric model may be
overly simplistic; and the laser model may not accurately represent the laser-sample interaction. Even for
the ”perfect” case of AA2024-T3, the situation seems bleak. Automated identi�cation of LSP process
parameters, designed to separately identify laser and material parameters, can help. However, the number
of simulations required necessitates the design of suitable model order reduction work�ows.
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2 Problem description

Model The solver used for the parameter estimation is the �nite volume (FV) method framework for
simulating laser peening by Isoz et al. [2], pyLSP. It is implemented in the open-source FV method library
OpenFOAM and managed by a Python wrapper. Individual laser shots are represented as spatially and
temporally dependent pressure loadings. The chief advantage of the framework is that it is able to handle
multiple laser shots: it alternates between simulating dynamic wave propagation caused by the pressure
loading and subsequent static relaxation. In this contribution, all the results stem from a dynamic wave
propagation from a single laser shot, so only a simpli�ed description of the dynamic part of the solver
will be provided.

Let us denote the computational domain as
 with a boundary� = @
 . The wave propagation is
considered to be under small strain settings,� = 1

2 (r d + dr ), whered refers to the displacement, with
the damping effects and body forces neglected, and is governed by the Cauchy momentum equation

r � � = � •d in 
 ; (1)

where� is the stress tensor and� density. The governing equation is endowed with the initial (IC) and
boundary (BC) conditions:

IC : d = _d = •d = 0 in 
 ; BC : d = 0 in � D ; n � � =

(
0 in � t

n p` in � p
: (2)

� D denotes the �xed part of the boundary where zero displacement is enforced,� p the laser-processed
part of the boundary that is under pressure loadingp` , and� t = � n� Dn� p.

The internal state of the material is described by the plastic strain� p, which evolves under the isother-
mal Johnson-Cook yield criterion [6]

� y =
�
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p

�
 

1 + C ln

 
_� e�
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_� p; _� 0
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�
: (3)

where� y is the yield criterion,_� p is the plastic strain rate andA, B , C, n, and_� 0
p are empirical parameters.

The parameterA can be interpreted as the initial yield criterion,B andn describe strain hardening, and
C and _� p strainrate hardening. As the static partA is more easily measurable, in this work we consider
it to be known and aim to identifyB , C, andn. The reference strain rate_� 0

p is considered to be 1 s� 1.
The dynamic wave consists of an elastic and plastic part; while the propagation of the plastic wave

is more complicated, the speed of the elastic wave corresponds to the speed of sound in the material and
for an isotropic homogeneous material is obtainable from the knowledge of any two elastic constants.
For example, using the Young modulusE and the Poisson ration� , the speed of the elastic wave is given
as

c =

s
E (1 � � )

� (1 + � ) (1 � 2� )
: (4)

As proof of concept, we also calibrated the model for an unknown elastic parameter, in particular� .

Experiment con�guration and computational domain We attempt to identify the material param-
eters using experimental data by Ayad et. al [3]. Their sample is a circular metalic plate with 1 mm
thickness and 10 mm diameter, which is under laser-induced pressure loading in the center. The sides of
the plate are �xed, while the top and bottom are free to vibrate. Due to the axi-symmetric nature of the
geometry and pressure loading, in this contribution only a 2D wedge is simulated. See the computational
domain with boundary conditions in Figure1.

The laser pulse itself has a circular spatial distribution with a radius of 2 mm and its temporal pro�le
is Gaussian with duration of 7.2 ns at full width at half maximum. Both spatial and temporal pro�les are
presented in Figure2. Its power density isI = 2 :2 GW=cm2, which corresponds to maximum pressure
pmax = 2 :2

p
I = 3 :45 GPa, in agreement with [3].
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Figure 1: Computational domain, adapted from [3], with prescribed boundary conditions. The compu-
tational mesh comprises 51051 FV cells.
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Figure 2: Laser parameters: (a) temporal pro�le, (b) spatial pro�le.

Ayad et al. measure the response of the metal plate to the pressure loading in the form of its backface
velocity (BFV), i.e., the speed of movement of the back side of the plate induced by the spread of the
elasto-plastic wave. The BFV is determined employing the visar interferometer system for any re�ector
(VISAR) and is sampled for the �rst 850 ns. The location of the sampling area, effectively a disc with
100� m in diameter, is symbolized by the blue square in Figure1. Only the velocity component in the
direction of the axis of symmetry is provided.

Model order reduction In order to avoid having to simulate the computationally expensive pyLSP
model during the parameter estimation, we use a posteriori model order reduction (MOR) techniques.
First, the model is precomputed for several representative parameter con�gurations; using the snapshots,
a computationally cheaper reduced-order model (ROM) is constructed. In particular, we use a combina-
tion of the proper orthogonal decomposition (POD) and interpolation by radial basis functions (RBFs).

The quantity of interest that is used in the parameter estimation is the BFV. Denoting the unknown
parameter vector as� := f B; C; n; � g; � 2 P � R4 and considering a time intervalt 2 [0;T], for
which the experimental data was provided, BFV is a scalar functionuBF : (t; � ) ! R. In practice,
it is sampled in discrete time intervals, leading to the discrete analogueu h

BF : � ! RN t , whereN t

is the number of time steps sampled. To gather the data necessary for the construction of the ROM,
BFV is simulated forN � instances of� i and the results are saved into a matrix of snapshotsQ =�
u h

BF (� 1); : : : ; u h
BF (� N � )

�
2 RN t � N � .

As a �rst step, a low-rank approximation of the matrix of snapshots is computed via POD. POD is
frequently used for the analysis of dynamic �ows [5], each snapshot inQ corresponding to a solution of a
spatially discretized PDE in one time step. This way, usually the dependence on the spatial coordinate is
contained in the column space and the dependence on time in the row space. However, in this application,
the time plays the role normally played by the spatial coordinate, while the parameter dependence is
represented the same way that the time usually is.

POD technically reduces to a truncated singular value decomposition (SVD) ofQ,

Q � Q` = 	 ` � ` (V ` )T = 	 `H ` ; 	 ` = [  1; : : :  ` ] 2 RN t � ` ; H ` = [ � 1; : : : � ` ]
T 2 R` � N � (5)

where	 ` is a matrix of the �rst` orthonormal modes, which in our application represent the temporal
dependence,

�
V `

� T
also comprises orthonormal vectors, and� ` is a diagonal matrix of singular values� r
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sorted in decreasing order; a fast decrease in singular values signi�es that the matrices can be truncated

quite substantially, with relative error"POD (`) =



 Q � Q`






F =kQkF = 1 �
q P `

r =1 � 2
r =

P n
r =1 � 2

r ,
wherek�kF denotes the Frobenius norm.

Physically speaking, the temporal evolution of the BFV can be approximated for any simulated
parameter con�guration� i as a superposition of the �rst̀ POD modesf  r g`

r =1 . Their parameter-
dependent amplitudes are located inH ` in their respective columns. The approximate amplitudes~� ` (� � )
for a previouslyunseenparameter vector� � can be obtained by interpolation or regression of known
values inH ` . In this contribution, interpolation by radial basis functions (RBFs) is used.

A problem arises when a POD & RBF approximation of the BFV for an unseen value of the Poisson's
ratio � is sought. In the BFV evolution, there are visible peaks when the elasto-plastic wave reaches
the back face and is re�ected; however, the speed of the elastic wave depends on� as given by (4).
Consequently, the peaks appear in different positions for different values of� . However, POD&RBF is
only able to give approximations using structures already present in the sampled snapshots and attempts
to reconstruct the peak by seemingly averaging between neighboring peaks. See an illustration of this
issue in Figure3a or cf. [7] for a comprehensive review of MOR techniques for systems with strong
advection.
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Figure 3: (a) Snapshots ofu h
BF for two different values of� and a POD&RBF prediction for� not used

for the ROM construction. The shortcomings of the method are the most prominent at the second peak
at t � 550ns. (b) Snapshots ofu h

BF for � = 1 :0� 0 and� = 1 :2� 0. The point where the elastic wave
reaches the back face is marked as elastic precursor and depends on� ; the plastic part of the wave arrives
shortly afterwards. When the second snapshot is squeezed, the positions of the elastic precursors match,
and the other peaks also move closer to each other's position.

To compensate for the different elastic wave speeds caused by different values of� , we seek to
transform the snapshotsu h

BF (� i ) prior to computing POD. The goal is to have the snapshots ”squeezed”
or ”expanded” so that the elastic wave always reaches the same spot it would reach for some reference
speedc0. To this end, we introduce the continuous squeeze operatorT c and its inverse(T c) � 1, which
”unsqueezes” the data back to its original position

T c := uBF (t; � ) ! uBF

�
t

c0

c(� )
; �

�
; (T c) � 1 := uBF (t; � ) ! uBF

�
t
c(� )
c0

; �
�

; (6)

wherec(� ) is the speed of sound given by (4). Then, the discrete analogue ofT c acting on the columns
of Q is denotedT c. An illustration of this transformation is given in Figure3b. Note thatu h

BF needs to be
sampled over some time interval[0;T] to cover the time for which the experimental data was gathered.
The squeeze operator can shorten or lengthen this time interval; to have a physically-relevant way of
covering the time interval after squeezing and unsqueezing for all� , the simulations for producingu h

BF
have to be run for a longer time[0;Tsim] ; Tsim = T max� i (c(� ))=min � i (c(� )) .

Before computing POD, the snapshots are transformed byT c. During the ROM evaluation, the
superposition of the POD modesf  r g`

r =1 is transformed back by(T c) � 1 to provide an estimate~u h
BF .
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3 Results
Known and sought parameters We are working with the aluminum alloy 2024-T3 – its density� ,
Young modulusE and the static parameter of the Johnson-Cook modelA are considered known and are
given in Table1. On the other hand, three plastic parameters and one elastic parameter –B , C, n and�
– are considered to be unknown and Table1 gives them as starting points for the parameter estimation,
taken from [3], and ranges considered as multiples of the starting points.

� [kg=m3] E [GPa] A [MPa] B [MPa] C n �
(starting) value 2780 73.1 369 329 0.025 0.35 0.33

considered range – – – [0:25; 1:5] [0:25; 1:5] [0:5; 1:5] [0:8; 1:2]

Table 1: Known material properties of AA2024-T3 [3], starting points for identifying ”unknown” mate-
rial parameters, considered range for the estimation as multiples of the starting values.

ROM construction To construct the ROM, we have simulatedu h
BF for parameter con�gurations cov-

ering the consideredP. In total, 900u h
BF snapshots were gathered. The values inu h

BF were sampled
with a 1 ns step and an interval up toT = 850 ns had to be covered. However, the simulations had to
be run for a longer period of time to account for the effects of the squeeze operator. The lowest con-
sidered Poisson ratio� = 0 :264corresponded toc = 5695 m s� 1, while the highest� = 0 :396 led to
c = 7396 m s� 1. This yieldedTsim = 1104 ns, i.e. the matrix of snapshots wasQ 2 R1104� 900. The
ROM itself comprised the mean and the �rst 15 POD modes, which conveyed"POD (15) = 1 :16� 10� 4 .

Squeeze operator interpolation error While the continuous version of the squeeze operator is in-
vertible forc(� ) 6= 0 , its discrete versionT c does not shift the data exactly to the time-steps that were
sampled and interpolation is necessary. Here, the error in�icted by using �rst order interpolation was

" interp =






 b(T c) � 1 (T c (Q))c








F

kbQckF
= 9 :84� 10� 4 ; (7)

where the �oor bracketsb�csignify a block of matrix, which contains the relevant data fort 2 [0;T], in
this particular case the top 850 rows.

Parameter estimation ROM is then used to provide an estimate~uBF (t; � � ) for any � � 2 P . The
estimate is compared with experimental values and the least-squares error is minimized using the L-
BFGS-B algorithm, as implemented in thescipy.optimizePython library.

min
� 2P

"exp; "exp =
1
T

TZ

0

�
~uBF (t; � ) � uexp

BF (t; � real)
� 2 dt : (8)

The optimal value using this measure was found atB = 174 MPa, C = 0 :0126, n = 0 :431, � = 0 :335.
The evolution of~uBF for these parameter values estimated by POD & RBF is found at Figure4a, as well
asuBF recomputed using pyLSP. The ROM estimate and the re-computation are in good agreement.
Compared touBF obtained by simulating for the parameters from Ayad et al. [3], the results are quite
similar, the notable differences being smaller peaks att � 200 nsandt � 500 nsand higher values to-
wards the end. We have noticed that both of these effects correlated with decreasingB andC. However,
the heights of the peaks also correspond to maximum pressure loadingpmax , which has to be experi-
mentally correlated for each laser. Some of these results then do not have to be attributed to the material
really having lowB andC, but to the simulation settings.

Furthermore, leading slices along each parameter through the estimated optimum, the error is ex-
tremely sensitive to changes in� , somewhat sensitive to changes inC, but not particularly sensitive to
B andn, see Figure4b. The BFV alone is therefore not suf�cient for truly reliable model calibration.
However,B andn in the Johnson-Cook model both describe dependence on strain� p, not the strain
rate _� p. Therefore, they could possibly be better calibrated using experimental data from non-dynamical
methods, such as measurements of the residual stress via hole drilling.
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Figure 4: (a) BFV evolution for the optimal parameters estimated by ROM, recomputed by pyLSP and
simulation done using the parameters by [3] vs. experimental data. (b) Slices through the error surface
led through the found optimum.

4 Conclusion

In this contribution, we have combined the existing data-driven POD&RBF method for model order
reduction with transformations based on the speed of sound in a material, to make it more suitable for
quick estimation of elastic and plastic material parameters using the backface velocity (BFV) measure-
ments. We then attempted to use it for the estimation of the parameters of the Johnson-Cook plasticity
model and the Poisson's ratio of AA-2024-T3. Regrettably, the BFV was not particularly sensitive to
some of the parameters and for a more reliable estimation, other experimental data will have to be used.
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2 Task formulation

Let u = u(x; t ) denote the temperature �eld de�ned over the spatial domainx 2 
 = (0 ; L ) and
time intervalt 2 (0; T]. The evolution of the temperature is governed by the classical one-dimensional
unsteady heat equation, which may depend on the thermal diffusivity parameter, and is given by [3]

@u
@t

(x; t ) = �
@2u
@x2

(x; t ) + f (x; t ; � ); (1)

where� > 0 denotes the thermal diffusivity coef�cient. In the present study, the source term is neglected,
i.e., f (x; t ; � ) = 0 . The problem is complemented by the initial condition

u(x; 0) = u0(x) = � 50x(x � 1)(x � 1=3)(x � 0:5); x 2 [0; 1]; (2)

and homogeneous Dirichlet boundary conditions

u(0; t) = 0 ; u(1; t) = 0 ; t 2 [0; 0:3]: (3)

3 Method

Neural output of individual neural unit is consisted of two operations as it is shown in Figure1.
Product of the somatic operationey, in general, can be expressed as [4]

ey = � (s): (4)

Let us assumeN -th order neural unit, then product of synaptic operation can be written as [4, 5]

s = w0x0 +
nX

i =1

wi x i +
nX

i =1

nX

j = i

wij x i x j + � � � +
nX

i 1=1

� � �
nX

i N = i N � 1

wi 1 i 2 :::i n x i 1 x i 2 : : : x i n ; (5)

wherex0 = 1 denotes bias andn stands for length of input feature vector.
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A physics-informed neural network (PINN) is employed to approximate the solutionu(x; t ) by a
neural network representation̂u� (x; t; � ) with trainable parameters� . In the parametrized setting con-
sidered herein, the network takes the tripletf x; t; � g as input variables.

The training procedure is based on minimizing a composite loss function that enforces consistency
with the governing partial differential equation (PDE), as well as the prescribed initial and boundary
conditions:

L (� ) = � PDEL PDE(� ) + � ICL IC(� ) + � BCL BC(� ); (6)

where� PDE, � IC, and� BC are weighting coef�cients.
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The initial condition loss is evaluated over a set of pointsf (x i
IC; t i

IC)gN IC
i =1 at the initial timet IC:

L IC(� ) =
1

N IC

N ICX

i =1

�
� û� (x i

IC; t i
IC; � ) � uIC(x i

IC; t i
IC; � )

�
�2

: (7)

Similarly, the boundary condition loss enforces the prescribed constraints on the boundary@
 using
a set of collocation pointsf (x i

BC; t i
BC)gNBC

i =1 :

L BC(� ) =
1

NBC

NBCX

i =1

�
� û� (x i

BC; t i
BC; � ) � uBC(x i

BC; t i
BC; � )

�
�2

: (8)

The PDE residual lossL PDE(� ) is constructed based on the one-dimensional unsteady heat equa-
tion (1) de�ned over the domainx 2 [xmin ; xmax ] andt 2 [tmin ; tmax ]. For improved numerical stability
[6], the independent variables are linearly mapped to normalized coordinates(x̂; t̂) 2 [� 1; 1]2 according
to

x̂ = 2
x � xmin

xmax � xmin
� 1; t̂ = 2

t � tmin

tmax � tmin
� 1: (9)

Application of the chain rule yields the transformed derivatives

@u
@t

=
2

� t
@u

@̂t
;

@2u
@x2

=
4

(� x)2

@2u
@̂x2 ; (10)

where� x = xmax � xmin and� t = tmax � tmin .
Substituting these expressions into the governing equation leads to the scaled form

@u

@̂t
� �

2� t
(� x)2

@2u
@̂x2 = 0 : (11)

Consequently, normalization introduces an effective diffusion coef�cient

� scaled = �
2� t

(� x)2 ; (12)

which must be consistently incorporated into the physics-informed formulation.
The PDE loss is therefore evaluated over a set of collocation pointsf (x i

PDE; t i
PDE)gNPDE

i =1 as

L PDE(� ) =
1

NPDE

NPDEX

i =1

�
�
�
�
@̂u�

@t
(x i

PDE; t i
PDE; � ) � �

2� t
(� x)2

@2û�

@x2
(x i

PDE; t i
PDE; � )

�
�
�
�

2

; (13)

where the required derivatives ofû� (x; t; � ) with respect tof x; t g are computed via automatic differen-
tiation algorithm introduced by Baydin in [7].

The diffusion coef�cient� is treated as a parametric input and sampled prior to training. To mitigate
bias toward larger values, sampling is performed uniformly in the square-root space:

s � U
� p

� min ;
p

� max
�
; � = s2; (14)

which induces a probability density proportional to� � 1=2 over the interval[� min ; � max ]. This strategy
enhances the representation of low-diffusivity regimes while maintaining a bounded sampling domain.

Perceptron network architectures employed32and256neurons in the �rst and second layer as shown
in Figure2, respectively [8]. The optimization process was carried out using the Adam algorithm with
an initial learning rate� = 0 :001. An exponential learning rate scheduler with decay factor
 = 0 :95
was applied every100 from total 1000epochs. Each epoch consisted of50 mini-batches, where each
mini-batch contained �ve values of the diffusion coef�cient� sampled using Latin hypercube sampling
(LHS) over the prescribed parameter range. The collocation points were also generated using LHS, with
256points assigned to the initial condition and to boundary conditions and2048points distributed within
the interior of the domain.
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Future research will focus on extending the present framework to more complex parametric settings.
One natural extension is the inclusion of additional input parameters, such as variations in the initial
condition, which would further increase the dimensionality and complexity of the learning problem.

Moreover, the methodology will be applied to more challenging nonlinear problems, such as the
viscous Burgers' equation, where the presence of the convective term introduces stronger nonlinearity
and sharper solution features. This will allow for a more comprehensive assessment of the interplay
between normalization, scaling, and training dynamics in physics-informed neural networks.

Such extensions are expected to provide deeper insights into the robustness and generalization capa-
bilities of PINNs in more realistic and demanding scenarios.
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Figure 2: Tracking performance of the primary mechanism along Trajectory 1, comparing the actual
(' 12, ' 23) and desired (' 12des, ' 23des) angular coordinates.
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4 Conclusion

This paper presented a dynamic evaluation of a planar open-chain mechanism consisting of a pri-
mary double-pendulum coupled with a secondary double-pendulum acting as a non-linear absorber. A
modi�ed Computed Torque Control method was applied to this partially underactuated structure. The
proposed approach was tested through simulations on a multisine reference trajectory. The results con-
�rm that the proposed controller effectively manages the interplay between active actuation and passive
compliance, achieving precise tracking performance for the targeted degrees of freedom.

Several potential directions are currently being considered for future research. These may include
the experimental validation on a physical prototype to assess the impact of unmodeled friction, or the
extension of the algorithm to ensure greater robustness against external disturbances.
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was able to capture the relative changes in the metamaterial-to-coolant heat 
ux. The openHFDIBRANS
solver shows good potential to be used in metamaterial optimization. In the future, the solver will be
extended to simulate the heat e�ects in the solid phase and allow simulation of the die as a whole.
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after the yield point. For horizontal printing and specimen lengths up to 15 mm, the material continues
to exhibit strain hardening beyond the yield strength.
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Figure 3: Evaluated curves for all materials

From the plotted moduli of elasticity (Figure4), it is evident that the specimen length has a signif-
icant effect on the compressive modulus of elasticity. For all materials, the modulus decreases as the
specimen length decreases. The evaluated moduli were �tted with a linear regression line for both ver-
tical and horizontal print orientations. In the case of the recycled material RePET-G, the moduli for all
lengths are higher in the vertical orientation; however, as with the PET-G material, these differences are
not particularly pronounced. A more signi�cant difference occurs in shorter specimens of the CF-Jet ma-
terial. This may be caused by the increased printing dif�culty of this material, leading to imperfections in
the bonding between the perimeters and the internal in�ll, which are most prominent in short horizontal
specimens. The evaluated effective moduli of elasticity extrapolated toD=L = 0 are presented in Table
2.
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Figure 4: Compressive moduli for all materials

Material - orientation Compressive moduli (MPa)

PET-G - horizontal 1642
PET-G - vertical 1617

RePET-G - horizontal 1693
RePET-G - vertical 1599
CF-Jet - horizontal 2021
CF-Jet - vertical 1955

Table 2: Effective moduli for each material

The yield strengths do not change signi�cantly with respect to the specimen length. While the yield
strength for PET-G and CF-Jet materials varies slightly depending on length, it does not follow the same
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consistent trend observed in the moduli of elasticity. For certain lengths, the yield strength is nearly
identical in both print orientations. Therefore, the yield strengths were averaged for each material. The
yield strengths for individual lengths are shown in Figure5. The averaged yield strengths for each
material, including standard deviations (STD), are presented in Table3.
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Figure 5: Yield strengths for each material

Material Peak yield strength (MPa) STD (MPa)

PET-G 48.7 2
RePET-G 49.1 1.1

CF-Jet 50 3.1

Table 3: Peak yield strength for each material

3 Conclusion

Research was conducted on the base material PET-G and its commercially available variants, RePET-
G and CF-Jet (reinforced with carbon �bers). Consistent with the measurements of the base PET-G
material, a dependence of the compressive modulus of elasticity on the specimen length was observed.
Consequently, the moduli for the investigated lengths were �tted with a linear regression and extrapolated
to a zero diameter-to-length ratio to determine the effective compressive moduli. The modulus for the
CF-Jet material is signi�cantly higher than those for PET-G and RePET-G, a trend observed in both
print orientations. When comparing yield strengths, no similar dependence was observed, and none of
the materials proved to be signi�cantly stronger than the others. A distinction for CF-Jet was identi�ed
beyond the yield point, where the material does not exhibit such pronounced softening as PET-G and
RePET-G. The data presented in this article serve as a foundation for future measurements on the Split-
Hopkinson Pressure Bar (SHPB), providing a reference for quasi-static loading.
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MASK-BASED OBJECT TRACKING FOR NON-CONTACT 
MEASUREMENT OF PLANAR MOTION 

Luboš Smolík1, Št� pán Dyk2, Radek Bulín3, Jan Rendl4 

Abstract:  Non-contact measurement of mechanical vibrations is essential for lightly damped or low-mass 
systems, since contact sensors can introduce additional mass or artificial damping. In some scenarios, computer 
vision utilising digital cameras can offer a versatile and cost-effective alternative to laser interferometers. 
However, common object- and feature-tracking algorithms can be susceptible to drift, which is a gradual 
accumulation of frame to frame errors. This paper presents a mask-based object tracking method that processes 
digital video using a localised search strategy and a reference-based cost function. The method is experimentally 
validated on two oscillating systems using a smartphone camera. 

Keywords: computer vision; motion measurement; object tracking; damping identification 

1 Introduction 
Measuring the dynamic response of lightly damped or low-mass mechanical systems 

can be rather challenging. Contact transducers, such as accelerometers, introduce additional 
mass or artificial stiffness and damping due to the presence of cables. These effects can have a 
negative impact on measurements, resulting in inaccurate estimates of system properties. 

To avoid this issue, one can use a non-contact measurement method. Non-optical 
approaches, such as capacitive and eddy-current sensors, offer high sensitivity but have a 
limited displacement range. Optical methods include laser interferometers and computer 
vision. Whereas the former are accurate and appropriate for a wide range of measurement 
scenarios [1], they are often cost-prohibitive even for single-point unidirectional 
measurements. Computer vision has recently become a versatile alternative for low- and 
medium-frequency applications that supports simultaneous multi-point, multi-degree-of-
freedom measurements across a wide range of motion through digital video analysis [2]. 

Despite its versatility, computer vision is not without limitations. Large motions are 
measured using object- or feature-tracking algorithms, which are susceptible to frame-to-
frame error accumulation [3]. This effect, known as drift, can be particularly problematic 
when analysing long video records consisting of thousands of frames. 

The present paper addresses these limitations by introducing a drift-free method 
designed for long video records. The method employs localised mask-based tracking that 
remains stable over sequences exceeding 30,000 frames, with drift maintained at the level of 
measurement noise. To demonstrate its applicability, the method is used to identify damping 
parameters from free-vibration records of a lightly damped mechanical system. 
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2 Description of the Method 
The proposed method processes a digital video frame by frame using the workflow 

illustrated in Figure 1. In the initialisation step, the user defines a region of interest (RoI) 
around the tracked object in a reference frame. Selected colour channels from the RGB and 
HSV colour spaces are combined via element-wise multiplication to produce a composite 
greyscale image. The channel combination that best separates the object from the background 
should be selected. The composite image is then binarised using a fixed intensity threshold. 
The resulting binary mask is further processed by filling holes and performing morphological 
closing to ensure a well-defined silhouette of the tracked object. A set of geometric properties, 
including area, centroid position and eccentricity, is extracted from the reference mask and 
stored as the reference descriptor. 

In each subsequent frame, image processing is restricted to a localised search area  
computed from the previous centroid position and the expected maximum displacement. The 
binary mask is recomputed within this crop. This may result in multiple disconnected regions.  
To identify the region corresponding to the tracked object among all candidates, a cost 
function is evaluated for each detected region. This cost is defined as the root sum of squares 
of the relative errors between the geometric properties of the candidate and the reference 
descriptor, as well as a distance cost based on the pixel distance of the candidate from the 
centroid recorded in the previous frame. The candidate with the lowest cost is selected, and its 
centroid is recorded in global image coordinates. 

 

 
Figure 1: Illustration of the image processing workflow applied to a representative frame: RoI 

definition (a), composite greyscale image (b), and binary mask after sequential postprocessing steps 
(c to e). 

3 Results 
The presented method was experimentally validated by analysing the free decay 

response of two oscillating systems subjected to a non-zero initial displacement recorded 
using a Google Pixel 8a smartphone camera at 240 fps. 
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Figure 2: Test oscillating systems with corresponding horizontal displacement time histories (a, b) 
and planar trajectories over the first four oscillation cycles (c, d). Note that vertical position in panel 
(d) is inverted because the origin of the image coordinate system is located in the upper-left corner 

with the vertical axis pointing downward. 

 
The first test system consists of a mass mounted on steel plates that oscillates 

predominantly in the horizontal direction, see Figure 2a. The composite image of the RoI was 
constructed from the R, G, and S channels with a binarization threshold of 32 and the 
analysed digital video consists of 26 388 frames. 

The measured time history of the horizontal displacement is shown in Figure 2a. The 
amplitudes decay almost exponentially, suggesting that the primary mechanism of energy 
dissipation is viscous damping in the plates. An oscillation period of approximately 0.46 s can 
be estimated from the time history. The planar trajectory of the mass over the first four cycles 
is shown in Figure 2c. Apparently, the motion is almost linear: the peak-to-peak displacement 
in the horizontal direction is almost 400 pixels, whereas in the vertical direction it is 
approximately 13 pixels. 

The second test system is a physical pendulum supported in two point pivots, see Figure 
2b. The composite image of the RoI was constructed from the R and S channels with a 
binarization threshold of 20 and the analysed digital video consists of 2 188 frames. 

The measured time history of the horizontal displacement is shown in Figure 2b. Here, 
the amplitudes decay almost linearly, suggesting that the dominant dissipation mechanism is 
dry friction at the pivots. An oscillation period is approximately 0.41 s. The planar trajectory 
of the lower edge of the pendulum over the first four cycles is shown in Figure 2d.  In this 
case, the trajectory is a circular arc, which is characteristic for pendulum motion. 

4 Conclusions 
We presented a mask-based object tracking method for the non-contact measurement of 

planar motion. This method processes digital video records frame by frame using a localised 
search strategy and a reference-based cost function to minimise drift, even over long video 
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recordings. This approach was experimentally validated on two oscillating systems with 
different dissipation mechanisms, recorded at 240 fps using a smartphone camera. The results 
demonstrate that the method can reliably analyse planar trajectories across records of varying 
length, including a sequence of 26,388 frames. The residual tracking uncertainty is 
predominantly random in nature, with a standard deviation of approximately 0.4–0.6 pixels.  

In future work, free decay records will be used to identify the damping parameters of 
analysed systems. The identification procedure proposed in [4], which enables the separation 
of viscous and dry friction contributions to energy dissipation, will be employed. 
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2.1 Original Jiang model

The Jiang criterion [1] is a comprehensive fatigue model. The critical plane is de�ned as the plane on
which the density of accumulated fatigue damage reaches a critical value. The mathematical formulation
of the model is given by:

dD = h� mr � � 0i m
�

1 +
�
� f

�
dY; (1)

where the increment of the modi�ed plastic strain energy densitydY is de�ned as:

dY = a�d" p +
1 � a

2
�d
 p; (2)

whereD denotes the fatigue damage density,� mr is the memory parameter, and� is the normal stress
on the material plane. Equations1 and2 contain four material parameters:� 0 represents the fatigue limit
under fully reversed tension-compression,� f is the fracture stress,m acts as an exponent, anda speci�es
the material behaviour during fatigue damage cumulation [1].

The memory stress is de�ned as the maximum value of the equivalent stress reached during one
loading cycle:

� mr = max ( � eq) : (3)

The quantity� eq represents the von Mises equivalent stress, which is de�ned by:

� eq =

r
3
2

S : S =
q

� 2
x + � 2

y + � 2
z + 3

�
� 2

xy + � 2
yz + � 2

zx

�
; (4)

whereS denotes the deviatoric stress tensor,� x , � y , and� z are the normal stress components, and� xy ,
� yz , and� zx represent the shear stress components at the given material point [1].

2.2 Simpli�ed Jiang Model

The simpli�ed model [10] is based on the original fatigue model and eliminates the dimensionless
constantm from the criterion, i.e., its value is �xed at 1. Equation1 therefore takes the form:

dD = h� mr � � 0i
�

1 +
�
� f

�
dY: (5)

This expression for fatigue damage remains physically equivalent to the original Jiang criterion [10].

3 Material and experimental data

The experimental data for SS316L used in this study were taken from the published results reported
in [9]. The dataset includes measured stress-strain histories for six different loading paths (Figure1),
information on the number of cycles to failure for various multiaxial loading modes, and several material
parameters (Table1). For the purposes of this study, the datasets were divided into two independent
parts. Loading paths A and B were used for model calibration, while the remaining loading paths (C, D,
E, and G) were used for model validation.

Parameter Description Value

E [MPa] Young's modulus 169785
G [MPa] Shear modulus 55600
� [-] Poisson's ratio 0.29
� 0 [MPa] Fatigue limit in fully reversed tension–

compression
244

� f [MPa] Fracture stress 680

Table 1: Material parameters for SS316L.
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Figure 1: Loading paths.

4 Results

This chapter �rst de�nes the metrics used to evaluate the predictive capability of the considered
models. Subsequently, the calibrated parameters of the original Jiang criterion and its simpli�ed variant
are presented. Based on these parameters, the results of fatigue life prediction are presented and evaluated
using the selected metrics. Finally, the predictive capabilities of both models are compared.

4.1 Metrics

The predictive capability of both models is evaluated using the metric:

ki =
N fe;i

N fp;i
; (6)

whereN fp denotes the predicted number of cycles to failure andN fe the experimentally determined
number of cycles. A value ofk = 1 corresponds to perfect agreement between the predicted and ex-
perimental fatigue life. Values ofk > 1 indicate a conservative prediction, whereask < 1 represents
a non-conservative estimate of fatigue life. An interval ofh0:5; 2i is considered an acceptable level of
model accuracy.

From the set of valuesf ki g, two statistical characteristics are further determined: the mean value:

�k =
1
n

nX

i =1

ki ; (7)

wherei denotes the test index,n the number of evaluated experiments, and the standard deviation:

s =

vu
u
t 1

n � 1

nX

i =1

�
ki � �k

� 2: (8)

To assess the differences between the two models, a pairedt-test [12] and the Wilcoxon test [11] are
used.
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4.2 Results of the Original Jiang Criterion

The calibration of the original Jiang model was performed according to [10]. The determined pa-
rameter values for SS316L are listed in Table2 (Figure2). A comparison of experimental and predicted
fatigue lives using the metrick is shown in Figure4.

The results indicate that most predictions fall within the region of good agreement between experi-
mental and calculated values. The mean value of the metric reaches�korig = 1 :134, while the standard
deviation issorig = 0 :268.

4.3 Results of the Simpli�ed Jiang Criterion

The calibration of the simpli�ed variant of the Jiang model was performed using an analogous pro-
cedure. The resulting parameter values are listed in Table3 (Figure3). The predictive capability of the
model evaluated using the metrick is shown in Figure5.

In this case as well, most results lie within the range of acceptable agreement with the experimental
data. The mean value of the metric reaches�kmod = 1 :099, while the standard deviation issmod = 0 :264.
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Figure 3: Calibration of the modi�ed model

Parameter Value

E [MPa] 169785
G [MPa] 55600
� [-] 0.29
a [-] 0.4055
m [-] 1.1486
D0 [N mm=mm3] 1:1733� 106

� 0 [MPa] 244
� f [MPa] 680

Table 2: Parameters of the Jiang criterion for
SS316L

Parameter Value

E [MPa] 169785
G [MPa] 55600
� [-] 0.29
a [-] 0.3688
D0 [N mm=mm3] 5:2448� 105

� 0 [MPa] 244
� f [MPa] 680

Table 3: Parameters of the modi�ed criterion for
SS316L

4.4 Comparison of Predictions of the Original and Simpli�ed Criteria

The difference between the mean values of the metrick for both models is� �k = � 0:035. The
statistical signi�cance of this difference was evaluated by testing the null hypothesisH0 : �korig = �kmod

at a signi�cance level of� = 0 :05. The results of both the pairedt-test(t = � 1:473; p = 0 :167) and
the Wilcoxon test(W = 26:0; p = 0 :191) did not indicate a statistically signi�cant difference between
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Figure 5: Metric k of the modi�ed model

the two models(p > � ). A graphical comparison of the distribution of the metrick for both models is
shown in Figure6.
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Figure 6: Distribution of metrick for the Jiang and modi�ed model

5 Conclusion

This work focused on the application and validation of a simpli�ed Jiang fatigue model for fatigue
life prediction under multiaxial loading. The simpli�ed formulation, in which the material parameter
m is �xed at m = 1 , was applied to experimental data for SS316L, and its predictive capability was
compared with that of the original Jiang model.

Calibration of the original Jiang model resulted in a mean prediction metric value of�korig = 1 :134
with a standard deviation ofsorig = 0 :268. The simpli�ed formulation provided very similar results,
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speci�cally �kmod = 1 :099 andsmod = 0 :264. In both cases, all predicted fatigue lives fall within the
intervalh0:5; 2i , which con�rms good agreement between experimental and predicted values.

The comparison of both approaches showed that the simpli�ed model achieves slightly better predic-
tive results, re�ected by the value of the metrick being closer to 1. However, statistical analysis based
on the pairedt-test and the Wilcoxon test did not reveal a statistically signi�cant difference between the
two models at the signi�cance level� = 0 :05.

The obtained results con�rm that the simpli�ed Jiang model can be successfully applied to SS316L
while maintaining predictive accuracy comparable to the original formulation. At the same time, the
calibration of the simpli�ed model is considerably easier since only two of the original three material pa-
rameters need to be determined. This makes the simpli�ed model more suitable for practical engineering
applications while maintaining very good predictive capability.
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The computational model relies on accurately determining the cornering radiusR. For this purpose,
Ackermann steering geometry is applied. Based on [4], the cornering radius can be calculated using the
following formula

R =
q

l2r + ( l f + l r )2 cot2 �; (3)

wherel f andl r is the distance between the centre of gravity and front respectively rear suspension and
� is the average of the left and right wheel steer angles. It should be noted that this kinematic formula
represents an ideal scenario and does not account for real-world factors such as tire deformation and slip
angles.

Total corrective momentM z is then distributed [5] between the front (M zf ) and rear (M zr ) axles
according to the vehicle's speci�c weight distribution and handling parameters.

The system utilizes sets of mathematical formulas to determine the exact torque request for each
wheel. There are four distinct calculation sets, varying based on the throttle pedal position and the turn
direction (left or right). For example, the torque distribution for a left turn under partial acceleration is
de�ned as [5]

M h1 = eMmax Gr �
�

M zf

2r f

�
rw ;

M h2 = eMmax Gr +
�

M zf

2r f

�
rw ;

M h3 = eMmax Gr �
�

M zr

2r r

�
rw ;

M h4 = eMmax Gr +
�

M zr

2r r

�
rw :

(4)

Wheree 2 h� 1; 1i represents the accelerator pedal position (negative value for braking and positive
for acceleration),M max is the maximal torque of each electric motor,Gr is the gear ratio,M zf andM zr

are the corrective yaw moments for the front and rear axles respectively. Remaining variablesr f andr r

denote the front and rear vehicle half tracks in Figure1 andrw is the nominal tire radius.

4 Results

Numerical simulations were performed using the de�ned vehicle and computational models to eval-
uate performance in a constant-radius corner. The primary performance metric was the time required
to complete the corner, evaluated across various proportional controller settings (Table 1). VariableK
represents driver aggressiveness [2]. Secondary measured variables included tire slip angles, torque dis-
tribution time series, and corner-exit speed. The simulation results indicate that implementing this torque
vectoring system can improve the vehicle's cornering capabilities [5]. Figure3 illustrates the torque vec-
toring system, demonstrating how it adjusts the drive torque at each wheel during cornering.
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Table 1: Elapsed timetz [s] in the corner for given values of driver aggressivenessK , proportional gain
K p and corner radiusR [m]

K = 0 :3
R K p = 0 250 500 750 1000
4.5 1.7301 1.7218 1.7153 1.7102 1.7063

9.125 2.5547 2.5545 2.5543 2.5541 2.5539
15 3.3112 3.3103 3.3089 3.3068 3.3022
20 3.8312 3.8295 3.8268 3.8215 3.8143

K = 0 :6
R K p = 0 250 500 750 1000
4.5 1.7282 1.7194 1.7125 1.7069 1.7023

9.125 2.5457 2.5454 2.5452 2.5450 2.5448
15 3.2991 3.2982 3.2968 3.2946 3.2895
20 3.8181 3.8164 3.8135 3.8071 3.8022

K = 0 :9
R K p = 0 250 500 750 1000
4.5 1.7256 1.7166 1.7096 1.7039 1.6992

9.125 2.5415 2.5412 2.5409 2.5407 2.5405
15 3.2947 3.2937 3.2924 3.2901 3.2851
20 3.8135 3.8118 3.8089 3.8020 3.7979
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Figure 3: Drive torque time series for a corner radius ofR = 15 m
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A detailed analysis of the simulation data reveals several key dependencies regarding the proportional
gainK p, driver aggressivenessK , and corner radiusR.

Overall, increasing the proportional gainK p has a distinctly positive effect on both cornering times
and exit speeds. Higher values ofK p lead to a larger difference between the drive torques applied to the
outer and inner wheels (see Figure3), corresponding to an increase in the applied yaw moment. However,
excessively highK p values used in the controller must be avoided. As simulations indicated, extreme
settings can cause the drive torque on the inner wheels to drop to zero, negatively impacting vehicle
stability, traction, and steering in real-world scenarios. Furthermore,K p in�uences tire slip. Increasing
it tends to decrease longitudinal slip on the left wheels while increasing it on the right, and similarly
shifts lateral slip from the front to the rear wheels.

The driver's aggressiveness, constantK , also signi�cantly affects the system. While higher values
of K generally reduce cornering times. Based on the performed simulations, a value ofK = 0 :6 proved
to be an optimal compromise, yielding suf�cient time improvements without causing excessive slip or
reducing corner-exit velocity.

The corner radiusR plays a crucial role in the controller's effectiveness and overall vehicle dynamics.
The torque vectoring system delivers its greatest bene�ts at a smaller turn radius, where it consistently
maintains or increases the vehicle's speed compared to a deactivated system. On the other hand, at larger
radii and higherK p values, speed �uctuations can become chaotic. This instability is attributed to the
driver model's dif�culty in smoothly modulating the accelerator pedal under such conditions.

5 Conclusions

This paper presents a torque vectoring system for an electric Formula Student vehicle employing a
7-DoF dynamic model and a nonlinear tire model. The simulation results demonstrate that active torque
distribution performed by a proportional controller reduces cornering times and enhances overall agility.
These �ndings validate the proposed mathematical model and provide a strong foundation for future
physical implementation and real-world calibration on the UWB eRacing team car.

The simulations demonstrate that there is no single universal setup. For competitive applications such
as a Formula Student vehicle, where track layouts and disciplines are known in advance, the controller
parameters (K p, K ) must be optimised and dynamically adjusted to meet the speci�c requirements of
each racing discipline.
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Figure 9: Elastic moduli Figure 10: Poisson's ratios Figure 11: CTEs

Figure 12: Stress from internal pressure Figure 13: Stress from temperature cooling

Figure 14: F I from internal pressure, G/E Figure 15: F I from temperature cooling, G/E

Material parametrs carbon/epoxy Value
EL / ET / � LT / GLT 138 000 MPa/ 8960 MPa/ 0:3 / 7100 MPa
� L / � T � 0:3 � 10� 6 1=� C / 28:1 � 10� 6 1=� C
FLt / FLc / FTt / FTc / FLT 1447 MPa/ 1447 MPa/ 51:7 MPa / 206 MPa/ 93 MPa

Table 2: Parameters of carbon/epoxy (C/E) material used inFI analysis below (�gures 16 and 17).

Figure 16: F I from internal pressure, C/E Figure 17: F I from temperature cooling, C/E
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4 Conclusion
The results of this study are presented in Figures 7–17. Figures 7 and 8 illustrate the increase in winding angle

and thickness of the helical layer along the axial coordinate, ensuring that the geodesic winding condition is met.
Figures 9–11 evaluate the thermoelastic characteristics of the three-layered glass/epoxy wall.

Figure 12 indicates that the most critical region of the cone is at the larger radius, where the stresses reach
their maximum. This is a direct consequence of the wall thickness being at its minimum at this location. This
observation is further con�rmed by Figure 14, which shows the highestF I values for the glass/epoxy combination
at the larger radius.

While theF I due to cooling (� T = � 100� C) in Figure 15 remains below the critical threshold, these are
residual stresses from the curing process. When superimposed with the stresses from internal pressure, theF I of
the helical layer exceeds 1.0, suggesting that cracks would likely appear in the glass/epoxy helical layer. Figures
16 and 17 demonstrate that the carbon/epoxy combination is a safer alternative, as the totalF I does not exceed
1.0, and thus no failure is expected.

In all cases, the numerical results show excellent agreement with the analytical solutions, con�rming the
reliability of the evaluation. The only discrepancies occur at the edge sections of the cone, where numerical results
overshoot the analytical ones. This is due to the numerical model accounting for bending stresses in these regions,
whereas the analytical model assumes a pure membrane stress state.

For future research, a structural analysis of the entire vessel, including the end domes, is suggested. Addition-
ally, investigating methods to smooth the stress distribution along the meridian—for example, through the use of
non-geodesic winding—would be a valuable extension of this work.
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wherex i andyi are the global spatial coordinates, and@xi =@xand@yi =@xrepresent the longitudinal
position gradients.

The global position vectorr (x) of an arbitrary point on the element's neutral axis is interpolated
using the shape function matrixS(x) and the vector of elemental coordinatese:

r (x) = S(x)e: (2)

The vector of generalized elastic forcesQe is formulated based on the continuum mechanics of a
thin beam, coupling both the longitudinal (axial) and transverse (bending) deformations. To account for
the initial curved geometry of the beam caused by an initial imperfection, the elastic forces are evaluated
relative to the reference statee0. The longitudinal elastic force depends on the Green-Lagrange axial
strain" = 1

2(r T
x r x � r T

0x r 0x ), where subscriptx denotes the spatial derivative. The bending force is
derived from the exact de�nition of curvature� , taking into account the initial curvature� 0. The total
elastic force vector is then given by the curve integral over the undeformed length of the elementle:

Qe =
Z le

0

�
EA" ST

x r x + EI (� � � 0)
@�
@e

�
dx; (3)

whereEA is the axial stiffness,EI is the bending stiffness, and@�=@e represents the highly nonlinear
curvature gradient vector. Integration is performed numerically using a 5-point Gauss quadrature rule.

To establish the static equilibrium of the QZS mechanism in the post-buckled state, a Newton-
Raphson iterative solver is used. This requires the evaluation of the tangent stiffness matrix of the
element, de�ned as the derivative of the elastic force vector with respect to the nodal coordinatesK e =
@Qe=@e. The assembled global tangent stiffness matrix ensures stable convergence during the nonlinear
static analysis and serves directly as the structural stiffness matrix for the subsequent modal analysis of
the system.

3 Model of the QZS Mechanism

The initial modeling was performed in three ways (Figure2). The �rst model was obtained using
analytical equations for the pinned-pinned buckled Euler beam model [2]. The second model was created
using a cubic approximation [2], and the third was modeled using ANCF elements. Figure2 clearly
shows that all three methods yield identical results. Only the cubic approximation begins to differ slightly
for more distant points from the center. This con�rms that the ANCF modeling methodology is fully valid
and applicable to such problems.

(a) (b) (c)

Figure 1: Different variants of boundary conditions of the QZS negative stiffness corrector.

Every investigated system consists of four beams (leaf springs), central load mass, and the spring
connected to the base frame. Three types of beam boundary conditions were analyzed (Figure1). In the
�rst case, the beam rotates freely at both ends (a); in the second case, it rotates freely on one side and is
�xed on the other (b); and in the third case, it is �xed at both ends (c).

The parameters listed in Table1 were chosen to compare basic characteristics. The stiffness-strain
relationship of the central platform (Figure3) and the natural frequencies (Table2) are analyzed and
compared. The selected corresponding eigenmodes are shown in Figure3.
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Figure 2: Comparison of dimensionless force-displacement (F � u) characteristics for a QZS mechanism
under different boundary conditions. The numerical ANCF results for the Pinned-Pinned con�guration
are validated against the exact analytical solution and its cubic approximation derived in [2].

Parameter Symbol Value

Length of the undeformed beam L 0 0:055m
Beam width b 0:02m
Beam thickness h 0:0007m
Young's modulus E 2:1 � 1011 Pa
Material density (steel) � 7850kg/m3

Dimensionless initial imperfection q0=L0 0:03
Compression ratio L comp=L 0:9
Load mass m 17kg
Linear spring stiffness k 25 000N/m

Table 1: Basic physical and geometrical parameters of the QZS mechanism.

Mode Pinned-Pinned Pinned-Clamped Clamped-Clamped
No. Frequency [Hz] Frequency [Hz] Frequency [Hz]

1 (-)2.32 (-)5.64 (-)10.94
2 1699.40 2009.76 2558.61
3 1717.57 2021.32 2568.43
4 4462.20 4583.60 4229.30
5 4471.14 4585.37 4229.90
6 8278.91 8471.39 8471.91
7 8283.79 8476.19 8474.02
8 13170.88 13660.89 12893.25
9 13174.03 13663.47 12897.90
10 19146.58 19727.26 20278.47

Table 2: Comparison of natural frequencies for different buckling boundary conditions. Mode 1 repre-
sents the isolated QZS mechanism (imaginary frequencies, represented here as negative values to indicate
negative stiffness), while Modes 2–10 represent internal bending vibrations of the beams. The reference
frequency of the linear system without the negative stiffness corrector is 6.10 Hz.
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As shown in Figure3, each type of leaf spring mounting exhibits a different force-displacement
relationship. The pinned-pinned mounting is characterized by the lowest stiffness, and thus also by the
lowest force as a function of positionu.

Figure 3: Comparison of selected vibration modes and their corresponding natural frequencies for three
different boundary conditions of the buckled beams.

4 Conclusion

Three types of Euler buckled beam con�gurations were analyzed using a validated ANCF element
model. These three variants were further analyzed to determine how the force acting on the central
mass depends on its distance from the central equilibrium position. As shown in Table2, the �rst eigen
frequency of the systems corresponds to the oscillation of the central load mass and is very close to the
eigen frequency of the mass-spring system. In Figure3, it is clearly visible that the �rst mode shape
corresponds to the vibrations of the central mass, while higher frequencies correspond to the vibrations
of the leaf springs themselves. This achieves vibration isolation properties where higher frequencies do
not interfere with the vibrations of the central mass.
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