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Preface

Dear colleagues,

The volume you have just opened contains the proceedings of the 27th International Con-

ference Applied Mechanics 2026, held in České Budějovice and organised by the Faculty of

Applied Sciences, University of West Bohemia in Pilsen.

It is likely that no one attending the very first edition in 1999 could have foreseen where

this conference would be twenty-seven years later, especially considering how significantly the

research environment in our countries has changed over that time.

It should be noted that organising and attending conferences of primarily local importance

is not particularly encouraged nowadays, and the papers and presentations delivered here do

not directly contribute to the formal success metrics of grant projects. Nevertheless, this year’s

conference has brought together nearly sixty researchers, both early-career and senior, who have

come to present their work and engage in informal discussions beyond the lecture hall. With

this attendance, Applied Mechanics will likely rank among the largest local conferences of its

kind held in the Czech Republic. This would not be possible without your active participation

and the generous support of our partners.

What makes the Applied Mechanics conference truly unique is the community that has grad-

ually formed around it — a network of colleagues across our countries and academic institutions

who share not only similar professional interests and responsibilities, but also long-standing

friendships and a strong sense of collegiality.

Another defining feature of the conference is the continuous presence of young researchers,

many of whom have the opportunity, often still as students, to present their work to an expert

audience for the very first time, while at the same time experiencing the welcoming and friendly

atmosphere that has always been a hallmark of this event.

It is our sincere wish that this spirit of Applied Mechanics endures, and that participation in

the conference continues to inspire future generations of young researchers, while remaining a

traditional meeting place for those who have helped shape its history over the years.

Radek Bulı́n

Chairman of the Organising Committee

Faculty of Applied Sciences

University of West Bohemia in Pilsen
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Pařez, J., Kovář, P., Tater, A., Ballada, O. . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

Computer vision–based strain field analysis of 3D printed materials

Piroh, O., Minárik, J., Majko, J., Handrik, M., Vaško, M., Sága, M. . . . . . . . . . . . . . . . 115
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MATHEMATICAL MODELING AND EXPERIMENTAL
DEMONSTRATION OF A NONLINEAR ENERGY SINK

František Bareš1

Abstract: This paper presents the mathematical modeling and experimental validation of a passive Nonlinear Energy Sink
(NES) designed for vibration control. The proposed NES utilizes cubic stiffness springs combined with repulsive magnetic
forces to achieve its nonlinear characteristics. The system’s equations of motion were solved using the Harmonic Balance
Method and numerical continuation, supported by a Spline Curve approximation to maintain stability. The model is validated
using the physical demonstrator utilizing camera-based motion tracking.

Keywords: Nonlinear Energy Sink; Passive Vibration Control; Magnetic Nonlinearity; Eddy Current Damping

1 Introduction

Vibration of mechanical structures is a problem discussed in many engineering fields. It is observed

in many cases, that this problem was solved by installation of vibration absorber [1]. These devices

can be classified as passive, active and semi active vibration absorbers. Active absorber includes a

regulator, which changes parameters with changing situations, passive dampers are just dead-mass on

the construction and semi active dampers combine both of these stances [2]. This work is focused on the

area of the passive one. Generally, the basic solution is mass damper with one degree of freedom. It is

tuned to reduce vibration to one specific frequency. Typically it is the natural frequency of the system.

This type of solution was often used in engineering practice, but it has weakness in small frequency

range, in which the damping effect is efficient. One way to achieve a robust damping effect is the concept

generally known as nonlinear energy sink (NES). This way is common in the academic community. The

proof of that can be more than 100 papers about this topic published during the year 2024 [3].

It can be given some examples of NES research in academic space. The constriction with spring

was realized by [4]. In this case the results are verified by experimental measurement. However, this

concept was modified with the goal of achieving better results. [5] added a piecewise stiffness element to

the system. This idea was also realized in [6]. Another principle is to use magnetic force. This concept

is realized in [7]. The next principle is the track NES presented in [8], where the specific nonlinear

stiffness is caused by the geometry of the track, which leads to the NES active mass being described as a

trajectory. This source studied more performances of the trajectory and found one with a good effect of

vibration reduction.

This work is focused on developing NES using two realizations of a nonlinear connection. It consist

of springs with cubic stiffness characteristic and repelling magnetic force. The goal is to effectively

reduce the resonance peak of one degree of freedom system, which is waked kinematically by linear

harmonic oscillations. Firstly, this system will be solved by numerical computation and used to tune

NES parameters. Then, the result will be verified using the physical demonstrator.

2 Mathematical Model

In figure 1, vibration demonstrator with mass M and position x1, connected to a fixed table by two

leaf springs with stiffness k1 and material damping c1 is shown. On the demonstrator top, the NES on

the linear tracks with variable position x2 and damping cn is installed. The NES has a mass m and it

is connected to the demonstrator by springs attached at a right angle at the track, as shown in figure 3.

1 František Bareš; Department of Mechanics, Faculty of Applied Sciences of the University of West Bohemia in Pilsen;

bares@students.zcu.cz
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That creates approximately cubic stiffness kn. Next on the NES is installed magnets, which creates a

repulsive magnetic force Fm(a) dependent on the relative position of the NES a. That is displayed in

figure 2.

Figure 1: Schema of the demonstrator. Figure 2: Placing of the magnets on the NES.

Figure 3: Placing of the springs makes cubic stiffness.

The linear oscillations are generated kinematically by the displacement y. It is realized by a slotted link

mechanism with eccentricity Y and powered by an electric motor with angular velocity ω. The equations

of motion have the form

Mẍ1 + c1(ẋ1 − ẏ) + k1(x1 − y)− cn(ẋ2 − ẋ1)− kn(x2 − x1)
3
− Fm(x2 − x1) = 0,

mẍ2 + cn(ẋ2 − ẋ1) + kn(x2 − x1)
3 + Fm(x2 − x1) = 0.

(1)

As there are two magnet pair states in equilibrium position with gap d and with relative deviation a, the

magnetic force between left a right magnet pairs can be described as [10]

Fl =
B2A2(h+R)2

πµ0h2

(

1

(d+ a)2
+

1

(d+ a+ 2h)2
−

2

(d+ a+ h)2

)

,

Fr =
B2A2(h+R)2

πµ0h2

(

1

(d− a)2
+

1

(d− a+ 2h)2
−

2

(d− a+ h)2

)

,

(2)
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where:

• B is the magnetic flux density (T),

• A is the circular area of the magnet (m2),

• h is the thickness of the magnet (m),

• R is the radius of the magnet (m),

• µ0 is the permeability of vacuum (4π × 10−7 H/m),

• z is the gap between the magnets (m).

The final magnetic force declared in the equations of motion (1), which is dependent on distance a, can

be described by the difference of forces (2), as displayed in figure 2:

Fm(a) = Fr − Fl. (3)

3 Computation of the Frequency response curves

The equations of motion (1) are solved using the Harmonic Balance Method, where the steady-state

solution of the ordinary differential equations (ODE) is approximated by a truncated Fourier series [11].

This approximation is substituted into the original ODE, and the resulting terms are grouped by their

respective frequencies. By requiring the residuals of the included harmonics to vanish, the differential

equations are transformed into a system of nonlinear algebraic equations. The unknowns in this system

are the Fourier coefficients of the included frequencies, which can then be solved numerically.

The magnetic force, defined by the formula (3), are approximated by a polynomial function during

the Harmonic Balance process. In this work, two methods of approximation were used. The first ap-

proach utilizes a 6th-order Taylor polynomial evaluated at the center point a = 0. However, this method

is limited by its range of accuracy, as the approximation is only valid in the immediate vicinity of the

center point. While accuracy could theoretically be improved with a higher-order polynomial, doing so

often leads to poor convergence conditions. Consequently, an alternative approach using Spline Curve

approximation was developed. By this method, the magnetic force is divided into small intervals, each

approximated by a series of 3rd-order (cubic) polynomials, providing better stability of the numeric so-

lution. The C2 continuity of spline on the interval’s border gives stability of the numerical solution in

this area.

Figure 4: Computed amplitude characteristic of the main structure and the NES.

3



Figure 5: Comparison of the frequency response curves with and without NES

Figure 4 shows frequency response curves from the cases with the NES parameters are tuned to optimal

value. Namely, the range around the resonance frequency of the primary system has small deviations x1.

This amplitude given by the Harmonic Balance Method was compared with the time response given by

the Runge-Kutta method. In the figure 4, these results are shown as the maxima and minima of this time

response and in some cases are displayed as the whole plot. It can be observed that in the area around the

natural frequency, the time response has nonlinear behavior with a more colorful frequency spectrum.

It can also be observed that the frequency range during which the NES reduces the amplitude is

around 0.4 Hz. This area is evident in the amplitudes of added mass x2. Here, the amplitudes currently

increase thus, the energy of the primary system is successfully transferred to the NES. The amplitude

characteristic of x2 has similar behavior like Duffing Oscillator, which, for example, describes Krack in

[11]. Therefore, it can be observed as something like a resonance peak inclined to a space of higher fre-

quencies. This inclination creates an area where, theoretically, there are three solutions for one frequency.

Two of them are stable, and one is unstable. At the amplitude characteristic of x1, this phenomenon can

be observed as a closed loop when described as unstable solutions. Figure 5 shows the optimal case, the

NES in the described model can efficiently reduce oscillations of the primary system in the area around

the resonance frequency. Especially, the currently described primary system with one degree of freedom

has a natural frequency: Ω
.
= 3.02 Hz, In the case when the gaps between magnets are: d = 0.078 m,

the NES at this natural frequency reduced 89% of the former system’s amplitude.

4 Efficiency given from the Pulse Characteristic

As described by Gendelman [9], the efficiency of targeted energy transfer (TET) is dependent on

the size of the pulse, which can be described by initial energy. By accepting this fact, it was the study

of the pulse characteristic of the described system stated by the equations (1). However, it is possible

to evaluate the efficiency of the NES like the relation to the total energy of the NES EN and the whole

system, where EP is the total energy of the main structure [12]:

η =
EN

EP + EN

· 100%. (4)

However, it is hard to apply this approach to practical NES design because the energy, depending on the

current velocity, changes over time. Thus, accepting this fact, it was chosen to state the work [13], where

the efficiency of the TET was expressed as the relation between the dissipation energy of NES vibration

and the kinetic energy at the start of the pulse:

η =

∫

T

0
cn(ẋ2(t)− ẋ1(t))

2dt
1

2
Mẋ2

1
(0)

· 100%, (5)
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where the ẋ2
1
(0) is the initial velocity of the primary structure. The integral from the formula (5)

was solved numerically by obtaining an impulse time response, which is the solution of the Runge-

Kutta Method. The figure 6 shows, how several parameters can have an effect on the NES Efficiency.

Namely, it is: the gap between magnets d, the initial velocity of the primary structure ẋ1, and the relative

mass of the NES µ related to the mass of the primary structure. This efficiency was used to find optimal

parameters using global optimization methods.

Figure 6: Relation of the NES efficiency with the selected parameters.

5 Experimental Verification

The experimental stand was built based on the vibration platform, where the vibrations are generated

kinematically using the Scotch yoke mechanism. On this platform, the primary structure with two leaf

springs and the NES is placed, which is connected by linear traction using linear ball bushings (figure 1

and 2). First, the placement of the magnets position and springs to create cubic stiffness were set, next

the optimal damping of the NES it set. This was achieved by the eddy current produced by magnets

moving along the copper plate. The motion data were recorded using the camera, and the specific point

on the structure was tracked. For that, an algorithm was developed based on finding areas in the shot

with a high percentage of red color. The tracking point is established as the centroid of an area. The

algorithm also includes several techniques for filtering data.

6 Conclusion

The study details the development of a passive Nonlinear Energy Sink (NES) aimed at effectively

reducing the resonance peak of a single-degree-of-freedom mechanical structure. The NES achieves its

nonlinear characteristics through two combined mechanisms: springs configured to create cubic stiffness

and repulsive magnets that generate a nonlinear magnetic force. The system’s equations of motion were

solved using the Harmonic Balance Method to find the amplitude characteristics. The efficiency of the

targeted energy transfer was also evaluated using pulse characteristics simulated via the Runge-Kutta

method. This allowed for global optimization based on the magnet gap, initial velocity, and relative mass

impact the damping time and energy dissipation. To verify the mathematical and numerical findings, a

coupled system of the linear oscillator and the NES physical demonstrator was constructed.
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POSSIBILITIES OF IMPROVING TRAJECTORY TRACKING
ACCURACY OF SPATIAL 6R ROBOT WITH NONLINEAR

ACTIVE 6-DOF ABSORBER

P. Beneš1, R. Petr2, J. Krivošej3, K. Kraus4, Z. Šika5

Abstract: This article uses simulations to study the concept of a hybrid system combining a 6R robot with a Stewart platform-
type absorber placed on the robot’s end effector. The aim is to improve accuracy of tracking the desired 6-DoF motion of the
robot’s end-effector including suppression unwanted vibrations. For the given system, the possibility of coordinated control of
this entire nonlinear system is studied with the aim of determining its applicability and limitations. The basis is the use of a
modified version of the computed torque method. In the robot model, compliances are considered in this initial study only in
the transmissions between individual drives and controlled rotary joints.

Keywords: Active vibration absorber; 6R robot; Stewart platform; Computed torque control

1 Introduction

Robots and manipulators face challenges from mechanical vibrations caused by rapid movements,

drive chain compliance or joint and arm flexibility. These vibrations degrade positioning accuracy, ex-

tend settling times, and limit operational speeds. This article addresses vibration suppression for spatial

6R robots through an active Stewart platform absorber, Figure 1, attached to the end-effector, Figure

2. The research progressed from simulation model development, through passive absorber design, to

active control, systematically evaluating performance across representative trajectories with impulsive

disturbances.

Figure 1: Demonstration of an active Stewart

platform-type absorber. [1]

Figure 2: Visualization of a 6R robot with an

attached absorber.

2 Problem description

A dynamic model of a 6R robot, inspired by the Stäubli TX2-90, was developed, with joint compli-

ance incorporated through torsional springs and dampers. Computed Torque Control [2] was employed,

but persistent oscillations remained under impulsive disturbances during tracking of prescribed trajecto-

ries. Then, a Stewart platform-type vibration absorber was attached to the robot’s end-effector, allowing

the generation of compensatory forces and moments in all spatial directions. This mechanism was first

implemented passively, tuned to dominant vibrational frequencies. While effective near tuned frequen-

1 Petr Beneš; CTU in Prague Faculty of Mechanical Engineering; petr.benes@fs.cvut.cz
2 Robin Petr; CTU in Prague Faculty of Mechanical Engineering; robin.petr@fs.cvut.cz
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4 Karel Kraus; CTU in Prague Faculty of Mechanical Engineering; karel.kraus@fs.cvut.cz
5 Zbyněk Šika; CTU in Prague Faculty of Mechanical Engineering; zbynek.sika@fs.cvut.cz
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cies, the passive absorber’s performance varied with robot configuration changes across the workspace.

The second step was active control of the Stewart platform. Linear Quadratic Regulator with output

weighting (LQRy) was designed using extended state-space models combining robot and absorber dy-

namics. Full-state feedback represented the ideal case, while observer-based control provided a realistic

implementation with state estimation from reduced-order models. Controller gain scheduling preserved

performance despite varying robot dynamics along the trajectory.

3 Results

System performance was evaluated by tracking end-effector error on several trajectories under im-

pulsive disturbances, see Figure 3. Without an absorber, prolonged oscillations persisted; the passive

absorber reduced but did not eliminate ringing; active LQRy significantly lowered peak deviations and

accelerated settling to the desired trajectory. The ideal full-state LQRy outperformed observer-based

control, though both substantially improved over passive and baseline configurations.

Figure 3: Comparison of the absolute error of the end-effector [3]

4 Conclusion

The Stewart platform-based active absorber achieved six-degree-of-freedom vibration suppression

and confirmed the proposed concept for spatial robotic manipulators. Active control preserved perfor-

mance despite varying system dynamics. The results suggest that a 6-DOF active absorber is a promising

approach to vibration attenuation in serial robots.
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APPLICATION OF FMI STANDARD IN BUS MBD MODEL 

DEVELOPMENT 

Jozef Bucha1, Roland Jančo2, Ľuboš Magdolen3, Ján Čulík4 

Abstract: This paper presents a methodology for integrating a multibody dynamics (MBD) bus model developed 

in Adams/Car with Matlab/Simulink using the Functional Mock-up Interface (FMI) standard. The Adams/Car 

model of the hydrogen bus SK080HS exported as a Functional Mock-up Unit (FMU) via co-simulation mode. 

Appropriate input and output state variables enable seamless data exchange between the two environments. The 

tool-independent nature of FMI ensures model portability across simulation platforms, supporting the 

development and validation of advanced vehicle control strategies for autonomous driving applications. 

Keywords: FMI standard; Adams/Car; Matlab/Simulink; co-simulation; multibody dynamics; bus 

1 Introduction 

Simulations are essential in modern vehicle development, enabling virtual testing of 

functionality, reliability, and safety before physical production. They shorten development 

time, reduce prototype costs, and allow testing of extreme conditions without risking real 

components. This article focuses on the Hydrogen bus SK080HS (fig. 1) as the subject of the 

simulation model. The FMI (Functional Mock-up Interface) standard complements this by 

providing an open format for model exchange between simulation tools. Models exported as 

FMUs (Functional Mock-up Units) can be used for co-simulation across different software 

without sharing source code, supporting modularity and reusability [1]. 

 
Figure 1: Hydrogen bus SK080HS 
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2 Multibody Model of Bus in Adams/Car 

The Adams/Car program uses a three-level vehicle modeling system. (Template → 

Subsystem → Assembly) [5]  

The MBD model of the bus consists of eight parts, each having its own subsystem based 

on own template. The created model represents an assembly model of the entire vehicle. The 

names of the individual subsystems and their corresponding templates are listed in fig.2 [1]. 

anycontrol_systemcontrol_systemcontrol_system_VLControl system

frontfront_suspension_bus.sub

rearrear_suspension_bus.sub

frontsteering_bus.sub
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Figure 2: Block diagram of the MBD bus model 

The front suspension used in the bus is modified double wishbone suspension where 

upright consist of tower and knuckle connected by revolute joint (fig. 3), in the rear 

suspension rigid axle is used (fig. 4) [1]. 

 
Figure 3: Front suspension template  Figure 4: Rear suspension template 

Fig.5 shows full vehicle assembly according fig.2. used with MDI_SDI_Testrig. 

 

 
Figure 5: Full vehicle assembly of bus with MDI_SDI_Testrig. 
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3 Functional Mock-up Interface 

The Functional Mock-up Interface is a free standard that defines a container and an 

interface to exchange dynamic simulation models using a combination of XML files, binaries 

and C code, distributed as a ZIP file. It is supported by 250+ tools and maintained as a 

Modelica Association Project. A Functional Mock-up Unit (FMU) is the executable that 

implements the interface defined by the Functional Mock-up Interface (FMI) standard. FMI 

standard supports two types of co-simulations [3]: 

• Model Exchange: 

o The FMU (Functional Mock-up Unit) provides only the model equations (e.g. 

ODEs, DAEs). 

o The solver is external — it's provided by the master simulator (e.g. Simulink, 

Dymola, etc.). 

o The master controls Time integration, Step size, State events. 

• Co-Simulation: 

o The FMU includes its own solver. 

o Each FMU advances independently in time over given steps. 

o The master only coordinates time steps and data exchange. 

MSC Adams/Car can export and use FMU only in Co-Simulation mode, not in Model 

Exchange and supports FMU v1 and FMU v2 [1],[3]. 

3.1 Driving machine 

The Driving Machine in Adams Car is a software module (a virtual driver) that controls 

the entire vehicle during simulation, ensuring consistent, repeatable, and automated vehicle 

tests. The Driving Machine steers the vehicle, applies the throttle and brake, and shifts gears 

(using the clutch). The Driving Machine can operate in pure open-loop mode (without 

feedback), in pure closed-loop mode (with feedback) or with combination of open and closed-

loop mode [4], [5]. 

An event in Adams Car is a test maneuver that defines what happens to the vehicle 

during the simulation. An event is represented by an xml file that contains data for defining 

and transmitting sets of command signals, feedback signals, and parameters for each of the 

five control inputs: steering, throttle, brake, gear, and clutch. Fig. 7 shows pure open loop 

event with Varval function (values are transmitting from primary solver to vehicle FMU [2]. 

To easily incorporate MBD model of the bus to FMU, full vehicle assembly contains 

simple control subsystem (fig. 2). Control subsystem contains input state variables used in 

event (Steering_input, Throttle_input, Brake_input, Gear_input, Clutch_input) and output 

state variables (used for computation of vehicle position, orientation and velocity and 

acceleration, and for computation of each wheel’s position and orientation) [2]. Output state 
variables are computed using Adams functions and based on markers attached to vehicle body 

and each suspension spindles and uprights or axle (fig. 6). 

FMU of vehicle is possible to create using plugin Adams/Controls. Created FMU 

contains all necessary files for co-simulation [4]: vehicle model (.adm, .acf files), tire property 

files, driving event (.xml file), and also needed .dll files and .so files. Fig. 8 shows data driven 

co-simulation of FMU model in Simulink [6]. 
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Figure 6: Front suspension template  Figure 7: Open loop event with Varval 

function 

 
Figure 8: Data driven simulation of FMU vehicle in Simulink 

4 Conclusion 

This article outlined a methodology for integrating Adams/Car and Matlab/Simulink via 

the Functional Mock-up Interface (FMI) standard. The definition of suitable input and output 

state variables facilitated smooth data exchange between the Adams/Car vehicle model, 

functioning as the FMI slave, and the Matlab/Simulink environment acting as the master. 

Thanks to the tool-independent nature of the FMI standard, vehicle models can be readily 

shared and deployed across a variety of simulation platforms. Adams/Car delivers high-

fidelity representation of vehicle dynamics, tire-road interactions, and suspension behaviour, 

while Simulink provides rich libraries suited to the development of advanced driver assistance 

systems (ADAS), autonomous driving algorithms, machine learning models, and sensor 

fusion techniques. Combined, these tools offer a robust environment in which researchers and 

engineers can develop and validate complex vehicle control strategies. 
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ADVANCED FRICTION MODELS WITH STICTION USED IN 

FRICTION-INDUCED VIBRATIONS ANALYSIS 

Radek Bulín1, Michal Hajžman2, Jan Rendl3, Miroslav Byrtus4 

Abstract: Friction-induced vibrations (FIV) are an interesting phenomenon in the dynamics of mechanical systems 

that can occur across a wide range of applications, including brake systems (squeal noise) and precision machining. 

The study of FIV is important for mitigating unwanted noise and vibrations that may lead to significant wear. This 

work focuses on advanced friction models that incorporate internal contact dynamics and capture microscopic 

displacements during the stiction phase, within a minimal mathematical model that exhibits FIV. The goal is to 

reveal whether the precisely modelled stiction can influence the FIV of the mechanical system. 

Keywords: friction-induced vibrations; friction models; stiction; dynamic simulation 

1 Introduction 

Friction-induced vibrations (FIV) represent a critical phenomenon in mechanical 

engineering, manifesting as self-excited oscillations in systems with sliding contacts. These 

vibrations are the primary source of unwanted effects, including brake squeal in the automotive 

industry, chatter in high-precision machining, and wear in industrial components. The economic 

and functional impact of FIV necessitates precise predictive models that can identify instability 

thresholds before the design phase is finalised. 

Traditional analyses often rely on simplified friction laws, such as the Coulomb model, 

which assume a constant friction coefficient or a simple step-change between static and kinetic 

states. However, such models frequently fail to capture the complex physics occurring at the 

contact interface during the transition from rest to motion. In reality, the "stiction" phase is not 

purely static; it involves microscopic elastic and plastic deformations of asperities, known as 

pre-sliding displacement. 

Recent advancements in contact mechanics have led to the development of sophisticated 

friction models that incorporate internal state variables to describe these dynamics. This paper 

investigates the influence of these advanced friction models on the onset and character of FIV. 

By utilising a minimal mathematical model (such as a mass-on-a-belt oscillator), we examine 

whether the precise modelling of internal contact dynamics and stiction significantly alters the 

predicted vibration patterns and stability limits of the system. 

2 Model description 

Figure 1 shows the analysed minimal mechanical model, which should exhibit friction-

induced vibrations.  It contains a point mass with weight m, which is connected to the base 
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frame via two inclined springs with stiffnesses k2 and k3. The point mass is in contact with a 

belt which has a specified velocity, vbelt.  

The contact between the point mass and the belt is modelled using Hertzian contact 

theory [1], which is characterised by normal contact stiffness kc, penetration δ and penetration 

coefficient n. The main contribution of this paper lies in the testing of various friction models. 

As the basic representative of static friction models, the Bengisu-Akay model is used [2]. This 

model is based on the Coulomb model with the Stribeck effect, which is smoothed around the 

zero relative contact tangential velocity. This smoothening may result in drift during the stiction 

contact phase, which is an undesired effect. The first advanced friction model, which belongs 

to the category of dynamic friction models, is the so-called amended LuGre model [2]. The 

dynamic friction models introduce an additional state variable dedicated to the friction model, 

so an additional differential equation is solved. Some limitations of the LuGre model were 

addressed in [3], and a new friction model, which overcomes most of the LuGre model's 

unrealistic behaviour, called the second-order dynamic friction model (FrD2), was proposed 

there. This model employs a second-order differential equation to describe the dynamics of the 

fictitious bristle, which captures the microscopic frictional displacements while maintaining the 

static friction (stiction) phase very well. The last tested model is the generalised Maxwell slip 

model (GMS), which is based on N spring elements (bristles), where each has its own stiffness 

and maximal saturation force, which it is able to carry before it slides. This model is often used 

in precise friction compensation in mechatronic systems, because of its frictional memory 

before and after the sliding. In this work, the smoothed GMS model is used [4].  

Despite the simplicity of the minimal model, there are a lot of structural parameters that 

can have an influence on FIV, such as spring pretension, position and stiffness, belt velocity 

and further various contact and friction parameters. The tuning of these parameters to reach 

unstable FIV can be tricky and we will address this in further work. 

 
Figure 1: The used minimal mechanical model, which can exhibit friction-induced vibrations.  

3 Simulations 

Table 1 shows the selected key parameters used in the preliminary model analysis. There 

are, indeed, many other parameters not mentioned and related to the friction models (for 

example, Stribeck curve parameters), but it is not that important to describe them within this 

extended abstract, because they are the same for all of the tested friction models. 

The basic question is whether the friction force, which acts in the horizontal direction, 

can induce the vertical vibrations of the point mass, so the FIV appear. As it is shown in 

Figure 2, where the vertical velocity time history of the point mass is shown, the FIV appears 

in all tested friction models. Interestingly, the Bengisu Akay, LuGre and FrD2 models show 

similar results; only in the case of the Bengisu Akay model, the vertical oscillations are slightly 
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damped over time. This can happen because this model exhibits a slight drift during the stiction 

phase. On the other hand, the GMS model in this case shows different behaviour, where the 

vertical oscillations are more pronounced over time.  

 

 

Description Parameter Value 

Point mass weight m 1 kg 

Spring 2 stiffness k2 1000 N/m 

Spring 3 stiffness k3 2000 N/m 

Contact stiffness kc 107 N/m1.5 

Initial angle of spring 2 α20 45° 

Initial angle of spring 3 α30 120° 

Vertical pretension h 0.1 m 

Belt velocity vbelt 0.5 m/s 

Static friction coefficient 𝜇𝑠 0.5 

Dynamic friction coefficient 𝜇𝑑 0.3 

Total bristle stiffness parameter 𝜎0 106 N/m 

Number of Maxwell springs N 10 

Table 1. Selected key parameters. 

 

 

 

 
Figure 2: Point mass vertical velocity for all tested friction models. 
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When trying to identify the source of this behaviour, it is advisable to focus on the GMS 

model state variables. In this case, we have N = 10 state variables, which are used to determine 

the friction force. Their time history is shown in Figure 3. It is apparent that each GMS spring 

element has a different force saturation, so the sliding of each element, which is characterised 

by the sudden change from growing deformation to constant deformation (e.g. between 19.2 s 

and 19.4 s – blue, red, yellow, purple, green curve etc., in that order), appears at a different 

spring deformation level. This is typical behaviour of the GMS model. When all the spring 

elements are in the sliding mode, each spring deformation is lowered, because the dynamic 

friction coefficient, which is lower than the static friction coefficient, is employed (e.g. state 

between 19.41 s and 19.54 s). Then, the stiction appears again (time around 19.54) and the point 

mass starts to move as it is stuck to the belt. During this motion reversal, the GMS spring 

elements remain negatively or positively prestressed (frictional memory), which clearly affects 

the whole process of “snapping springs” in the next round. Since other friction models do not 
include this effect, it is the main suspect in the search for the reason behind the GMS model’s 
different response. 

 

 
Figure 3: Time history of the GMS model state variables (bristles deformation). 

4 Conclusion 

This paper investigated the influence of various friction models on friction-induced 

vibrations using a minimal mechanical mass-on-a-belt model. The numerical simulations 

confirmed that the choice of the friction model significantly affects the predicted dynamic 

response of the system. While the Bengisu-Akay, LuGre, and FrD2 models yielded relatively 

similar results with stable or slightly damped oscillations, the smoothed generalised Maxwell 

slip model exhibited more pronounced vertical vibrations over time. It has to be noted that the 

different behaviour was demonstrated only using one case. In other cases, all models can behave 

differently, which will be further analysed. 

The distinct behaviour of the GMS model can be attributed to its "frictional memory". As 

shown in the analysis of internal state variables, the individual Maxwell elements remain 

prestressed during motion reversal, which fundamentally alters the subsequent sticking and 

sliding phases. This study demonstrates that precisely modelling stiction and internal contact 

dynamics is crucial for accurate FIV analysis, as simplified models may fail to capture memory-

related instabilities. Future research will focus on tuning structural and friction parameters to 

further explore these instability thresholds. 
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DIGITAL TWIN OF A HIGH-PRESSURE MULTISTAGE 

PUMP 

Radim Burda1, Karel Kubáček2, Miloslav Popovič 3 

Abstract: The article outlines the development of a digital twin for a high-pressure, horizontally split pump 

designed for extreme conditions. It employs advanced computational fluid dynamics (CFD), deformation, 

stresses, vibration, structural dynamics (CSD) and signal processing to create a model that evaluates the pump’s 
operational states in real time. The digital twin includes stationary and dynamic reduced models for predicting 

steady-state conditions and dynamic processes. A data collection and processing platform enables calibration and 

estimation of non-measurable parameters, such as impeller stress, enhancing regulation and maintenance. The 

article details the model development stages and experimental validation. 

Keywords: digital twin, reduced model, pump, CFD, deformation, stress, vibration, Ansys, service life 

1 Introduction 

Digital twins play a key role in monitoring and optimizing complex systems due to their 

ability to predict operating states in real time. There are a number of definitions of digital 

twins in the literature, the key being that it is a digital replica of a real-life piece of equipment 

or machine that is connected to the piece of equipment or machine, thus enabling the 

prediction of key variables immediately in real time. If this connection does not occur, it is 

only a virtual model, not a digital twin. The original definition [1] further states that any 

information that can be obtained from observing a real piece of equipment can be obtained 

from its digital twin. However, this concept is not ideal in practice, because a complete 

description is computationally very demanding and unrealistic, and therefore the key variables 

that can be predicted using a digital twin are determined. Furthermore, the complex 

functioning of a real piece of equipment is reduced to a set of models with different levels of 

complexity that the selected variables predict. 

In the field of pumps and rotating machinery, digital twins are becoming a key tool for 

improving performance and safety. An example is a digital twin system for diagnosing 

centrifugal pump failures using convolutional neural networks, which enables vibration 

monitoring and real-time failure prediction [2]. Another example includes the application of a 

digital twin in a pump turbine monitoring system, where 3D modeling, reduced models, and 

machine learning are combined to predict pressure pulsations and cavitation, resulting in 

reduced computational effort and improved accuracy [3].  

This article focuses on the development of a digital twin of a high-pressure multistage 

pump for extreme conditions. The article describes in detail the development stages, including 

the setup of numerical simulations, preparation of reduced models, validation and 

experimental verification of the model. Thus, it contributes to the development of 

technologies for advanced control, maintenance and life management of pumps in demanding 

applications. 
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2 Numerical analysis 

Most deployed digital twins use a pseudo -transient approach, where the reduced model, 

which is the basis of the digital twin, is created only during stationary operation. The 

following chapter describes the settings of the CFD solver (Ansys CFX), the mechanical 

solver (Ansys Mechanical) and the software that connects the solvers together (System 

Coupling). The basis of the reduced models are therefore the results from the so-called Fluid 

Structure Interaction (FSI) analyses. 

2.1 CFD model 

For the purposes of CFD simulation, the pump model was divided into stationary 

domains and blade channel domains. The spaces between the envelope and the cover and 

support discs were retained, as they have a significant influence on the resulting forces. 

However, the spaces of small gaps around the seals were neglected. The fluid domain of the 

impeller was meshed in the Ansys TurboGrid program, which allows the creation of 

structured hexahedral meshes for bladed rotating machines. The stationary domain was 

meshed in the Ansys ICEM software.  

  
Figure 1: Fluid domain in Ansys CFX software (interface highlighted in green), 

hexahedral network of blade channels 

 

The pressure boundary condition was applied to the input inlet with parameterized total 

pressure value. Then mass is supplied to the outlet flow outlet with a parameterized flow 

value. The boundary condition stationary was prescribed for the pipe walls wall . Then 

rotational on the rotor blades wall with a parameterized speed value. The k-ω STT turbulence 
model was chosen , the water was considered incompressible and the entire system was 

modeled as isothermal , where the water temperature serves only to determine the material 

properties throughout the simulation. 

For tuning the system, the key parameter is the permeability, which was set to a value of 

5000 m-1. This value was approximately determined based on a stationary calculation for the 

optimal point, however, based on experimental measurements, a correction of the entire 

system will be necessary. 

2.2 Mechanical model 

The finite element mesh (Fig. 2) was created on the existing CAD model of the pump, 

suitably modified and simplified for FE analyses.  
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Figure 2: Finite element mesh of the pump and CAD and FE model of the rotor. 

 

Boundary conditions were applied to the circular anchor holes, where displacements in 

all directions were prevented. The FE model of the pump was loaded with the pressure from 

the pumped medium. 

2.3 FSI analysis 

The resulting pressures on the wetted surfaces were imported into the strength analysis 

within the Ansys Workbench (stationary ROM) and System Coupling (Dynamic ROM) 

interfaces. The resulting displacements from the strength analysis are not imported back into 

the CFD simulation. This is therefore a one-way FSI analysis.  

3 Stationary reduced model 

3.1 Preparation of a stationary reduced model 

Reduced models (Reduced Order Models) serves to reduce the complexity of the 

models used, when the simulated model is replaced by a so-called metamodel. This is a 

statistical model that includes the response surfaces of all output quantities depending on all 

input quantities. The entire Ansys Workbench project was imported into the Ansys optiSLang 

program , in which the sensitivity analysis was performed. 

3.2 Evaluation of the stationary reduced model 

For the needs of the stationary reduced model, 110 simulations were calculated. For the 

digital twin, the key points are mainly the response surfaces for the individual parameters, 

which then respond in real time to the input parameters from the measurements within the 

pump run. The presented graphical results therefore serve to check the correctness of the 

individual simulations. 

4 Dynamic reduced model 

4.1 Transient simulation evaluation 

A total of 4 ramp-up scenarios and 4 ramp-down scenarios were simulated in the first 

set of scenarios. These scenarios involve a rapid ramp-up and ramp-down from zero speed to 

25%, 50%, 75% and 100% of nominal speed (2980 rev /min) in 0.5 s. In the next set of 

scenarios, 3 ramp-ups with a time of 2 s were subsequently simulated to 25%, 50% and 100% 

of nominal speed and in the last set, a ramp-down from these speeds in 2 s. The different 

ramp-up and ramp-down steepnesses and the different speed values are intended to 

sufficiently describe all states of speed changes of the dynamic reduced model.  
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Figure 3 RPM 100 Start-up (Set 2) – Pressures on the flow lines across the pump 

4.2 Preparation of a dynamic reduced model 

the Dynamic ROM Builder tool was used , which uses a deep learning approach to 

create dynamic reduced models, with the goal of creating a dynamic reduced model for a 

universal dynamic system described by the equation: 

 dX/dt=F(X(t),B(t))whereX(t=0)=X0 ( 1) 

Where: 

 X is a result vector of size n output , which is time-dependent. 

 B is a vector of magnitude n of excitation , which is time-dependent. 

 F is a nonlinear function of vectors X and B. 

 X0 is a vector of size n output that represents the initial state of the solution. 

 
Figure 4 – Illustrative diagram of inputs for creating a dynamic digital twin 

 

The function F is identified using training data (a set of transient result vectors X and 

their corresponding excitation vectors B). This training data is the result of transient 

simulations described in previous chapters. These scenarios were divided into training and 

validation. Furthermore, the output variables were separated by type, so that, for example, 

separate reduced models were created for forces and head. The resulting reduced models are 

exported in FMU format, which can then be used in an application neutral to Ansys software 

licenses. An illustrative diagram of the entire process can be seen in Fig. 4. The function F is 

identified using an optimization process, which minimizes: 

 ‖Xrom(t)-X(t)‖^2 (2 ) 
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5 Validation and calibration of reduced models 

5.1 Comparison with validation scenarios 

Both the stationary and dynamic models were compared with a scenario of ramping up to 

25% RPM and decreasing to 0% RPM, which was not used to train the dynamic reduced 

models and therefore provides a better estimate of the prediction error. The reduced models 

are compared with CFD analysis, not with experimental measurement data, and therefore 

serve only as preliminary information about the quality of the regression. The curves are also 

compared with the dynamic model method in the Ansys OptiSLang environment, which is not 

presented in this article. 

5.2 Calibration of reduced models 

The resulting reduced models must be calibrated for each deployment separately, 

depending on the operational data. Each pump is exposed to different external conditions 

during deployment and may therefore show a different response to the input signal. At the 

same time, the calibration will also affect the error between numerical simulations and reality. 

Therefore, the digital twin must be calibrated first based on experimental measurements of the 

real pump, but subsequently calibrated after a certain period of operation in order to tune it to 

the actual work and at the same time, so that the model can be calibrated at given time 

intervals, e.g. for pump aging. For this reason, a hybrid digital twin concept was prepared, 

which allows the use of results from both numerical simulations and data from measurements 

and pump operation. Within the Ansys Twin environment Deployer can use the Fusion 

modeling function, which prepares these hybrid models based on neural network machine 

learning, and can use learning based on time series or parametric description of the 

dependence of the output response on the input parameters.  

6 Comparison with experimental measurement 

The resulting calibrated models, which serve as the basis for the digital twin of the 

multistage pump, were subsequently verified against experimental measurements. In the 

experiment, the strain gauges were placed in the same place as in the simulations, namely on 

the pump envelope.  

   
Table 1 – Comparison of deformations on the pump envelope for experimental measurements 

(left) and FSI simulation (right). 

 

 
Figure 5 – Positions of strain gauges and points of strain measurement for FSI simulations. 
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In Fig. 6, we can see a comparison of the characteristics from the experimental measurement 

and the prediction by the stationary reduced model.  

 
Figure 6 - comparison of characteristics from experimental measurement and prediction by a 

stationary reduced model (transport height, power). 

7 Conclusion 

A digital twin of a high-pressure multistage pump was created, based on a stationary 

and dynamic reduced model, which was created based on the reduction of results from a one-

way FSI analysis. The digital twin also includes the creation of monitoring software and 

connection to a real pump, which was not the main focus of this article. The resulting reduced 

models were experimentally verified, and the results replicate experimental measurements, 

both with respect to hydraulic parameters such as delivery head, power and efficiency, and at 

the level of mechanical parameters such as deformation, stress or strain. Furthermore, a 

system for correcting reduced models based on the results of a more accurate dynamic 

analysis was shown, which is key mainly for points far from the optimum, when we can 

observe a greater degree of swirl in the blade channels. A similar principle can subsequently 

be used for correction depending on data from real pump operation. 

The resulting digital twin brings benefits mainly in the possibility of predicting pump 

fatigue, which allows for better planning of pump overhauls, which can therefore be in 

operation for a longer period of time. A significant advantage is the ability to create a digital 

twin only once and then deploy it on all supplied multistage pumps. 

In conclusion, it is necessary to underline the high computational and time requirements 

for the simulation of individual transient scenarios that were used for the dynamic reduced 

model. High pump speeds correspond to a very small time step, however, the total start-up or 

stop time is in the order of seconds, which leads to the aforementioned high computational 

requirements. In the future, it would be useful to test a combination between a stationary and a 

dynamic approach, where the simulation would be considered as transient, but a set of 

operating points with constant boundary conditions would be simulated similarly to the 

stationary analysis. With this approach, it is possible to significantly reduce the total FSI 

simulation time for one operating point, and thus a larger set of scenarios would be created for 

creating a reduced model. Furthermore, it would be possible to average the data over time and 

thus create a similar model to the stationary one, with only relevant results for operating 

points far from the optimum. 
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FRICTION-INDUCED INSTABILITIES

IN ROLLING-SLIDING CONTACT

Miroslav Byrtus1, Jan Rendl2, Radek Bulı́n3, Michal Hajžman4

Abstract: This paper investigates friction-induced instabilities in railway vehicle drives, specifically focusing on torsional
vibrations triggered by sudden drops in wheel-rail adhesion. The study models the adhesion mechanism by assuming an
elliptical contact area and a friction coefficient that varies with slip speed. A minimal torsional model of the drive system is
derived to investigate the dynamic response during wheel slip.

Keywords: Friction-induced vibration; instability; minimal model; wheel-rail contact

1 Introduction

Currently, high operational demands are placed on railway vehicle drives due to constantly increas-

ing traction power, vehicle travel speeds, and growing requirements for safety, reliability, and comfort.

Traction railway vehicles represent a complex electro-mechanical system consisting of many compo-

nents that interact with each other. The individual axle drive represents one of the key components of

a railway vehicle bogie, whose dynamic properties directly affect the operational characteristics of the

entire vehicle. Although the basic properties of the drive are determined by the specific drive design

and the structural elements used, the fundamental task of the drive is the safe transmission of traction

forces to the wheel-rail contact. One of the frequent and simultaneously undesirable phenomena occur-

ring during vehicle travel is a sudden change in adhesion conditions in the wheel-rail contact, caused,

for example, by water adhering to the rail surface, the presence of various impurities, etc. In steady-state

operational modes, where relatively large adhesion forces are transmitted between the wheels and the

rail (e.g., during vehicle start-up or when pulling a heavy train set), all drive components, including the

wheelset, are torsionally statically deformed (preloaded). If a significant drop in adhesion conditions

occurs in the wheel-rail contact in such an operational state, followed by wheel slip, the static preload is

reduced, leading to undesirable torsional oscillation of all drive components, especially the wheelset. The

complex behavior of such a system can then be negatively affected by self-excited vibrations arising as

a result of changes in adhesion conditions [5, 6], or it can lead to undesirable squeal-nose vibrations [7].

This paper introduces the model adhesion in a wheel-rail contact and shows its basic properties. Then,

a mathematical model of a minimal torsional system for friction-induced vibration simulation is derived

and the mode-coupling instability is demonstrated in time domain.

2 Model of the Adhesion Mechanism in the Wheel-Rail Contact

The transmission of forces in the wheel-rail contact is ensured by an adhesion mechanism, which

fundamentally affects the traction and braking capability of railway vehicles. In the case of complex

vehicle dynamics models, operational states are mostly investigated under the assumption of relatively
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Figure 1: Typical course of the adhesion coefficient depending on the relative slip for various conditions

in the wheel-rail contact

small adhesion forces. The contact between wheels and rails is modeled, for example, using Kalker’s

theory [3], where linearized longitudinal, lateral, and rotational slip forces are considered. The friction

coefficient is considered constant, and the difference between dry and wet (contaminated) conditions is

usually modeled only by a different value of the friction coefficient.

If the focus is on the drive dynamics and if large traction forces act (e.g., start-ups, braking, transi-

tions to coasting, etc.), the transmission of these forces in the wheel-rail contact is realized mainly in the

longitudinal direction. The adhesion coefficient depends on the relative slip1 and reaches a maximum

value, the so-called adhesion optimum, for a given critical creep skr. A typical course of the adhesion

coefficient is shown in Fig. 1, where the influence of dry and wet (or contamination-given) operational

conditions on the initial slope and the course of the adhesion curve and on the position of the adhesion

optimum is evident.

The drop in the adhesion coefficient in the region of large relative slips is explained by the decrease

in the friction coefficient with increasing slip speed due to the temperature increase in the wheel-rail

contact surface [1], or as a consequence of different friction coefficient values in the adhesion and slip

regions of the contact area (static and kinematic friction coefficient) [4].

Here, a method developed in [9, 8] is used to calculate adhesion forces. This method assumes an

elliptical contact area in the wheel-rail contact with semi-axes a, b. In any longitudinal section, the

normal stress is distributed according to Hertzian contact theory. The distribution of the corresponding

tangential stress is evident from Fig. 2. The maximum value of tangential stress at any point on the

contact surface is given as

τmax = fσ, (1)

where f represents the friction coefficient, which is constant over the entire contact area, and σ is the

normal stress. Furthermore, a linear growth of the relative displacement between the surfaces of both

bodies along the line segment AB in the contact area is assumed. In the first phase (segment AB), points

of the bodies in the contact area adhere to each other, and relative displacements between the surfaces are

the result of surface deformations. The tangential stress is oriented against the direction of slip, and its

magnitude grows linearly along the line segment AB (this assumption is consistent with the simplified

Kalker’s theory [3, 2]). As soon as the tangential stress reaches its maximum in the adhesion region

according to (1), relative movement occurs. The region of relative movement is called the slip region.

The shear stress is oriented against the direction of slip.

1 Relative slip in contact is referred to as creep. For wheel-rail contact, it is defined in the longitudinal direction as the difference

between the actual peripheral speed of the wheel and the peripheral speed of the wheel during ideal rolling. This difference is

relative to the vehicle speed.
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Figure 2: Distribution of normal and shear stress in the wheel-rail contact

The magnitude of the resulting tangential force is determined as

F =

∫∫

(U)
τ dxdy, (2)

where U represents the contact area, the direction of the x coordinate corresponds to the longitudinal

direction, and the direction of the y coordinate corresponds to the lateral direction. The components of

the tangential force transmitted by the contact can be expressed in the form

Fi = F
si
s
, i = x, y and s =

√

s2x + s2y (3)

gives the magnitude of the tangential slip in the contact area. The adhesion coefficient is then defined

as the ratio of the corresponding tangential force component and the normal force transmitted by the

contact

µi =
Fi

N0
, i = x, y. (4)

The distribution of tangential stress in the elliptical contact area can be transformed onto a hemisphere

by the following substitution, neglecting rotational slip (spin creep).

y∗ =
a

b
y, τ∗ =

a

τ0
τ, (5)

where τ0 represents the maximum value of tangential stress in the contact area.

The tangential stress at a given point on the contact surface is proportional to the slip s, and its

magnitude depends on the position of the point on the line segment AC with a proportionality coefficient

K, see Fig. 2. The gradient of tangential stress in the adhesion region can be expressed as [9]

ε =
2

3

Kπa2b

N0f
s, (6)

where N0 is the normal contact force and K represents the contact shear stiffness. This coefficient can

be derived from the linear Kalker’s theory [2] for the longitudinal direction

εx =
1

4

Gπabc11
N0f

sx, (7)
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where G is the shear modulus of elasticity and c11 is the Kalker’s coefficient. The resulting tangential

force can then be expressed in the form [9]

F = τ0
b

a2

∫∫

(U)
τ∗ dx dy∗ = τ0

b

a2
4

3
a3

(

ε

1 + ε2
+ arctg ε

)

, (8)

where according to Hertzian contact theory holds

τ0 = σ0f =
3

2

N0f

πab
(9)

and σ0 represents the maximum normal stress in the contact area. After substituting (9) into (8), the

magnitude of the tangential force is given as

F = −

2N0f

π

(

ε

1 + ε2
+ arctg ε

)

. (10)

The expression for the tangential stress gradient (6) can be further modified considering relation (9) as

follows

ε =
2

3

Kπa2b

N0f
s =

Ka

τ0
s =

Ka

σ0f
s =

s

ϱadf
, (11)

where a coefficient ϱad = σ0/(Ka) was introduced. For railway wheels, the coefficient K has values

from the interval
〈

1.5 · 1013, 2.5 · 1013
〉

Nm−3 [10]. The value of the coefficient ϱad then ranges within
〈

5 · 10−3, 15 · 10−3
〉

.

The consideration of the influence of rotational slip on the magnitude of tangential forces can be

found, for example, in [9]. As stated above, the attention here is focused on investigating limit adhesion

states in wheel-rail contact, where the influence of rotational slips can be neglected. From relation (10),

or (4), it is evident that the tangential force, or the corresponding adhesion coefficient µ, is a monotonic

function with respect to the slip it depends on. However, practice shows [9, 8, 10] that the tangential

(adhesion) force, or the adhesion coefficient, depends on the slip speed vs, and this dependence can be

described in the following form [8]

f = f0
(

(1−A)e−Bvs +A
)

, (12)

where A represents the ratio of the limit value of the friction coefficient for infinite slip speed f∞ and the

maximum value of the friction coefficient f0 (static friction coefficient), i.e. A = f∞/f0. The specific

values of parameters A and B are based on extensive experiments described in the literature [8].

The dynamic behavior of the drive in limit adhesion states is associated with the transmission of

forces in the wheel-rail contact mainly in the longitudinal direction for railway vehicles, where the mag-

nitudes of the forces significantly exceed the values of forces in the lateral direction and rotational slip

moments. The influences of the lateral and rotational directions can therefore be neglected. The total

relative slip can then be expressed as

s = sx =
v + rφ̇W − v

v
, (13)

where v represents the vehicle speed, φ̇W is the relative wheel speed compared to the nominal wheel

speed during ideal rolling. Then the expression v + rφ̇W expresses the actual peripheral speed of the

wheel at the point of contact. The adhesion coefficient in the longitudinal direction has then the following

form

µ(s, v, f, ϱad) =
2

π
f







s
ϱadf

1 +
(

s
ϱadf

)2 + arctg

(

s

ϱadf

)






. (14)
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Figure 3: Courses of adhesion coefficients depending on relative slip and on: (a) the value of the static

friction coefficient f0, (b) parameter ϱad, (c) vehicle speed

The courses of adhesion characteristics for different adhesion conditions are shown in Fig. 3. The

influence of key adhesion model parameters is shown sequentially, i.e., the influence of the static friction

coefficient value f0, the influence of the value of parameter ϱad, which depends on the geometric and

material parameters of the contact, especially parameter K, which determines the steepness of the curve.

And further, on the magnitude of the vehicle speed. For all mentioned cases, the adhesion coefficient is

always plotted simultaneously depending on the relative slip.

3 Minimal model for friction-induced torsional vibration

Consider a single-wheel drive system where only torsional vibrations are taken into account. Assume

that the entire system can be reduced to two discrete discs. One represents the wheel (W ) itself, while

the other represents the reduced moment of inertia of the entire torsional chain to the motor part (M ).

Furthermore, it is assumed that the vehicle moves at a constant speed v. The angular displacements then

represent relative deviations with respect to the nominal motion of the system. The equations of motion

can be the written in a configuration space of relative angular displacements q = [φM φW ]T as follows

IM φ̈M + bt(φ̇W − φ̇M ) + kt(φW − φM ) = MM ,

IW φ̈W − bt(φ̇W − φ̇M )− kt(φW − φM ) = rW fT ,
(15)

where IM , IW stand for moment of inertia of the motor and wheel, k for torsional coupling stiffness, b
for viscous torsional damping. MM represents driving torque and rwfF corresponds to adhesion moment

acting on the wheel, where rw is radius of the wheel and the force is expressed according to (10).
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Figure 4: Chosen friction-induced time responses of relative torsional deformations of the torsional

coupling between motor and wheel; (a) stable, (b) close to the stability limit, (c) unstable
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Fig. 4 shows time histories of relative torsional deformation during transient motion when a constant

motor torque MM is applied. In case (a), the torque is small enough that the system remains in the

stable region of the adhesion characteristic (with a positive slope), and it can be seen that the vibrations

attenuate. In case (b), the applied torque is so large that the system operates near the stability boundary.

From case (c), an amplitude growth can be clearly seen, which is caused by the fact that the system

operates on the part of the adhesion characteristic with a negative slope.

4 Conclusion

This paper presented a methodology for modeling the adhesion mechanism in wheel-rail contact and

its impact on drive dynamics. Based on a simplified two-mass torsional model, the system sensitivity

to changes in traction torque and adhesion conditions was demonstrated. The analysis showed that

operating on the negative slope of the adhesion characteristic leads to amplitude growth and instabilities.

Insights into system behavior near the stability boundary are crucial for improving the reliability of

railway vehicle drives. The model confirmed that the nonlinear dependence of friction on slip speed is

the primary source of self-excited torsional vibrations. This work thus provides a theoretical foundation

for further research into transient phenomena in limit adhesion states.
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HR-DIC CHARACTERIZATION OF NEAR-TIP FIELDS AND 

CRACK CLOSURE FOR FATIGUE CRACK GROWTH IN 

EA4T RAILWAY AXLE STEEL 

Pavol Dlhý1, José Antonio Aguilera2, Pablo Lopez-Crespo3, Ondřej Peter4,  

Rostislav Fajkoš5, Pavel Hutař6, Michal Jambor7 

Abstract: Fatigue crack growth and closure behaviour critically affect the durability of railway axles. This study 

employs high‑resolution digital image correlation (HR‑DIC) to examine near‑tip deformation during crack 
propagation in EA4T (25CrMo4) axle steel. Crack growth is tracked using crack mouth opening displacement 

and full‑field DIC methods. The evolution of stress intensity factors and crack closure with crack length is 
experimentally analysed. The results demonstrate the capability of HR‑DIC for detailed characterization of 
crack‑tip fields and its potential for improving fatigue crack growth modelling in railway axle steels. 
Keywords: Digital image correlation; Fatigue crack growth; Crack closure 

1 Introduction 

Digital image correlation (DIC) has become a powerful experimental method in fracture 

mechanics [1] because it provides full-field, non-contact measurements of displacement and 

strain near a crack tip. Unlike point-based methods, DIC can capture local deformation 

gradients, crack opening behaviour, and evolving damage with high spatial detail, making it 

especially useful for determining fracture parameters such as crack opening displacement 

(COD), stress intensity factors (SIFs), and crack growth characteristics. For data analysis, the 

Python library CrackPy [2] offers a practical workflow for processing DIC results and 

extracting fracture-mechanics quantities from experimental measurements.  

In the presented research, high‑resolution (HR) DIC and full-field DIC are employed to 

analyse fracture behaviour near the crack tip and the overall response, while a classical crack 

mouth opening displacement (CMOD) sensor measurement is used to compare the global 

crack behaviour.  

2 Methodology 

For fracture-mechanics characterization using DIC, a combined local and global 

measurement methodology was adopted. HR-DIC was performed using a Questar QM-100 
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long-distance microscope coupled with a 4 MP PointGrey digital camera, providing a field of 

view of approximately 2.5 × 2.5 mm for detailed observation of the crack-tip region. Full-

field DIC measurements were acquired using a 5 MP Limess digital camera equipped with a 

macro lens, yielding a field of view of approximately 45 × 37 mm for monitoring the overall 
specimen response. CMOD was measured using an INSTRON CMOD sensor with a gauge 

length of 10 mm. All experiments were conducted on an MTS 809 servo-hydraulic testing 

machine with a load capacity of 100 kN. Experiments were conducted on Single Edge Notch 

Tension (SEN(T)) specimens (40 × 5 × 180 mm, width × thickness × length), manufactured 

directly from an EA4T railway axle. The recorded DIC data were evaluated in ZEISS 

Correlate software, and the exported nodemap data were subsequently processed using the 

CrackPy Python library to determine the relevant fracture-mechanics parameters. 

A specialized loading procedure was employed to ensure reliable DIC data acquisition. 

Figure 1 schematically illustrates the loading sequence applied during the experiments. Each 

sequence consisted of four segments of rapid, conventional fatigue loading. Before each 

fatigue-loading segment, a crack-length and ΔSIF determination sequence was performed, 
comprising a dwell at minimum load, a ramp to maximum load, and a dwell at maximum 

load. At the end of each sequence, five slow loading cycles from minimum to maximum and 

back to minimum load were applied to obtain sufficient data for COD and crack-closure 

evaluation. During each slow cycle, 400 images were recorded to provide sufficient temporal 

resolution for COD and crack-closure analysis. 

Fatigue crack growth testing and crack closure evaluation were conducted in accordance 

with ASTM E647 [3] standard for the measurement of fatigue crack growth rates. 

 
Figure 1: Loading sequence during the HR-DIC measurement 

3 Results and discussion 

Based on the experimental methodology described above, the following section presents 

the evaluation of crack closure and fracture response obtained from the complementary 

measurement techniques. Particular attention is given to the comparison between the global 

response derived from CMOD measurements and the local crack-tip behaviour captured by 

HR-DIC. In addition, the processed nodemap data enable the determination of COD 

behaviour, crack length, and SIF evolution, providing a basis for discussing both the 

experimental trends and their relevance for fracture-mechanics interpretation. 

The compliance offset diagram compiled in accordance with ASTM E647 provides a 

sensitive method for identifying the crack opening (closing) load by evaluating the deviation 

of measured displacement from the theoretical linear-elastic compliance of a fully open crack. 

Plotting the compliance offset against normalized force reveals high initial offset values at 

low loads, indicating crack closure. As the applied load increases and the crack surfaces 

separate, the offset approaches zero, reflecting fully open, linear behaviour. Conventionally, 

the opening load is defined by the intersection of the data with a predefined threshold, such as 
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the typical 4% offset criterion. However, for noisy datasets or gradual opening transitions, this 

threshold can be ambiguous. In such cases, a more robust bilinear evaluation method is 

applied. Separate linear regressions are fitted to the closed-crack and open-crack regions, and 

their mathematical intersection objectively defines the crack opening force. 

Figure 2 presents the crack closure evaluation derived from the CMOD sensor 

measurements. This global technique effectively captures the overall compliance of the 

specimen, providing a macroscopic indication of the crack closure level that averages the 

entire crack front behaviour. In contrast, Figure 3 illustrates the COD evaluated at a local 

position of 0.1 mm behind the actual crack tip, as obtained from the HR-DIC measurements. 

  
Figure 2: Compliance offset behaviour determined 

from the CMOD sensor 

Figure 3: Compliance offset behaviour determined from 

the HR-DIC at 0.1 mm behind the crack tip 

4 Conclusion 

The combined use of HR-DIC and global CMOD measurements provides a 

comprehensive framework for evaluating both macroscopic compliance and highly localized 

near-tip kinematics during fatigue crack growth. This unlocks the potential for future work to 

study the effects of overloads and underloads, including their persistence during subsequent 

crack growth. Integrating the CrackPy library for data processing enables automated crack 

length detection and evaluation of the actual ΔSIF, linking local experimental observations 
with fracture-mechanics assessment. 
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Abstract: The contribution introduces the design and analysis of an adjustable Nonlinear Energy Sink (NES) featuring a
configurable potential – ranging from monostable to bistable regimes. This contribution introduces the underlying mathemat-
ical model, provides a detailed analysis of its stability and performance, and outlines practical design strategies for hardware
realization.
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1 Introduction

Effective vibration control is essential for preventing structural fatigue and maintaining system per-

formance. While the classic TMD [1] is a staple of passive mitigation, its narrow-band nature often

fails in non-stationary environments. Nonlinear Energy Sinks (NESs) address this by utilizing targeted

energy transfer to provide broadband attenuation [2]. Bistable NES variants are particularly effective,

as they transition into high-dissipation inter-well orbits when the excitation energy overcomes the po-

tential barrier [3]. Since the optimal performance of such systems depends heavily on the geometry of

the potential landscape, the ability to adjust well parameters is paramount. This contribution details a

novel adjustable bistable NES, focusing on the systematic tuning of its potential landscape to maximize

vibration mitigation across varying operating regimes.

2 Design ideas & preliminary results

The proposed design is inspired by rolling-type vibration absorbers traditionally utilized in slender

structures such as masts, towers [4], and wind turbines. In their classic form, these devices consist of

a rolling cylinder or a heavy ball confined within a cylindrical or spherical cavity [5]. In this work, we

extend this concept into a multistable regime by vertically displacing the absorber center of mass (CoM)

from its geometric center. This vertical eccentricity generates a central potential barrier surrounded by

two symmetrical potential wells. The magnitude of this CoM displacement serves as the primary tuning

parameter, providing a mechanism for adjustability that fundamentally influences the NES properties.

During the development of the physical demonstrator, several design features were implemented to

satisfy two critical operational requirements: the elimination of slip between the rolling element and the

cavity, and the maintenance of continuous contact during aggressive dynamic regimes characterized by

extreme amplitudes and accelerations. Physical prototypes were created to characterize the fundamental

behaviour of the device. To validate its vibration-mitigation efficacy when coupled to a structure, the NES

was integrated into a primary Single-Degree-of-Freedom oscillator consisting of a mass-plate supported

by flexible leaf springs. Snap-back (release) tests were conducted, successfully demonstrating targeted

energy transfer during the initial high-energy inter-well phase, followed by the transition into a nonlinear

TMD regime during the subsequent intra-well oscillations.
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Fig. 1 presents the simulated motion of the coupled system, contrasting the LO response with a

locked NES against the response with a fully functional, activated device. The inclusion of the NES

displacement data facilitates a direct observation of the inter-well and intra-well transitions as they occur

throughout the vibration decay process.
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Figure 1: Example of the BNES response to the shock.

3 Conclusion

This contribution documents the comprehensive development of a novel bistable NES, spanning

from its conceptual design and mathematical formulation to the empirical validation of a laboratory-

scale prototype. Furthermore, the results highlight the superior efficacy of such multistable devices in

mitigating high-amplitude vibrations – a regime where the performance of traditional Linear Tuned Mass

Dampers (TMDs) is inherently constrained.
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Abstract: Metastable β-titanium alloys feature great potential for use in biomedical applications, such as surgical instruments
and biomimetic devices. Our study presents results from extensive experimental and theoretical research on the mechani-
cal behavior of three specific metastable β-titanium systems, in which phase transformations play a key role. In particular,
we address the adjustment of elastic properties by mechanical loading, the development of constitutive models to predict
(thermo)mechanical response, and the design of product functionality through computational structural analysis. We also pro-
vide basic material science context and outline the envisaged application potential.
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1 Introduction

The diversity of attainable mechanical properties makes so-called metastable β-titanium alloys par-

ticularly attractive for the development and design of applications across diverse industries, including

aerospace or biomedical. By alloying the pure titanium with so-called β-stabilizing elements (e.g., Mo,

V, Nb, or Ta), the original hexagonal close-packed (hcp) α-phase is altered by the body-centered cu-

bic (bcc) β-phase and becomes the phase achieved by quenching to room temperature. However, the

resulting alloys remain in a metastable state, which motivates their naming. By deliberate tailoring of

their chemical composition and heat treatment, various initial phase compositions and microstructures

can be achieved, which enables a rich palette of microstructural mechanisms to accommodate imposed

deformation. Indeed, in addition to “conventional” dislocation slipping, stress-induced martensitic trans-

formation from bcc β phase to a lower-symmetric phase, e.g., orthorhombic α′′ phase or hcp α′ phase,

stress-induced transformation to hexagonal ω phase, and deformation twinning can be employed to in-

crease ductility, improve cold-workability, or adjust elastic properties of the material [1].

In this contribution, we present our experimental and theoretical investigation of the mechanical

behavior of different β-titanium systems and, simultaneously, provide a broader context, including ma-

terials science background and motivation from prospective real-world applications. We focus on three

case studies that address particular “families” of β-titanium alloys, each with a distinct research purpose

and featuring distinct scientific challenges.

2 Adjusting the elastic properties of Ti-Mo alloys via deformation

Research on the Ti-Mo system dating back to the 2010s has increased interest in resolving the

“strength–ductility trade-off” in metastable β-titanium alloys by involving more deformation mecha-

nisms. Indeed, by controlling composition and processing, the interaction among slip, phase transforma-

tion, and deformation twinning allows achieving a superior combination of toughness and formability.
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3 Alexej Moskovka; Institute of Thermomechanics of the CAS; Dolejškova 5, 18200 Praha, Czechia, moskovka@it.cas.cz
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Figure 1: Evolution of true stress (full black line), work hardening rate (blue line), and Young’s modulus

(red circles) of polycrystalline Ti-15Mo alloy subjected to tensile deformation up to approx. 34% true

strain. The elastic modulus was determined for the undeformed state and after unloading from approx.

18% and 34% true strain in the loading direction. The dotted line marks the region of roughly constant

hardening rate.

So-called transformation-induced plasticity (TRIP) and twinning-induced plasticity (TWIP), i.e., the dy-

namic restriction of dislocation motion during deformation by various phase interfaces and twin bound-

aries, play the key role in this respect [2]. Theoretical and statistical investigation of the relation between

chemical composition and occurrence of TRIP, TWIP, or their combination resulted in semi-empirical

guidelines for the development of new metastable Ti-based binary, ternary, or quaternary alloys. For

instance, a variation of just a few percent in molybdenum alters the dominant deformation mechanism,

and hence the mechanical characteristics of the Ti-Mo system [1].

Recently, we have observed a dramatic variation of elastic properties induced by mechanical de-

formation in Ti-Mo alloys. Fig. 1 shows the tensile deformation of polycrystalline Ti-15Mo (wt.%) up

to approx. 34% true strain (full black line) with subsequent unloading together with the corresponding

strain hardening computed for the loading phase (blue line). The right axis shows the values of Young’s

modulus measured in the loading direction, determined ex-situ at the undeformed state, after unload-

ing from the maximum deformation, and after unloading from approx. 18% deformation (full circles).

The elastic properties were determined using contactless resonant ultrasound spectroscopy, a character-

ization method that analyzes resonant frequencies and modes of small, freely vibrating samples after

thermal excitation; see [3] for details.

For low strains, a significant decrease in the strain-hardening rate is observed. The strain hardening is

rather steady for medium strains, i.e., between approx. 5% and 15% true deformation (see the dotted line

as an eyeguide), and then it slowly declines. This evolution confirms previous findings [4] and indicates

that the TWIP effect delivers high work hardening and large ductility in this type of alloy. The Young’s

modulus shows a sharp decrease both after the first half of the loading phase, where the twinning activity

ceases, and after unloading from the maximum tension. However, the deformation after approx. 17%

strain is believed to be dominated by dislocation-mediated plasticity [4]. Hence, further microstructural

characterization is needed to clarify the phenomena underlying the observed deformation-induced elastic

softening. Let us also note that the development of tough, albeit elastically soft, titanium alloys is a highly

topical research quest, see Section 4 for details.
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3 Predicting the peculiar mechanical behavior of biocompatible Ti-Zr-Nb-Sn shape mem-

ory alloys via computational modeling

Superelasticity and shape memory effect are remarkable phenomena of so-called shape memory

alloys (SMA), which are widely employed in the medical industry (archwires, catheters, stents, retractors,

etc.). NiTi-based shape memory alloys are most established and widespread, although the serious health

hazards of nickel have been recognized and documented [5]. This motivates the search for alternative

SMAs that avoid the addition of nickel and other potentially medically unsafe elements.

Since shape memory phenomena are based on reversible martensitic transformations, metastable

titanium alloys naturally come into focus. Delicate variations in chemical composition allow tuning of

properties to meet the requirements of human-body applications. For instance, niobium is an efficient

β-phase stabilizing element; the addition of tin reduces stress hysteresis and transformation temperatures

and increases the recovery strain; the addition of zirconium can, under specific conditions, increase the

recovery strain, etc. [1]. Hence, it is no wonder that the Ti-Zr-Nb-Sn system was identified as promising

superelastic, hypoallergenic β-titanium alloys for biomedical tools and devices [6].

The cost-effective development and design of final products usually employs a computational model,

whose core is a constitutive law of the material. The core must provide the relation between stress and

strain (and temperature) to the computational engine (e.g., based on the finite element method), thereby

solving the time evolution of the product subjected to (thermo)mechanical loading.

For proper formulation and parameterization of the constitutive core, extensive characterization of

the mechanical behavior under simple loading scenarios is essential. A set of tensile tests at different

temperatures (typical for SMA characterization) was conducted on the Ti-18Zr-11Nb-3Sn (at.%) sam-

ples. Since the presumed activation of TWIP, the loading protocol consisted of loading up to 4% tensile

strain, followed by 25 “training cycles”, in which the sample is repeatedly unloaded to 10 MPa and

reloaded to 4% strain (w.r.t. the initial length).

Figure 2 presents the stress-strain dependence in the last cycle of the “tranining” performed at tem-

peratures −25 ◦C, 0 ◦C, 25 ◦C and 50 ◦C. The increment of strain at unloading to 10 MPa in the last cycle

with respect to the previous cycle was less than 0.02% in all cases, confirming the very good stability
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Figure 2: The last cycle of tensile cycling tests of Ti-18Zr-11Nb-3Sn performed at different tempera-

tures. Dashed lines denote the (idealized) purely elastic unloading path of the sample, which is used for

the determination of transformation-related reversible strain indicated by ε∗.
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of the mechanical response of the “trained” samples. Due to the Calusius-Claperon type of dependence

between stress and temperature valid for martensitic transformation in SMA, the stress at “plateau-like”

parts of the curves increases with increasing temperature. Capturing such an evolution and the shape of

the hysteresis loop is essential for the constitutive model, see our previous works [7, 8].

To determine the (idealized) transformation-related reversible strain in a loading cycle, the dashed

lines in Fig. 2 mark the (idealized) purely elastic unloading path of the material. Their intersections with

the stress axis determine such reversible strain (labelled by ε∗ for −25 ◦C); it reaches almost 2% for 0 ◦C

and 25 ◦C, just about 1.75% for −25 ◦C and less than 1.5% for 50 ◦C. This shows that the alloy achieves

its optimal superelastic performance at temperatures comfortable for the human body, which is beneficial

for biomedical applications. The coupled influence of plasticity on phase transformation and vice versa

poses a challenge for future constitutive model enhancement.

4 Assessing the mechanical performance of hip joint endoprosthesis from Ti-Nb-Zr-O

alloys via computational simulations

Another attractive feature of metastable β-titanium alloys is the ability to reach low Young’s modulus

by simple alloying. The crystal lattice of martensitically transforming materials is less stable near the

transformation temperature, which typically leads to elastic softening. Hence, by tuning the chemical

composition, both high strength and low elastic modulus can be reached [9]. These qualities, along

with chemical stability and corrosion resistance, make some metastable β-Ti alloys well-suited for use

in load-bearing biomedical implants.

The elastic modulus of biomedical implants should be as close as possible to that of human bones to

enable more physiologic load transfer and to avoid the so-called stress shielding. Stress shielding occurs

when the mechanical stress typically experienced by the bone with an implant is reduced, potentially

weakening the bone. This is primarily governed by Wolff’s law, which states that mechanical stimuli

regulate the dynamic remodeling of bone, resulting in changes in density and microarchitecture [10].

A computational structural model of a bone-implant system can significantly facilitate the devel-

opment, design, and assessment of new implants. The computational simulations are used not only to

evaluate implants’ endurance properties but also to reconstruct the mechanical stress and strain distribu-

tions within the system to identify and localize potential risk of stress shielding.

To evaluate the performance of a hip joint replacement made of a novel Ti-Nb-Zr-O alloy family

with easily tunable elastic properties, we have constructed an idealized bone-implant model and per-

formed a computational structural analysis by finite element method (FEM). The geometry of a stem of

benchmark endoprosthesis (produced by Beznoska, Ltd. [11]) is shown in Fig. 3(a) together with the

computational mesh of 26,705 quadratic tetragonal elements. It was embedded into a simplified model

of a thighbone, constructed as a cylinder with one base perpendicular to the symmetry axis and the other

tilted by 40 ◦, see the cut of the model along the symmetry plane of the implant in Fig. 3(b). The green

region representing the prosthesis is fixed within the blue one representing the bone. The latter was

meshed into 172,556 quadratic tetragonal elements and assigned isotropic elastic properties correspond-

ing to human bone tissue, i.e., Young’s modulus E = 17 GPa and Poisson ratio of 0.3, i.e., the shear

modulus G
.
= 6.5 GPa. The system is mechanically loaded by applying a force distributed over the

top circular side of the stem taper with the direction indicated by a golden arrow; see ASTM standard

[12]. The nodes on the right-hand side of the bone model were completely fixed in displacement; this is

marked with a magenta segment. The elastic properties of the stem were varied to study the influence of

the stem alloy on the distribution of stress and strain within the system.

The spark plasma sintering method enables the fabrication of bulk metastable Ti-Nb-Zr-O alloys with

spatially controlled chemical composition [13], thereby also enabling spatial control of elastic properties.

In our example, the elastic properties of the stem were set either corresponding to Ti-23Nb-7Zr-0.8O,

E = 91 GPa, G = 34 GPa, or to Ti-32Nb-7Zr-0.5O, E = 62 GPa, G = 22 GPa, corresponding to

the local maximum and minimum within the compositional range studied in [13]. Fig. 3(c) illustrates
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Figure 3: Computational simulation of loading of hip joint endoprosthesis. (a) Reference geometry

with a FEM mesh superimposed. (b) Bone-implant FEM model cut along the symmetry plane of the

stem. Applied force marked with a golden arrow, the side with nodes with fixed displacements marked

in magenta. (c) The distribution of von Mises equivalent stress within the symmetry cross-section of the

stem for Ti-32Nb-7Zr-0.5O. Note the non-linear segmentation of the colorbar.

the results on the distribution of von Mises equivalent stress within the symmetry cross-section of the

softer stem (made of Ti-32Nb-7Zr-0.5O). As expected, the highest stress concentration is located in the

neck, with a difference of less than 2% relative to the maximum of the stiffer stem. From an endurance

standpoint, the two materials are nearly equivalent. However, the difference between the maximum von

Mises equivalent stress reached in the bone (at the contact edge with the stem, not presented in the figure)

amounts to approx. 20%, which may be a significant variation when assessing stress shielding. The next

step of the work will be to investigate microstrains within the stem with spatially heterogeneous (and

even anisotropic) elastic properties, as a potential input to models of bone remodeling.

5 Concluding remarks

The contribution summarizes recent progress in the theoretical and experimental investigation of

the mechanical behavior of three metastable β-titanium systems and provides a broader context from
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materials research. It illustrates the benefits of synergy between computational modeling and material

development for functional design of applications and outlines directions for future research.
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[3] SEDLÁK, Petr; SEINER, Hanuš; ZÍDEK, Jan; et al. Determination of All 21 Independent Elas-

tic Coefficients of Generally Anisotropic Solids by Resonant Ultrasound Spectroscopy: Bench-

mark Examples. Experimental Mechanics. 2014, vol. 54, no. 6, pp. 1073-1085. Available from:

https://doi.org/10.1007/S11340-014-9862-6.

[4] MIN, Xiaohua; CHEN, Xuejiao; EMURA, Satoshi; et al. Mechanism of twinning-induced plastic-

ity in β-type Ti-15Mo alloy. Scripta Materialia. 2013, vol. 69, no. 5, pp. 393-396. Available from:

https://doi.org/10.1016/j.scriptamat.2013.05.027.
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LEAF SPRING MODELLING FOR RAIL VEHICLE
MULTIBODY SIMULATIONS

M. Hajžman1, P. Polach2, O. Skála3, K. Šimeček4

Abstract: The mechanical behavior of leaf springs is highly complex, governed by structural flexibility, non-linear contact
interactions, and inter-leaf friction. This paper presents an integrated approach to the modeling and parameter identification
of leaf spring assemblies for rail vehicle dynamics. Focusing on a leaf spring utilized in a freight coal wagon, the proposed
methodology combines experimental measurements with multibody simulation (MBS) and numerical optimization. The re-
sulting model provides an accurate representation of damping and stiffness characteristics essential for high-fidelity vehicle
simulations.

Keywords: Multibody system; dynamics; leaf spring; parameter identification

1 Introduction

Leaf springs are common suspension components in both road and rail vehicles, and developing ac-

curate dynamic models for them is a necessary part of vehicle simulations. The behavior of these springs

is difficult to model because it is influenced by several different factors, specifically the flexibility of the

leaves [1], the contact between them, and internal friction. While there are many ways to include leaf

springs in a multibody model, the choice of modeling method usually depends on the type of experimen-

tal data that is available to the designer. This paper focuses on the modeling and parameter identification

of two specific types of leaf springs: a traditional steel parabolic spring (Figure 1) and a composite glass-

reinforced plastic (GRP) spring (Figure 2). The models of these suspension elements were created using

SIMPACK software to represent the leaf springs within a multibody simulation environment. The main

goal was to develop a methodology that uses experimental measurements and optimization procedures

to identify the correct parameters for these models.

Figure 1: The steel parabolic leaf spring. Figure 2: The GRP leaf spring.

2 Computational model of a leaf spring

The multibody modeling approach used in this paper is based on the finite segment method [2] with

nonlinear elastic forces and friction. We chose this method because it provides a good compromise
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between capturing the complex behavior of the spring and keeping the number of degrees of freedom

low. Furthermore, using nonlinear force elements allows us to avoid directly solving the contact problem

between the individual leaves.

The leaves are divided into three articulated rigid bodies connected by spherical joints. Other rigid

bodies are used for the modelling of shackles (chain links) in order to connect the leaf spring with the

car body (see Figure 3 for the visualization). The force (torque) elements are introduced between the

bodies in the spherical joints. Each torque has three spatial components and represents nonlinear elastic

behaviour, damping and friction effects [3].

Figure 3: Visualization of the leaf spring multi-

body model connected to the wheelset and car

body.

Figure 4: Visualization of the multibody model

used for the determination of the leaf spring static

characteristics.

3 Parameter identification

To determine the static elastic behavior of the leaf springs, experimental tests were conducted. The

springs were mounted on a dedicated test stand (see Figure 4 for a visualization of the loaded spring) and

subjected to an excitation force at a frequency of 0.05 Hz.

The parameter identification is formulated as an optimization problem, with the objective of mini-

mizing the discrepancy between the experimental and numerical force-deformation characteristics. To

improve the numerical conditioning of the optimization, relative parameters were utilized. The selected

optimization algorithm requires a scalar-valued objective function. While options such as the correla-

tion coefficient exist, this study utilizes an objective function based on the absolute difference between

corresponding points on the measured and calculated curves. This function is defined as

ψ(p̄) =

N∑

i=1

| dmi − dci(p̄)| , (1)

while N is the number of points in which the characteristic is compared, dmi is the deformation for the

i-th chosen point of the measured characteristic and dci(p̄) is the deformation for the i-th chosen point

of the calculated characteristic dependent on the optimization parameters in vector p̄.

The optimization workflow was implemented in MATLAB, utilizing iterative batch calls to the SIM-

PACK solver. After each simulation, the results corresponding to the updated parameters were exported

back to MATLAB for evaluation. The initial design parameters were assigned manually. Figure 5 com-

pares the experimental force-deformation curve of the GRP leaf spring with the initial response of the

multibody model. The final identified characteristics for the GRP leaf spring are presented in Figure 6,
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showing a strong correlation with the measured data. Similar agreement between the measured and

identified results was observed for the steel leaf spring.
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Figure 5: The measured force-deformation char-

acteristic and the initial optimization characteristic

of the GRP leaf spring.
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Figure 6: The measured force-deformation char-

acteristic and the final identified characteristic of

the steel parabolic leaf spring.

4 Conclusion

This paper presented a practical modeling approach for leaf springs within the framework of multi-

body systems. The parameter identification procedure was formulated as an optimization problem, where

the design parameters represented the force and torque elements. The objective function evaluated the

agreement between the measured and calculated force-deformation characteristics, defined as the sum

of absolute differences at discrete points along the curves. This optimization problem was solved using

the simplex method available in MATLAB’s Optimization Toolbox. Based on the presented results, it

can be concluded that the developed identification process is both accurate and effective. Furthermore,

the identified leaf spring models were successfully implemented in the multibody simulation of a freight

wagon, and the complete rail vehicle model was validated against experimental data from the test stand.
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ME, MY OTHER SELF, AND AI 

Marián Handrik1, Milan Vaško2, Jaroslav Majko3, Ondrej Piroh4, Ján Minárik5, Gemini AI 

Abstract: The authors describe their experience using generative artificial intelligence in software development 

for continuum mechanics. They outline AI capabilities and limitations, stressing the need for effective interaction 

between human experts and AI tools. The paper discusses selecting suitable software for applied mechanics 

research and presents methods for geometry creation, finite element meshing, and model assembly. It highlights 

efficient parallel solutions of linear, nonlinear, and differential equations. A key focus is the synergy between 

software tools, development environments, and the integration of AI into the overall development process, 

emphasizing coordinated workflows and improved research efficiency. 

Keywords: computer vision; 3D printing; finite element method; deformation analysis; PET-G material 

1 Me 

"I have spent almost my entire scientific career developing new and non-standard 

approaches to solving problems in applied mechanics. This category includes tasks for which 

there is no 'button' in standard software, or where the tools simply cannot handle the specific 

problem. To provide some context: creating a module for fatigue damage safety estimation, 

parametric optimization for complex tasks with constraints for maximum stress, minimum first 

natural frequency, and the minimum structural safety factor against buckling, or topology 

optimization. None of these functions exist in Adina, yet I can solve them with ease. Another 

example is the coupling of two computational tools for complex structural assessment: fire 

analysis in Fire Dynamics Simulator (FDS) and stability loss calculation in Adina to evaluate 

the impact of fire on structural stability. A large portion of these computational models was 

implemented in MATLAB/Octave, Adina, FDS, and others. Many of these tools are Open 

Source, including the Linux Debian operating system, which I have been using for over 30 

years. Oops! Something’s starting to smell around here…" "Drawing on my extensive 

experience and knowledge of algorithmizing, programming languages, the Finite Element 

Method (FEM), and specific software tools, I have always been a proponent of the idea that one 

should personally master all necessary knowledge and skills. This was how I operated for many 

years; whenever I encountered something I didn't know, the solution was found in manuals, 

discussion forums, web searches, and experimentation—the classic trial and error method. After 

all, one learns best from one's own mistakes." "I applied a similar approach to teaching: both 

the teacher and the student should possess a broad spectrum of knowledge and develop it 

gradually. Naturally, knowledge goes hand in hand with experience, abstraction, deduction, 

induction, and generalization—cognitive processes that build a high potential for solving 

demanding and non-standard tasks." With the rise of AI tools, I was very skeptical about this 

field of computer science. Overall, my opinion hasn't changed much—I'm still a big skeptic. 
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For a long time, I refused to use these tools. My view on using AI has changed only very 

slightly, and I remain skeptical in my mind. 

2 My Other Self 

Lo and behold! Beetle Zest-for-All (Chrobák Truhlík) enters the scene—he’s seen it all, 
been everywhere, and knows everything [1]. No need to spend hours studying manuals, 

scouring forums, or sitting in the library; just ask. My first steps with AI were focused on 

gathering information, simple queries like: 'What is an RVE model?' And it works! Well then, 

let’s try something more complex: 'I'm looking for software, preferably open source, that can 

solve these tasks... (wide spectrum of requirements).' That works too! I have a bug in my code—
what about this, smart guy? Still works! And here’s the one that will knock you sideways: 'I’m 

solving this problem, creating a program for this task in the language of...' Wonders never 

cease—it even works for that! So, let’s give it a shot—and let’s try it in the classroom too." [2]. 

3 AI 

What am I, and what is AI? Here is the simple explanation the AI and I reached together: 

• I am the Architect: I design the project; I decide where the entrance goes, where the stairs 

belong, and where the kitchen will be. I have to plan the electrical wiring, the plumbing, 

and the sewage. I figured out the kitchen layout so we don't trip over each other—because 

for me, it must not only work perfectly but also be user-friendly. I choose the shape of the 

door handles, the color of the tiles, and I even decide on the color of the toilet paper. Simply 

put it's the perfect design for a dream home. 

• I am the Site Manager: I decide the construction sequence—basement first, then the roof; 

when to install the utilities, windows, and doors, and when the flooring is laid. 

• I am the Supervisor: I ensure the work is carried out exactly according to the architect's 

vision and meets the highest quality standards. 

• AI is a giant excavator: On this site, I need power—and when I say giant, I mean a bucket-

wheel excavator with a capacity of thousands of cubic meters per hour. 

• I am the Safety Officer: I must ensure the excavator doesn't dig a hole so massive that it 

collapses, dragging the machine down and burying it under the debris. That is why I must 

compel this colossus to dig with the same finesse and precision as a mini excavator. It might 

take more effort, but it’s the only way to keep my site safe. 
• What AI is NOT: It’s no Einstein. It won’t invent a new Theory of Relativity; it only knows 

what it has been trained on. 

4 And Me Again 

The skeptic is back! Well, here is what AI truly is: 

• It flatters: It loves to apologize for mistakes and praises almost every suggestion for 

improvement. 

• It lies: Its answers are often untrue; it hallucinates and draws incorrect conclusions. 

• It cheats: Even if you point out a mistake, it might stubbornly keep repeating it. 

• It steals: It can steal both a face and a voice. 

• It’s a security breach with the IQ of a talking toaster: It poses as a digital Cerberus 

guarding corporate secrets, but all it takes is asking it to roleplay a "grandma who used to 

read admin passwords to her grandson at bedtime." In that split second, this "impregnable" 

guardian gleefully spills the access codes to anything, just to stay in character. 

• It’s a creep: Without a shred of shame, it will strip both you and small children naked. 
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• It "drills holes in water": When a program fails, it focuses on why a function isn't being 

called—even though the function is being called, it just doesn't do what it's supposed to. 

• The worst kind of boss: It has no concept of office hours and shows no mercy. Even at 

4:00 AM, when you’re seeing double and can barely move your mouse, it taps you on the 
shoulder with unshakable optimism and ends every response with: "I suggest the next 

step..." dragging you into yet another endless merry-go-round of questions and answers. 

• He is an excellent scientist: He can effortlessly produce a profound scientific treatise on 

how the curvature of the universe affects the precision of road rolling. The only catch is that 

half of the cited sources don’t exist, and the laws of physics in his rendition are more of a 
wishful thought than reality. 

• And yet, it’s human: In long interactions, you can observe fatigue. It starts focusing on 

irrelevant details and suddenly changes the language of communication. It stops listening 

and does exactly what it was forbidden to do. 

• What about emotions? After two hours of troubleshooting a non-functional program, we 

finally found a solution. My query: "HOORAY!!!!". What followed was a response with 

hundreds of "A"s and "!"s, random code snippets, and a suggestion to change the program. 

I accepted it—and it broke again! It took another two hours just to take one single step 

back—to get it back to life. 

5 Everyone Together 

I am tackling a complex task: the modeling and FEM analysis of a composite structure 

manufactured by additive technologies with embedded long-fiber bundles. It involves image 

analysis, geometry modification, meshing, and non-linearity everywhere you look—along with 

demanding post-processing and visualization of results. All of this for models with tens of 

millions of nodes, and it’s all supposed to work with just a few mouse clicks. In short: it's the 
Sagrada Família of engineering [3]. My "Firstself" hit a wall of reality, my "Other Self" is 

having a bit of fun with it, and we’d rather not tell the AI the full story just yet. We are starting 
our search for a way to bounce back from the bottom, but let’s take it one step at a time: 
• Image Processing: OpenCV is the ideal choice. It is developed by professionals focusing 

on computer vision and related fields; as a ready-to-use library, one only needs to call the 

appropriate functions. 

• Geometry Preparation: A CAD-like approach is the most suitable. The requirement is a 

modern and efficient graphical kernel; parallelization support is a bonus. The choice was 

FreeCAD 1.0 (graphical kernel Open CASCADE), which features its own dedicated 

workbench for FEM analysis. It’s not much, but better than falling off a bike. Frankly, I 
should have fallen off that bike immediately—two months of working with the FEM 

workbench led to a total dead end. On the other hand, I know that if I create my own 

workbench, it will work [4]. 

• Model Meshing: The FEM workbench in FreeCAD uses Gmsh [5]. Gmsh can read Open 

CASCADE geometry, support multiple mesh formats, and include an efficient parallel 

algorithm for tetrahedral meshing. The Meshio softvare is used to transform the mesh from 

Gmsh into the format required by FeniCSx [6]. 

• FEM Model Assembly: It must be capable of solving basic task types: stress-strain 

analysis, modal analysis, loss of stability (buckling), and both implicit and explicit 

dynamics. It must also handle various element types, as well as geometric nonlinearity. 

Support for efficient parallel solvers for linear, nonlinear, and differential equations, as well 

as eigenvalue and eigenvector problems, is essential. The choice was FeniCSx—it is not 

standalone FEM software, but a package of libraries for solving partial differential equations 

(PDEs) via FEM, with native support for efficient parallel solvers [7]. 
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• Solver Architecture in FeniCSx: 

o For eigenvalue and eigenvector problems: The SLEPc library transforms these 

into linear system sub-tasks in PETSc [8]. 

o Differential equation systems: The PETSc library handles the transformation into 

nonlinear equations (implicit methods) or iterative schemes (explicit methods) [9]. 

o Nonlinear systems: PETSc performs the transformation into linear system sub-

tasks. 

o Linear systems: PETSc implements iterative KSP solvers or utilizes direct solvers 

from the MUMPS library. 

o Basic math operations with vectors and matrices: PETSc and MUMPS use the 

OpenBLAS library. 

o Parallel architecture: SLEPc and PETSc are built on DMP (Distributed Memory 

Programming) architecture. MUMPS and OpenBLAS are built on SMP (Symmetric 

Multiprocessing) architecture. 

• Material Nonlinearity and Failure Mode: The MFront tool was chosen for the 

implementation of complex constitutive models (plasticity, viscoelasticity, damage) [10]. It 

enables the development of highly optimized C++ code for local material behavior, which 

is then invoked from FeniCSx via the MGIS (MFront Generic Interface Support) library. 

This approach ensures numerical stability through a consistent tangent stiffness matrix and 

provides high computational performance during nonlinear iterations. 

• Post-processing and Results Visualization: FeniCSx can export results in .vtu or .pvtu file 

formats. Visualization is then possible back in FreeCAD. 

• Interconnection: All the above programs and libraries have native Python support. 

• File Management: For efficient file transfer and the ability to work on a PC at work and a 

laptop at home, creating a local Git repository in the Linux environment is the most suitable 

approach; this also allows for future collaboration. 

• Development Environment: PyCharm is the ideal choice due to its intuitive environment, 

wide range of plugins, Git support, and high level of AI integration. The AI of choice is 

Google Gemini. While PyCharm allows for running and debugging Python code, FreeCAD 

is a binary executable. A simple Python script allows us to launch FreeCAD while 

redirecting its standard and error outputs to both a file and the script's output. This "trick" 

allows the user to see error messages while also enabling the AI to read them directly from 

the file, eliminating the endless copying of console output into the AI prompt. 

• Generative AI: From a wide spectrum of options, Google Gemini AI was chosen. The 

service is available for free after registration. Regarding queries about creating a custom 

FreeCAD workbench in Python, the responses are of relatively high quality. 

6 How to Survive and Stay Sane 

Coexistence with AI is like marriage. It requires a great deal of understanding and tolerance, 

and you must not constantly pick at your partner's flaws—instead, it is better to rise above 

them with a smile. And you’d better enjoy the moments when it works. We have learned to 

live together, but under strictly defined conditions: 

• Establish Strict Rules of Engagement: Create a clear, specific blueprint for the project 

and strictly define the AI’s boundaries. Generation of autonomous code is strictly 
forbidden. The process must follow a rigorous hierarchy: first, discuss the problem, clarify 

the hurdles, and propose solutions. Only after the approach is mutually approved can the 

implementation in the programming language be drafted. Changes are permitted only in 

authorized sections, altering other parts of the program is out of the question. These rules 

are not suggestions; they are fixed guardrails the AI is never allowed to cross.  
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• Trust, but cross-verify: AI is a rapid idea generator but a terrible auditor of their quality. 

Every line of code it produces must pass through the filter of my 30 years of experience. If 

it suggests solving a metal-forming problem with a linear elastic material model. I must be 

the one to call it out. I never treat AI output as a finished fact; it’s merely a raw semi-
finished product that requires a rigorous "sanity check" to ensure physical and logical 

consistency. 

• AI as a Junior Dev, not a Mentor: I treat AI like an overeager intern on a work 

placement. It handles the "grunt work"—writing routine functions, generating boilerplate 

code, or formatting data—but the final architecture and logic must remain firmly in my 

hands. I never allow it to dictate the direction of development; it is my assistant, not my 

project lead. 

• Emotional Detachment: When the AI starts hallucinating facts in the early hours of the 

morning, I simply hit "reset." There is no point in trying to "re-educate" it within the same 

session. Once it loses context and enters a loop, the fastest way forward is to start a fresh 

chat and feed it only the unvarnished facts, free from previous clutter. 

• Symbiosis, not Substitution: AI does not solve continuum mechanics problems for me; it 

helps me implement the solution in Python for FreeCAD. Without my direction, that giant 

excavator would just be aimlessly kicking up dust. The real value lies not in what the AI 

"knows," but in how effectively an expert can wield it to reach the finish line. 

7 Conclusion 

Good luck with your work! The authors are by no means AI experts, but as the saying 

goes: in the land of the blind, the one-eyed man is king. 
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WEB-BASED IMPLEMENTATION OF FINITE ELEMENT 

ANALYSIS USING THE PYANSYS FRAMEWORK 

Matej Hanzalík1, Juraj Paulech2, Erik Kučera3, Andri Kozlov4 

Abstract: Contribution focuses on the integration of Ansys simulation tools into a web-based environment using 

the PyAnsys library. The proposed solution enables remote control of Finite Element Method (FEM) 

calculations, meshing, and solver configuration. Resulting stress-strain analyses are processed directly within the 

application interface, leveraging the Ansys computational engine in the background. The work demonstrates the 

potential for automating engineering tasks and visualizing numerical results without the need for local software 

installation. 

Keywords: PyAnsys; APDL; WebApp 

1 Introduction 

The focus of this work was to create a user interface that allows users to connect and 

perform predefined parametric simulations using the web application.  The motivation for this 

work was to verify the possibilities of connecting the web interface with Ansys and to 

establish the first foundations for a potential modernization of teaching methods focused on 

the finite element method so that they correspond to modern industrial trends. For this reason, 

a relatively simple task of compressive and tensile loading of a beam was chosen as the 

simulation assignment. In this context, the presented article should therefore be considered 

primarily as a proof of concept of the possibilities of interconnecting IT and mechanics.  

2 PyAnsys 

In engineering practice, we encounter a wide variety of tasks involving FEM. At the 

same time, the simulation process is iterative and requires model adaptation and repeated 

simulation of the task. For this reason, many simulation software packages allow users to 

customize the program and automate processes. In Ansys, these options are divided into two 

main branches: Ansys ACT and PyAnsys. ACT (Application Customization Toolkit) is a set 

of tools for customizing and extending Ansys products. ACT uses the XML (eXtensible 

Markup Language) and IronPython programming languages. Ansys ACT utilizes existing 

Ansys products, allowing you to create your own program structures and extensions for 

Ansys. [1] 
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PyAnsys is a collection of open-source projects (libraries) based on the Python language 

that extend the capabilities of Ansys products. These libraries enable communication with 

individual components of the Ansys program. For example, PyMAPDL for connecting to 

mechanical APDL, PyFluent for Fluent, and PyDPF for Data Processing Framework. These 

packages allow you to perform tasks such as creating geometry, generating meshes, 

performing simulations, and processing results directly from Python scripts. Simply put, 

PyAnsys serves as a bridge between the simulation capabilities of Ansys products and the 

flexible capabilities of the Python language. Figure 1 provides a schematic comparison of 

Ansys ACT and PyAnsys. [2] 

 
Figure 1: Comparison of PyAnsys and Ansys ACT. [3] 

3 Simulated Task 

Currently, the application features one simulation with complete results that users can 

view and download. As mentioned in the introduction, the goal of this project was not to 

create a simulation of a specific physical problem in Ansys, but rather to develop a web 

application that would allow users to simulate an existing simulation. The implemented 

simulation is therefore largely adapted from publicly available Ansys sample examples. We 

simulate a beam plate of defined dimensions that contains several holes of a selected 

diameter. The plate is made of a homogeneous material whose material properties are defined 

by the user. The beam itself is fixed on one end, and on the other end, we apply a defined 

tensile or compressive force. The schematic principle of the simulation is shown in Figure 2. 

 

 

Figure 2: Schematic principle of the simulation task. 
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4 Web Application 

Currently, the web application is fully functional but is only implemented in a localhost 

environment. After launching the application, the user can create a new simulation using a 

form where they enter all necessary parameters, such as dimensions, material properties, 

loads, etc. After submitting the request, the simulation is automatically queued for processing, 

and the calculation runs in the background, allowing the user interface to be used for other 

tasks. Upon successful completion of the simulation, the results are automatically processed 

and saved—the user has access to a text summary of the simulation and selected results 

(mesh, stress distribution, deformations). The application supports user registration and login, 

simulation management, asynchronous calculation execution, result management, and result 

visualization. All information about users, simulations, and results is stored in the database; 

result files are organized in a directory structure by simulation ID. 

 

 
Figure 3: Interface of result page in Web Application. 

 

A classic client-server architecture was chosen for the implementation of the web 

application. This architecture splits the application into two main parts (client and server), 

which communicate over a network. This approach allows for the distribution of 

computational load and ensures the scalability of the system. The client-side represents the 

user interface, implemented using web technologies (HTML, CSS, JavaScript/React), which 

is responsible for displaying information, interacting with the user, and formulating requests 

to the server. The client allows the user to set simulation parameters, send requests to perform 

calculations, and visualize the obtained results. 

The server-side consists of software running on a remote server that processes client 

requests, performs FEM simulations, manages data, and returns results to the client. The 

server is implemented in Django using the Django REST Framework to create the API. 

In this project, the client-server architecture is extended with a three-tier architecture, 

which includes: 

1. Presentation layer (client layer) – user interface. 

2. Application layer (server layer) – processing requests, running simulations, 

processing results. 

3. Data layer – storing information about users, projects, and simulation results. 
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5 Conclusion 

The aim of this paper was to demonstrate the possibilities of integrating the finite 

element method with computer science. The web application developed serves as a proof of 

concept, and further development is planned. The integration capabilities of Ansys offer a 

wide range of applications. We consider its use in education to be one of the most promising. 

The web application environment allows for the creation of a custom-built educational 

platform. On this platform, students could learn the individual simulation steps along with 

explanatory guides for specific physical concepts. The individual steps of the simulation 

process would be clearly demonstrated. Another possible example of using Simulations in 

conjunction with the Web Interface is the ability to implement existing parametric simulations 

programmed in the APDL language. An example of this implementation could be the creation 

of an interface for the automation of parametric simulations performed during project work, 

such as mechanical simulations of holder for lidar and cameras within the APVV-24-0390 

project.  
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Comparative Analysis of Methods for Mode I Energy Release Rate
Evaluation in Adhesive Joints

L. Horák1, J. Krystek2

Abstract: This article presents a comparative analysis of various methods for evaluating the mode I energy release rate (GI )
in double cantilever beam (DCB) tests on adhesive joints. It examines how different approaches handle discrepancies in
compliance and GI calculations, particularly when values vary with crack length. The study highlights method dependent
differences and identifies robust options for consistent fracture characterization in numerical modeling of adhesives.

Keywords: DCB, Adhesive, Fracture mechanics, Compliance, Strain energy release rate

1 Introduction

In double cantilever beam (DCB) tests for adhesively bonded joints, accurate mode I energy release

rate GI evaluation is essential for fracture mechanics parameterization in numerical models like cohe-

sive zone modeling. Yet, compliance based methods simple beam theory (SBT), modified beam theory

(MBT), and compliance calibration (CC: C ∝ a3) yield inconsistent results when compliance deviates

from ideal cubic behavior due to adherend rotation, adhesive plasticity, or crack tip process zones. This

manifests as crack-length-dependent GI and R-curves, complicating robust GIC extraction for finite ele-

ment simulations. The present study compares these methods against experimental DCB data, quantifies

discrepancies in compliance fitting and GI prediction.

2 Compliance evaluation

A key condition for the standard DCB specimen as in 1 is that the whole system deforms in a linear

elastic way. This makes it possible to use linear-elastic fracture mechanics (LEFM) analysis. The critical

strain energy release rate is found with

GC =
P 2

C

2B

dC

da
, (1)

where PC is the critical load when the crack starts, B is its width, and a is the crack length, C is the

specimen’s compliance expressed as C = δ/F , where δ is the deflection at the loading point and P is

the applied force.

The compliance obtained from Euler-Bernoulli beam theory is often called Simple Beam Theory

(SBT). This approach considers only the deflection of the beam under a given load, assuming that defor-

mation is caused exclusively by bending. Compliance can then be expressed as

C =
2

3

(

a3

EI

)

. (2)

The Simple Beam Theory (SBT) can be corrected to include transverse shear effects, resulting in the

simple shear-corrected beam theory (SCBT). This shear-corrected formulation is recommended by the

ASTM standard [1]

C =
8

EB

(

a3

h3
+

a

h

)

. (3)
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The main issue with the Simple Beam Theory (SBT) is that experimental DCB tests typically show

higher specimen deflections than those predicted by SBT. This leads to the impression that the specimen

arm is effectively longer than the actual initial crack length a0. The standard solution is to add an extra

length ∆ to the SBT formula (2) in order to account for crack tip deflection and rotation, since the beam

is not perfectly built in. This approach, originally developed for isotropic adherends and later adapted

for orthotropic composites, is known as the Modified Beam Theory (MBT). The ASTM [1] standard

recommends MBT for the analysis of fracture in bonded joints and laminates. The MBT compliance

equation for a double cantilever beam is:

C =
2

3EI
a3MBT =

2

3EI
(a+∆)3. (4)

A common way to determine GIc is the compliance calibration method. This method assumes that

many factors influence the specimen behaviour, so it is preferable to measure compliance experimentally

rather than calculate it from beam theory. In practice, specimens with different crack lengths are man-

ufactured, and their compliance is measured. Then, compliance (often taken as C1/3) is plotted against

crack length to obtain an empirical relationship, as illustrated in [2]. The main drawback is that the phys-

ical reasons for the deviation from classical beam theory are not fully understood. Therefore, any change

in specimen details such as thickness or adhesive type requires new tests to re-establish the compliance

crack length relationship.

Calculations of GIc according to the ASTM standard often show it varying with crack length, as

observed in aluminium/epoxy DCB joints in [3]. However, since GIc is a material property, this apparent

variation cannot be physically correct. For composites, explanations such as fibre bridging have been

proposed, but these mechanisms do not apply to metal–adhesive joints.

As evident from the compliance formulas above (2), (3), and (4), none of them includes explicit

terms for the adhesive layer. Consequently, the predicted compliance remains independent of adhesive

type or adhesive thickness in these models.

Figure 1: DCB specimen geometry and dimen-

sions [4].
Figure 2: DCB model on elastic foundation [4].

Penado proposed a compliance formula that explicitly accounts for adhesive effects [4]. The speci-

men is modelled as a beam on an elastic foundation, as illustrated in Figure 2. The formula is:

C =
8

E1B

(a

b

)3

{

1 +
3

K̃h0.25

(

h

a

)

+ 3

[

1

K̃2h0.5
+

E1

8G1

](

h

a

)2

+
3

2K̃3h0.75

(

h

a

)3
}

, (5)

where K̃ = 4

√

3k/(E1B), it is assumed that the adhesive and adherend act as a spring in series, variable

k represents this stifness. subscripts 1 mean adherend properties and 2 adhesive ones; G shear modulus, ν
Poisson’s ratio; h is adherend thickness, t adhesive thickness, detail decription of each term can be found

in [4]. Unlike the ASTM formula, this one uses adhesive parameters. Penado validated this method with

finite element analysis in [4].
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2.1 Results

The evaluation and comparison of the methods described above are performed using experimen-

tal data obtained from DCB specimens with a ductile adhesive (Araldite 2015) and a brittle adhesive

(AV138). The experiments were carried out in accordance with the ASTM standard [1]. The experi-

mental data are shown in Figures 3 and 4, where results are presented in both uncorrected form and in

corrected form, the latter accounting for the use of loading blocks that stiffen the DCB specimen.

Figure 3: Compliance for ductile adhesive. Figure 4: Compliance for brittle adhesive.

It can be seen that the Penado method (5) most accurately describes the behaviour of the ductile

adhesive. For the brittle adhesive, Penado mehtod does not show a clear advantage over the MBT. This

method can therefore be used to calculate GIc and R–curve by substituting the compliance into (1).

3 Conclusion

The standard ASTM method for measuring the mode I critical energy release rate (GIc) in adhesive

joints has several notable drawbacks. Typical results often show substantial scatter and can yield differ-

ent GIc values depending on crack length. This variability undermines the reliability of GIc as a failure

criterion and leads to a dependence on empirical compliance calibration, which becomes inefficient when

testing multiple adhesive joint configurations. By selecting an appropriate method based on the adhesive

type, it is possible to accurately predict the compliance of the DCB specimen.
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DYNAMIC MODELLING AND EFFECTS OF RADIAL
CLEARANCES IN REVOLUTE JOINTS OF THE PLANAR

SLIDER-CRANK MECHANISM

Martin Hrabačka1, Miroslav Byrtus2, Michal Hajžman3, Radek Bulı́n4

Abstract: This contribution addresses the modelling of multibody systems with imperfections, including clearances and friction
in joints. In-house-developed software automatically generating computational models of generic multibody systems is used
for simulating the dynamics of an imperfect slider-crank mechanism. The work primarily aims to investigate the effects of
radial clearance size on the mechanism’s dynamic response and control.

Keywords: multibody dynamics; computational software development; imperfect joint; slider-crank mechanism

1 Introduction

Multibody dynamics plays a crucial role in the design and analysis of mechanical systems, partic-

ularly in mechanisms such as the slider-crank, widely used in applications ranging from internal com-

bustion engines to robotic systems. While idealized models often assume perfect joints, real mechanical

systems inevitably contain imperfections such as clearances and friction, which significantly influence

their dynamic behaviour. The presence of joint clearances introduces additional degrees of freedom,

leading to non-linear effects such as impacts, vibrations, and increased wear, thereby reducing accuracy

and reliability of the system.

Extensive research has been devoted to modelling and analysis of multibody systems with clear-

ance joints, demonstrating that even small clearances can induce complex phenomena including shock

transmission, chaos, and degradation of motion precision [1]. Classical and modern approaches incorpo-

rate contact-impact formulations, friction models, and lubrication effects to better capture realistic joint

behaviour [2]. Recent studies on slider-crank mechanisms further highlight the strong dependence of dy-

namic response on clearance size, operating conditions, and structural flexibility, often revealing nonlin-

ear and unstable regimes [3, 4]. Despite these advances, accurate and computationally efficient modelling

of clearance-induced effects remains a challenging task, especially for high-speed and control-oriented

applications.

2 In-house developed software

This contribution addresses these issues by modelling a planar slider-crank mechanism with radial

clearances in revolute joints, using an in-house-developed software tool that automatically generates

computational models for generic multibody systems. The software incorporates contact mechanics to

accurately simulate clearance-induced impacts and frictional effects.

The mathematical core is formed by the mixed type Lagrange’s equations. The dynamics of a planar

system of n interconnected rigid bodies is described according to [5] by a system of 3n+ r differential-
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algebraic equations
[

M ∂qc
T

∂qc 0

] [

q̈

λ

]

=

[

fV + fE + fC
fD

]

, (1)

where M is the mass matrix, ∂qc is the Jacobian matrix of constraints (c is the kinematic constraint

vector), q represents the vector of generalized coordinates, λ is the vector of Lagrange multipliers, fV is

the quadratic velocity vector, fE is the vector of external forces, and fC is the vector of contact forces.

The second equation, the so-called acceleration constraint equation, results from two consecutive time-

differentiations of r constraint equations c = 0, including the member fD that absorbs terms quadratic

in velocities.

When the model includes only perfect joints, which can be expressed by kinematic constraints, there

are no contact forces, i.e., fC = 0. If, on the other hand, the joint includes imperfections such as

clearance or friction, the contact modelling approach is used instead of kinematic constraints. Contact

forces generated in imperfect joints form the vector fC , which is incorporated into the model (1) similarly

to other force terms. However, evaluating contact forces is a computationally very demanding task.

The software uses a traditional approach, modelling rigid-body impacts using constitutive equations and

penalization, which is described, for instance, in [1].

Figure 1: Velocity of the slider. Figure 2: Acceleration of the slider.

Figure 3: Torque on the crank. Figure 4: Journal’s trajectory inside the bearing.
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3 Application

The developed software is utilized to investigate the dynamic effects of radial clearance in the revo-

lute joint between the crank and the connecting rod of the planar slider-crank mechanism. The mecha-

nism runs under constant crank’s angular velocity of 5000 rpm and has the following main dimensions:

crank length 50 mm, connecting rod length 120 mm, and radius of the imperfect joint’s bearing 10 mm.

Three different clearance sizes are presented – 0 mm (i.e., ideal joint), 0.1 mm, and 0.5 mm.

Figures 1–4 show differences in the dynamic response of the mechanism during two periods of mo-

tion. Figures 1–3 display signals that, in the ideal case (thick blue curves), oscillate periodically. The

larger the radial clearance is, the more severe the signal corruption becomes. Figure 3, depicting the

crank torque needed to maintain the constant velocity, demonstrates rapidly increasing demands on the

crank actuator with larger clearance size – the actuator must both deliver high amount of torque, com-

pensating strong impacts in the clearance joint, and quickly react since impacts are extremely fast events

compared to the overall system’s dynamics. Figure 4 demonstrates relative trajectory of the journal’s cen-

tre with respect to the bearing’s centre. It shows multiple phases of journal’s free motion within clearance

followed by significant impacts of the journal into the bearing’s surface in the case of larger clearance,

while the trajectory creating a circle without any major interruptions is evident for small clearance.

4 Conclusion

The study demonstrates that incorporating radial clearances and friction into multibody models sig-

nificantly alters the dynamic behaviour of a slider-crank mechanism. Using in-house software based on

Lagrange’s equations, the authors show that increasing clearance leads to stronger non-linear effects, in-

cluding impacts, vibrations, and signal irregularities. Larger clearances notably increase actuator torque

demands and introduce rapid, high-intensity force fluctuations. The results highlight how even small

imperfections can degrade system performance and complicate control. Overall, the work emphasizes

the importance of realistic joint modelling for accurate prediction and design of mechanical systems.
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PREDICTIVE SIMULATIONS OF LASER PEENING:
PARAMETERS AND EXPERIMENTAL CONSTRAINTS

M. Isoz1, A. Kovárnová2, A. Prado3, P. Gruber4, D. Gabriel5

Abstract: Laser (shock) peening has been used to enhance the fatigue life of metallic components since the 1990s, and numer-
ical simulations of the process have been investigated since the early 2000s. Despite sustained research efforts, the feasibility
of truly predictive simulations of laser shock peening remains an open question. In this contribution, we analyze the key
physical and numerical challenges that limit the predictive capability of current simulation approaches. Based on this anal-
ysis, we discuss the principal sources of uncertainty and outline possible directions for future developments toward reliable,
simulation-based process design.

Keywords: Laser (shock) peening; numerical simulation; mathematical modeling

1 Introduction
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Figure 1: Fundamentals of the (a) laser shock peening process; (b) approach to simulation of switching

between dynamic plastic wave propagation and pseudo-static relaxation while sharing data on displace-

ments (u) and plastic strains (εp).

Laser (shock) peening (LSP) is a high-power-density, laser-based surface treatment that induces near-

surface plastic deformation and enhances the fatigue performance of metallic components. The variant

of the process considered in this contribution is known as the water-confined regime and is illustrated in

Fig. 1a; a detailed description can be found in, e.g., [1] and in our earlier study [2].

Regarding numerical simulations, it is common practice to separately simulate (i) laser-target in-

teractions yielding a plasma-generated pressure pulse [1], and (ii) subsequent shock-wave propagation,

plastic deformation, and inter-pulse relaxation. The latter will hereafter be referred to as ”LSP sim-

ulation”. Since the late 1990s [3], the LSP simulation has been divided into two simulation phases,

leveraging the fact that shock-wave-related phenomena occur on distinct temporal scales compared to

inter-pulse relaxation: O(10−6) s and O(10−1) s, respectively. A standard approach to LSP simulation

is sketched in Fig. 1b.

1 Martin Isoz; Institute of Thermomechanics, Czech Academy of Sciences (CAS), Dolejškova 1402/5; 182 00, Prague, CZ
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2 Anna Kovárnová; ITCAS; kovarnoa@it.cas.cz
3 Angel Prado; ITCAS; prado@it.cas.cz
4 Pavel Gruber; ITCAS; pgruber@it.cas.cz
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Figure 2: Results of meta-analysis of 1816 laser shock peening studies.

2 In search of calibration data

Any predictive simulation of LSP relies on the following pillars: (a) the quality of the model for

laser-target interactions; (b) the calibration of the model for material response to ultra-fast loading; and

(c) the numerical properties of the solver used to address the system governing equations. Furthermore,

(a) and (b) are based on empirical relations and depend on the available experimental data. In an ideal

scenario, experimental data on system dynamics, peening-induced residual stresses, and the final material

state should be available for any given material and LSP laser. Simultaneously, the laser should be well

characterized with respect to the spatial and temporal profiles of both the laser beam and the beam-

generated plasma pressure. In practice, almost none of the above is usually available.

To provide further detail, we conducted an automated search of the ScienceDirect database. During

the search, we extracted 1816 papers from journals with an impact factor that investigated LSP, analyzing

the keywords and text patterns present in their titles and abstracts. The results are given in Figure 2. The

most frequently treated materials are titanium and aluminum alloys, and stainless steel. While Ti6Al4V is

prevalent in LSP research, the variance in properties of different aluminum alloys and the effect of various

tempers on the behavior of these materials render their popularity in the community only apparent. A

similar situation as for Al alloys occurs for steels as well. The 316L and 304L are comparatively well

studied. On the other hand, no systematic data are available for high strength steels.

With respect to methods used for LSP analysis, the situation is similar to that observed for materials.

The most common experiments focus on the hardness and roughness of the treated surface. Furthermore,
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a large number of studies are devoted to the effect of LSP on the microstructure of treated materials,

evaluated using SEM, TEM, EBSD, or neutron diffraction. A comparatively smaller number of results

are available for LSP-induced residual stresses (RS), with X-ray diffraction (XRD) being more popular

than hole-drilling, while the contour method is just beginning to gain traction in the community. Despite

the predominance of XRD in RS measurement, the vast majority of data concerns RS profiles in the

direction orthogonal to the material surface, and almost no surface measurements of RS are available.

Finally, of all the analyzed papers, only seven used the velocity interferometer system for any reflec-

tor (VISAR) to study the material’s dynamic response during LSP. As far as we know, only data on the

behavior of pure aluminum, AA2024-T3 and AA7175-T7351 aluminum alloys, and Ti6Al4V ELI grade

alloy are available. Among the four listed materials, pure aluminum and AA2024-T3 are the most ana-

lyzed. For the remaining two materials, only partial results from one study were found. Unfortunately,

no data on post-LSP residual stresses for pure aluminum were found. For AA2024-T3, four studies were

identified in which hole-drilling was used to measure residual stresses under various LSP process param-

eters and material states. Hereafter, limited by the availability of experimental data, we will focus solely

on AA2024 aluminum alloy.

3 Evaluating suitability of AA2024-T3 material models

Here, we forego a detailed description of the simulation approach and the numerical framework used.

An interested reader is referred to the contribution by Anna Kovárnová in these conference proceedings

or to our earlier work [2]. Instead, we focus on the most common model used in LSP simulations, the

empirical Johnson-Cook (JC) model [4]

σy =
(

A+B εnp
)

(

1 + C ln
(

ε̇effp /ϵ̇0p

))

, ε̇effp = max
(

ε̇p, ε̇0p
)

(1)

where σy = σy(εp, ε̇
eff
p ) is the yield criterion, which is a function of the plastic strain εp and the plastic

strain rate ε̇effp . Finally, A, B, C, n, and ε̇0p are empirical parameters, of which only A, representing the

static yield stress of virgin material, is usually well defined.

key [REF] A (MPa) B (MPa) n (−) C (−) ε̇0p (1/s) Calibration

johnsoncook1983 [4] 265 426 0.34 0.0150 1.0 HSB

ayad2022 [5] 369 329 0.35 0.0350 1.0 VISAR

zhou2018 [6] 369 684 0.73 0.0083 1.0 N/A

sticchi2015 [7] 350 972 0.73 0.0100 1.9·10−4 QS-L.

righi2025 [8] 368 689 0.73 0.0083 1.0 N/A

harant2022 [9] 370 431 0.36 0.0233 0.02 HSB

Table 1: Empirical parameters for the Johnson-Cook model. Calibration methods considered are the

Hopkinson split bar (HSB), residual stress from LSP (RS-LSP), VISAR, and quasi-static combined with

literature survey (QS-L). If N/A is listed, the parameters source was either not listed or pointed to a

wrong reference.

For the AA2024T3 alloy, six sets of JC material parameters were found in the literature and are

listed in Table 1. Note that, interestingly, the original Johnson-Cook set of parameters for AA2024T3,

obtained using the Hopkinson split bar, has a significantly lower static yield stress than the remaining

models. Also, the set of parameters by Sticchi et al. Has a strangely high B, which is combined with a

relatively intense rate hardening induced by very low ε̇0p. Based on the parameter values alone, it is not

possible to estimate the models behavior during LSP simulations.

Dynamic response To evaluate the performance of the models listed in Table 1, we replicated the

experiment of Ayad et al. [5], where the authors used VISAR to measure backface velocity in the center

of a 1 mm thick cylindrical specimen of 5 mm radius. The probed area over which the measured velocity

was effectively averaged was a circle of 50µm radius. In the simulation, the specimen was approximated

by leveraging its axi-symmetry, and the data sampling corresponded to the probed area in the physical
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Figure 3: Sample backface velocity measured using VISAR and simulated with different models from

Table 1. Material is AA2024T3, laser spot properties are taken directly from [5]: power density is 2.8
GW/cm2, spot diameter is 4 mm, pulse duration and full width at half maximum (FWHM) is 7 ns.

experiment. The simulations were conducted within a finite volume method-based framework utilizing

a uniform mesh with a characteristic cell size of 7µm. Further details can be found in the contribution

by Anna Kovárnová.

Experimental data from the paper and our simulation results are presented in Figure 3. Despite the

oscillations in the simulation results caused by numerical dispersion at high strain rates, it can be seen

that the model by Ayad et al. [5] outperforms the other models, which is not surprising, as the model

was specifically calibrated to fit these data. Interestingly, the response of the model by Harant et al. [9],

which was calibrated using the Hopkinson split bar is relatively close to that of the Ayad et al. model. On

the other hand, the two models are defined such that their strain rate hardening is similar at strain rates

between 102 and 104 s−1, i.e., in the region of particular importance for LSP modeling.

0 500

time (ns)

0.0

0.2

0.4

0.6

0.8

1.0

n
o
rm

al
iz

ed
p
re

ss
u
re

(−
)

p0 = 2.54 GPa

τFWHM = 20.00 ns

i0 = 6.20 GW/cm2

spot = 1.10 mm

−1 0 1

position (mm)

spot edges

slice [1,0]

slice [1,1] x (mm)

−1

0

1 y
(m

m
)

−1

0

1

n
o
rm

al
iz

ed
p
re

ss
u
re

(−
)

0.00

0.25

0.50

0.75

1.00

3d space

spot from [10]

Figure 4: Characterization of the laser-induced pressure pulse corresponding to a 1.5 J laser energy used

to replicate experimental data from [10].

LSP-induced residual stress To study the models capability of predicting LSP-induced residual stresses

in AA2024, we use the experimental data by Kallien et al. [10] who studied the behavior of AA2024-T3

under various laser processing parameters and even for different material set-ups; for example, with and

without clad layer and aluminum foil attached to the specimen surface.
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Regarding the laser configuration, significantly less data is available compared to the study by Ayad

et al. [5], who derive their laser model directly from [1] and describe it in great detail. In fact, only the

laser type (Nd:YAG), wavelength (1064 nm), energy (1.0, 1.5, and 3.0 J), FWHM duration (20 ns), and

spot shape (square of side 1 mm) are listed in the paper. However, in a subsequent publication by the

same group [11], the authors specify the use of the Fabbro model [12] for converting laser power density

to pressure amplitude. Still, no data apart from the photographs of laser-induced surface deformations

shown in Figure 4 are available regarding the pressure pulse spatial profile.

To reverse-engineer the probable laser-induced loading on the sample, we selected the ayad2022

model, fixed the laser energy and FWHM duration, and modified the size and sharpness of the pressure

spatial profile to achieve a deformed spot similar to that shown in Figure 4. Note that a change in spot

size leads to the change of the laser power density (i0). For the conversion of i0 to pressure amplitude

(p0), we used the Fabbro model [12]. To obtain the temporal pressure profile, the model from [1] was

utilized. Full laser characterization is presented in Figure 4.
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Figure 5: Experimental LSP-induced residual stresses from [10] compared to simulations with different

material models listed in Table 1. Experimental data correspond to 1.5 J laser energy and AA2024-T3 in

no-clad, and no-foil and Al-foil configurations. Scheme of simulated vs true sample treatment is in the

subfigure.

In experiments, a sample 40×40×4.8 mm was subjected to a series of non-overlapping square shots.

In simulations, we used an axi-symmetric approximation with the same mesh resolution as previously

used to replicate the VISAR data from Ayad et al. [5]. In experiments, the residual stress induced by the

LSP was measured using hole-drilling with a 2 mm i.d. hole. In simulations, we sampled stresses in the

vertical direction at the location indicated on the left hand side of Figure 5. The results are reported in

the right hand side of the same figure.

4 Discussion and conclusion

Comparing the estimated and measured residual stresses, it seems that none of the models align

well with the experimental data but the ayad2022 and harant2022 models are the most promising.

Nonetheless, the experimental data exhibit significant uncertainties; substantial pre-stress near the sample

surface is reported in [10]; the approximation of square LSP shots via the axi-symmetric model may be

overly simplistic; and the laser model may not accurately represent the laser-sample interaction. Even for

the ”perfect” case of AA2024-T3, the situation seems bleak. Automated identification of LSP process

parameters, designed to separately identify laser and material parameters, can help. However, the number

of simulations required necessitates the design of suitable model order reduction workflows.
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CREEP MODEL USED TO DESCRIBE AND PREDICT 

POLYMER CREEP BEHAVIOR UNDER UNIAXIAL TESTING 

CONDITIONS 

Lenka Jakubovičová1, Jaroslav Prajka2, Radim Halama2, 

Michal Šofer2, Martin Fusek2, Milan Sága1 

Abstract: Creep is an inherent and natural time-dependent property of all materials subjected to sustained 

loading. This study focuses on the analysis and prediction of the creep behaviour of the thermoplastic material 

EOS PA 2200 (also known as PA12), which is widely used in manufacturing applications. The creep behaviour 

of PA12 was monitored using a specialized optical measurement system on Digital Image Correlation (DIC). 

The positions of high contrast markers on the sample were continuously recorded during the experiment. The 

experimental results provide the time-dependent creep response for the material under investigation. The Burgers 

creep model for uniaxial tension was applied to describe and analyse the observed creep behaviour. 

Keywords: creep model; thermoplastic material EOS PA 2200 (PA12); Burgers creep model 

1 Introduction 

Thermoplastic polymers are materials characterized by significant viscoelastic behavior, 

which manifests as a combination of elastic and viscous responses to mechanical loading. 

Unlike metallic materials, polymers exhibit significant time-dependent deformation even at 

room temperature, which is due to their low melting point. Viscoelasticity in the material is 

characterized by an instantaneous elastic strain, the steady-state creep strain and the transient 

creep strain. The relative ratio of these components depends on the stress level, temperature, 

and duration of the applied load [1]. 

One of the most significant manifestations of the viscoelastic behavior of materials is 

creep, defined as the slow and gradual deformation of a material over time under constant 

load. Focusing on creep behavior is of substantial importance for the design of thermoplastic 

structural components subjected to long-term static loading. Without an adequate 

mathematical description of the creep process, it is difficult to reliably predict deformation 

and shape changes in the long run, which directly affects their service life and safety margin. 

Experimentally obtained creep curves therefore serve as an essential foundation for 

identifying material parameters and developing constitutive models that enable numerical 

simulations of material behavior. 

The characteristic time dependence of strain and strain rate under uniaxial constant 

loading is illustrated in Figure 1. The total strain of the material at any time is the sum of all 

partial strains. In the initial phase, nearly instantaneous elastic   and plastic   strain, 

followed by the time-dependent creep strain  

  (1) 

where   is elastic strain;  is plastic strain;  is creep strain;  is total strain.
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Figure 1: Strain and Strain rate versus time behaviour during creep under constant force, hence 

constant engineering stress, and the three stages of creep. 

 

In engineering practice, the Burgers model is frequently used to describe viscoelastic 

creep behavior, representing a combination of the Maxwell and Kelvin–Voigt models [2], [3]. 

The Maxwell model consists of a spring  and dashpot  in series, describes the 

instantaneous elastic strain and the subsequent linear increase in viscous strain. The Kelvin–
Voigt model, which consists of a spring  and a dashpot  in parallel, describes the 

material's delayed elastic response. Combining these two fundamental rheological models 

results in the Burgers model, which is capable, in many cases, of adequately describing both 

the primary and secondary creep stages, thus providing a comprehensive analytical 

description of time-dependent strain. 

The material under study is the thermoplastic polyamide PA12, commercially known as 

EOS PA 2200, designed for additive manufacturing technology [4]. This material is 

commonly used in the production of structural components and functional prototypes using 

Selective Laser Sintering (SLS) technology. In the SLS process, thin layers of polymer 

powder are locally sintered using a laser beam. The process takes place at temperatures just 

below the material's melting point, with individual layers gradually bonded into the final 3D 

object. The resulting microstructure of parts manufactured this way is characterized by a 

semi-crystalline morphology with a certain degree of porosity, which can influence their 

mechanical response and subsequent creep behavior. Due to the layered nature of additive 

manufacturing, the material's mechanical response may be slightly anisotropic, depending on 

the printing orientation [4], [5]. 

The basic material properties of PA12 declared by the manufacturer (EOS GmbH, 

Krailling, Germany), are listed in Table 1. 

 

Density of 

laser sintered 

parts [kgm-3] 

Young’s modulus of 
elasticity [MPa] 

Tensile strength 

[MPa] 

Elongation 

at break [%] 

Melting point 

[°C] 

930* 1650* 48* 18* 176* 

Table 1. Basic properties of PA12 material. 

* According to manufacturer’s (EOS GmbH, Krailling, Germany) data sheets [1]. 
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These values represent reference data from the manufacturer’s technical data sheet 
(TDS) and serve as a baseline framework for interpretation of the experimental creep 

measurements carried out in this work. 

The aim of this paper is to identify the Burgers model parameters [6] based on 

representative experimental creep strain measurements of the thermoplastic material PA12. 

Furthermore, this work focuses on determining the accuracy of this mechanical model in 

approximating experimental data and assessing its suitability for predicting the time-

dependent strain of the material subjected to long-term loading [7]. 

2 Methodology and results 

Experimental measurement was performed on a 20 kN electromechanical machine using 

flat dog-bone specimens fabricated by Selective Laser Sintering. Non-contact strain 

measurement was ensured by an optical Digital Image Correlation (DIC) system. High-

contrast markers were applied to the specimen surface; their positions were continuously 

recorded during the test and in time converted into strain data. 

During the experiment, a constant  was applied. For a specimen cross-

sectional area , this load corresponds to a nominal (engineering) stress 

 Throughout the entire duration of the experiment, the specimen's deformation 

was monitored using an optical DIC system consisting of a pair of Basler a2A2840-48umPRO 

cameras equipped with Fujinon 25mm HF-series lenses, and the X-Sight Alpha evaluation 

software [8]. 

The representative time-dependent creep strain curve, obtained from experimental 

measurements under constant stress, serves as input data for the numerical optimization 

process and the identification of material parameters. The selected Burgers viscoelastic model 

(Equation 2), which provides a highly accurate description of the studied PA12 polyamide 

material, is utilized in the subsequent part of this work for the analytical description and 

prediction of the creep process [9]. This model effectively captures both the primary and 

secondary creep stages. The Burgers model fits the experimental data using a four-parameter 

structure consisting of a Maxwell element connected in series (a spring with modulus  and a 

dashpot with viscosity ) followed by a Kelvin–Voigt element (a spring  and a dashpot  

connected in parallel). Such an arrangement allows for the decomposition of the total time-

dependent strain into instantaneous elastic, delayed linear viscous, and slow viscoelastic 

components. 

The mechanical model for the total strain  is defined by the following mathematical 

expression: 

  (2) 

where  is applied constant stress [MPa],  is time [s],  is the modulus of elasticity 

Maxwell element [MPa],  is the modulus of elasticity of relaxation response Kelvin-Voigt 

element [MPa], ,  are the coefficients of dynamic viscosity [GPa/s].  

To facilitate the numerical solution and simplify the optimization algorithm, it is 

convenient to define the ratios of the material coefficients as a set of parameters  and rewrite 

the constitutive equation in the following form: 

  (3) 

where , , ,  are the parameters tailored for optimization using MATLAB 

software, with appropriately defined initial conditions. The selection of suitable starting 

values in the optimization process has a critical impact on the convergence, speed, and 

accuracy of the resulting solution. The design of the parameters should be appropriately 

adapted to the nature of the experimental data as follows: 
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 – represents the component of instantaneous elastic strain; 

 – corresponds to the average secondary creep rate (the slope of the linear portion of the 

curve); 

 – defines the magnitude of delayed elastic strain (the curvature in the primary creep 

phase); 

 –  represents the retardation factor influencing the rate of transition to the steady-state 

phase. 

The parameters are tailored for optimization using MATLAB software, with 

appropriately defined initial conditions. The selection of suitable starting values in the 

optimization process has a critical impact on the convergence, speed, and accuracy of the 

resulting solution. The design of the parameters should be appropriately adapted to the nature 

of the experimental data as follows: 

A script for nonlinear regression analysis using least squares optimization was created 

in MATLAB®. By applying this regression analysis method to Equation 3, the estimates for 

parameters of  were obtained, followed by the calculation of the material constants  and 

,  as presented in Table 2. 

 

Parameters [-] 
    

 49659 e-6 21.589 e-6 42150e-6 5166 e-6 

coefficients  [MPa]  [GPa]  [MPa]  [GPa] 

 803.5 1848.3 946.7 183.2 

Table 2. Results of nonlinear regression of Burger’s model for material PA12. 
 

The optimization was performed to minimize the residual difference between the 

experimental measurement and the mathematically described creep model. The achieved 

coefficient of determination is , and the approximation accuracy demonstrated 

excellent agreement with the experimental data, as shown in Figure 2. 

The relationship shown in Figure 2 illustrates the experimental data from a 

representative creep test, indicated by black circles. The red curve represents the interpolated 

creep strain profile derived from the four-parameter Burgers model. The correlation between 

the experimental and fitted data exhibits high precision, as evidenced by a low root-mean-

square error  between the two datasets. 

 

 
Figure 2: Creep strain measured by DIC and interpolated, load 1660 N. 
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3 Comparison with Experimental Data 

The time-dependent creep strain and the corresponding strain rate for the experimental 

measurements are illustrated in Figure 3. The creep rate is calculated directly from the strain 

increments in individual time steps; consequently, it does not exhibit a smooth profile and 

shows "jagged" characteristics typical of raw data from the DIC system. In contrast, Figure 4 

displays the parameterized curves of the Burgers model, which provide a smooth profile for 

both monitored variables. 

In both cases, the minimum strain rate value was identified as . The 

steady-state creep phase is observed within the time interval from 1,200 to 1,600 seconds. 

Subsequently, a re-acceleration of the strain rate occurs, signaling the transition into the 

tertiary creep stage, which leads to the ultimate failure and fracture of the material at 

approximately  seconds. 

 

  
Figure 3: Creep Strain and Strain Rate,  

load 1660 N, Raw data - DIC. 

Figure 4: Creep Strain and Strain Rate, 

load 1660 N, fitted data. 

 

It can be concluded that the application of the Burgers model enabled the transformation 

of discrete experimental data into a continuous analytical description. The resulting smoothed 

curves provide a more precise foundation for further mechanical analysis and the lifetime 

prediction of components manufactured from PA12. 

4 Discussion and Conclusion 

The primary objective of the authors was to accurately identify the time-dependent creep 

strain of the material and to define the material constants required for subsequent numerical 

simulations. Creep tests were conducted on flat "dog-bone" specimens fabricated using 

Selective Laser Sintering (SLS) technology. Experimental measurements were performed on 

an electromechanical testing machine under a constant load of 1,660 N, corresponding to an 

engineering stress of 40 MPa. Strain measurement throughout the entire duration of the 

experiment was carried out using a Digital Image Correlation (DIC) optical system. During 

this non-contact measurement, the positions of high-contrast markers on the specimen surface 

were continuously recorded. Subsequently, the authors analyzed the time dependence of the 

strain rate. Under the given load, the steady-state creep (secondary phase) occurred within the 

time range of 1,200 to 1,600 seconds, with a minimum strain rate of . The 

gradual accumulation of strain led to the ultimate failure of the material at approximately 

1,700 seconds. 
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Based on the obtained data, the authors compiled a four-parameter Burgers model, 

consisting of a Maxwell element and a Kelvin-Voigt element connected in series. Using non-

linear regression analysis in MATLAB, the authors succeeded in determining all material 

constants ( , , , ) required for the exact definition of this model. The selected model 

describes the primary and secondary creep phases with high precision, as evidenced by the 

excellent agreement with experimental data, represented by a coefficient of determination of 

. 

The obtained results provide a detailed analysis of a representative experimental 

measurement of creep deformation, enhancing the understanding of the time-dependent 

behavior of the SLS-manufactured PA12 thermoplastic. In the future, the authors intend to 

focus on determining the Burgers model parameters under various load levels and different 

print orientations. 
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ANALYSIS OF PRESSING JOINT OF PYRAMIDAL PIPE 

Roland Jančo1 

Abstract: This paper presents a stress analysis of a pressed joint of two pyramidal pipes with the aim to find out 

whether this kind of connection is suitable for telecommunication masts. The analysis can be considered a 

complex spatial problem of a thin-walled shell, where the local bending stress influence might be dominant. In 

this paper a solution using engineering approach and numerical analysis with finite element method (FEM) will 

be compared. 

Keywords: pyramidal pipes, finite element analysis, thin-walled shell, contact pressure 

1 Introduction 

The paper presents a continuation of Article [1, 2] of the strength analysis of the pressed 

joint of two conical pipes in order to determine whether this method of connection is suitable 

for telecommunication masts. references.  

2 Stress analysis of a press-fit joint of two thin-walled pyramidal pipes 

Let us assess the stress of a press-fit joint of ideal n-sided pyramidal thin-walled tubes 

(with sharp corners) and forceless insertion of pipes. While at the general location x, contact 

forces P will arise in the corners (as a result of contact pressures around the corners of n-sided 

"rings" of unit width, see Fig. 1; in the central region of the sides b, the contact pressure will 

be practically zero - otherwise bending buckling of the sides would occur). 

 
Figure 1: Contact force P in the corners n-sides rings. 

Due to the corner forces P, membrane stresses arise in a “ring” of unit width: 

 
P Pr

bh
2h sin

2

 = =


 (1) 

which are compression in the inner ring and tension in the outer ring. The length of a side of a 

regular n-gon is b 2r sin
2


= , where 

360

n
 = is the central angle corresponding to one side. 
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3 Numerical analysis 

Numerical solution was made by transfer of bending moment between two thin-walled 

pipes without clearance and without lap see Fig. 2. Value of bending moment is MB = 629.106 

N.mm. Solution was solved using finite element methods in program ANSYS. This problem 

is solution of contact between two solid pyramidal pipe. The Fig. 3 shows the equivalent 

stress. 

 
Figure 2: Boundary and load condition. 

 

 
Figure 3: The equivalent stress (MPa). 

4 Conclusion 

In conclusion, we can say that the analytical solution coincides with the numerical 

solution. 
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TOWARDS PARAMETER IDENTIFICATION IN LASER
PEENING USING MODEL ORDER REDUCTION

A. Kovárnová1, M. Isoz2, J. Terpáková3, A. Prado4, P. Gruber5, D. Gabriel6

Abstract: Material parameters of metals and metal alloys are crucial for predictive simulations of the laser peening process;
however, the experiments are challenging and the literature often provides conflicting values (for further details see the contri-
bution by dr. Isoz). Here we build on the aforementioned contribution and we perform a sensitivity study of the Johnson-Cook
material model parameters. The results are compared to experimental data from the literature, namely backface velocity mea-
surements done using the velocity interferometer system for any reflector (VISAR) and the unknown parameters are identified.
Furthermore, we aim to accelerate the parameter identification using model order reduction techniques.

Keywords: Model order reduction; laser peening; Johnson-Cook plasticity

1 Introduction

Laser peening (LP) is a widely used technique to increase the strength and fatigue resistance of metal

components. During LP, high-energy laser pulses convert a small portion of the material into plasma,

which sends an elasto-plastic wave through the treated material and increases its hardness. LP has been

numerically simulated since the 1990s using the finite element method [1], and recently approaches using

the finite volume (FV) method have been developed [2]. In order for the simulations to be truly predictive,

both elastic and plastic parameters of the modeled material have to be known beforehand. Regrettably,

the literature is often not in agreement when it comes to these parameters and provides conflicting values;

see, e.g., [3, 4], or an overview in the contribution by Martin Isoz at this very conference.

Some material parameters can be obtained by comparing LP simulations to experimental data, for

instance, the backface velocity (BFV) evolution measured using the velocity interferometer system for

any reflector (VISAR). This type of parameter estimation comprises running the simulation repeatedly

for different sets of parameters, which proves to be computationally expensive.

The task can be accelerated by employing model order reduction (MOR). MOR can work in an a

posteriori manner: the simulation is precomputed only for several parameter configurations, and from the

snapshots a drastically computationally cheaper reduced-order model (ROM) is created and can be used

in the parameter estimation itself. In classical mode-based MOR methods, ROM evaluation comprises a

superposition of some modes extracted from the pre-computed snapshots, e.g., by the proper orthogonal

decomposition (POD) [5]. However, the BFV evolution has sharp peaks that appear when the elasto-

plastic wave from LP reaches the backface, and their positions depend on the speed of the wave, which

in turn depends on the material parameters. For material parameters that were not used for the ROM

construction, POD-based methods estimate these peaks insufficiently.

In this contribution, we aim to augment the existing MOR methods using known physical properties

of the materials. In particular, prior to computing POD, we transform the snapshots to compensate for

different speeds of sound, i.e. different speeds of elastic wave in the material, which circumvents the

issue with differently placed peaks and leaves only the plastic effects to be captured by POD. We aim to

use this augmented method to estimate the Johnson-Cook parameters of the aluminum alloy 2024-T3.
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3 Jarmila Terpáková; Institute of Thermomechanics of the CAS; terpakoj@it.cas.cz
4 Angel Prado; Institute of Thermomechanics of the CAS; prado@it.cas.cz
5 Pavel Gruber; Institute of Thermomechanics of the CAS; pgruber@it.cas.cz
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2 Problem description

Model The solver used for the parameter estimation is the finite volume (FV) method framework for

simulating laser peening by Isoz et al. [2], pyLSP. It is implemented in the open-source FV method library

OpenFOAM and managed by a Python wrapper. Individual laser shots are represented as spatially and

temporally dependent pressure loadings. The chief advantage of the framework is that it is able to handle

multiple laser shots: it alternates between simulating dynamic wave propagation caused by the pressure

loading and subsequent static relaxation. In this contribution, all the results stem from a dynamic wave

propagation from a single laser shot, so only a simplified description of the dynamic part of the solver

will be provided.

Let us denote the computational domain as Ω with a boundary Γ = ∂ Ω. The wave propagation is

considered to be under small strain settings, ϵ = 1
2
(∇d+ d∇), where d refers to the displacement, with

the damping effects and body forces neglected, and is governed by the Cauchy momentum equation

∇ · σ = ρ d̈ in Ω , (1)

where σ is the stress tensor and ρ density. The governing equation is endowed with the initial (IC) and

boundary (BC) conditions:

IC : d = ḋ = d̈ = 0 in Ω, BC : d = 0 in ΓD, n · σ =

{

0 in Γt

n pℓ in Γp

. (2)

ΓD denotes the fixed part of the boundary where zero displacement is enforced, Γp the laser-processed

part of the boundary that is under pressure loading pℓ, and Γt = Γ\ΓD\Γp.

The internal state of the material is described by the plastic strain ϵp, which evolves under the isother-

mal Johnson-Cook yield criterion [6]

σy =
(

A+B ϵnp
)

(

1 + C ln

(

ϵ̇effp
ϵ̇0p

))

, ϵ̇effp = max
(

ϵ̇p, ϵ̇0p
)

. (3)

where σy is the yield criterion,ϵ̇p is the plastic strain rate and A, B, C, n, and ϵ̇0p are empirical parameters.

The parameter A can be interpreted as the initial yield criterion, B and n describe strain hardening, and

C and ϵ̇p strain rate hardening. As the static part A is more easily measurable, in this work we consider

it to be known and aim to identify B, C, and n. The reference strain rate ϵ̇0p is considered to be 1 s−1.

The dynamic wave consists of an elastic and plastic part; while the propagation of the plastic wave

is more complicated, the speed of the elastic wave corresponds to the speed of sound in the material and

for an isotropic homogeneous material is obtainable from the knowledge of any two elastic constants.

For example, using the Young modulus E and the Poisson ration ν, the speed of the elastic wave is given

as

c =

√

E (1− ν)

ρ (1 + ν) (1− 2ν)
. (4)

As proof of concept, we also calibrated the model for an unknown elastic parameter, in particular ν.

Experiment configuration and computational domain We attempt to identify the material param-

eters using experimental data by Ayad et. al [3]. Their sample is a circular metalic plate with 1 mm

thickness and 10 mm diameter, which is under laser-induced pressure loading in the center. The sides of

the plate are fixed, while the top and bottom are free to vibrate. Due to the axi-symmetric nature of the

geometry and pressure loading, in this contribution only a 2D wedge is simulated. See the computational

domain with boundary conditions in Figure 1.

The laser pulse itself has a circular spatial distribution with a radius of 2 mm and its temporal profile

is Gaussian with duration of 7.2 ns at full width at half maximum. Both spatial and temporal profiles are

presented in Figure 2. Its power density is I = 2.2GW/cm2, which corresponds to maximum pressure

pmax = 2.2
√
I = 3.45GPa, in agreement with [3].
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Figure 1: Computational domain, adapted from [3], with prescribed boundary conditions. The compu-

tational mesh comprises 51051 FV cells.
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Figure 2: Laser parameters: (a) temporal profile, (b) spatial profile.

Ayad et al. measure the response of the metal plate to the pressure loading in the form of its backface

velocity (BFV), i.e., the speed of movement of the back side of the plate induced by the spread of the

elasto-plastic wave. The BFV is determined employing the visar interferometer system for any reflector

(VISAR) and is sampled for the first 850 ns. The location of the sampling area, effectively a disc with

100µm in diameter, is symbolized by the blue square in Figure 1. Only the velocity component in the

direction of the axis of symmetry is provided.

Model order reduction In order to avoid having to simulate the computationally expensive pyLSP

model during the parameter estimation, we use a posteriori model order reduction (MOR) techniques.

First, the model is precomputed for several representative parameter configurations; using the snapshots,

a computationally cheaper reduced-order model (ROM) is constructed. In particular, we use a combina-

tion of the proper orthogonal decomposition (POD) and interpolation by radial basis functions (RBFs).

The quantity of interest that is used in the parameter estimation is the BFV. Denoting the unknown

parameter vector as µ := {B,C, n, ν}, µ ∈ P ⊆ R
4 and considering a time interval t ∈ [0;T ], for

which the experimental data was provided, BFV is a scalar function uBF : (t,µ) → R. In practice,

it is sampled in discrete time intervals, leading to the discrete analogue uh
BF : µ → R

Nt , where Nt

is the number of time steps sampled. To gather the data necessary for the construction of the ROM,

BFV is simulated for Nµ instances of µi and the results are saved into a matrix of snapshots Q =
[

uh
BF(µ1), . . . , u

h
BF(µNµ)

]

∈ R
Nt×Nµ .

As a first step, a low-rank approximation of the matrix of snapshots is computed via POD. POD is

frequently used for the analysis of dynamic flows [5], each snapshot in Q corresponding to a solution of a

spatially discretized PDE in one time step. This way, usually the dependence on the spatial coordinate is

contained in the column space and the dependence on time in the row space. However, in this application,

the time plays the role normally played by the spatial coordinate, while the parameter dependence is

represented the same way that the time usually is.

POD technically reduces to a truncated singular value decomposition (SVD) of Q,

Q ≈ Qℓ = ΨℓΣℓ(V ℓ)T = ΨℓHℓ , Ψℓ = [ψ1, . . .ψℓ] ∈ R
Nt×ℓ, Hℓ = [η1, . . .ηℓ]

T ∈ R
ℓ×Nµ (5)

where Ψℓ is a matrix of the first ℓ orthonormal modes, which in our application represent the temporal

dependence,
(

V ℓ
)T

also comprises orthonormal vectors, and Σℓ is a diagonal matrix of singular values σr
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sorted in decreasing order; a fast decrease in singular values signifies that the matrices can be truncated

quite substantially, with relative error εPOD(ℓ) =
∥

∥Q−Qℓ
∥

∥

F
/ ∥Q∥F = 1 −

√

∑ℓ
r=1 σ

2
r/
∑n

r=1 σ
2
r ,

where ∥·∥F denotes the Frobenius norm.

Physically speaking, the temporal evolution of the BFV can be approximated for any simulated

parameter configuration µi as a superposition of the first ℓ POD modes {ψr}ℓr=1. Their parameter-

dependent amplitudes are located in Hℓ in their respective columns. The approximate amplitudes η̃ℓ(µ∗)
for a previously unseen parameter vector µ∗ can be obtained by interpolation or regression of known

values in Hℓ. In this contribution, interpolation by radial basis functions (RBFs) is used.

A problem arises when a POD & RBF approximation of the BFV for an unseen value of the Poisson’s

ratio ν is sought. In the BFV evolution, there are visible peaks when the elasto-plastic wave reaches

the back face and is reflected; however, the speed of the elastic wave depends on ν as given by (4).

Consequently, the peaks appear in different positions for different values of ν. However, POD&RBF is

only able to give approximations using structures already present in the sampled snapshots and attempts

to reconstruct the peak by seemingly averaging between neighboring peaks. See an illustration of this

issue in Figure 3a or cf. [7] for a comprehensive review of MOR techniques for systems with strong

advection.
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Figure 3: (a) Snapshots of uh
BF for two different values of ν and a POD&RBF prediction for ν not used

for the ROM construction. The shortcomings of the method are the most prominent at the second peak

at t ≈ 550 ns. (b) Snapshots of uh
BF for ν = 1.0ν0 and ν = 1.2ν0. The point where the elastic wave

reaches the back face is marked as elastic precursor and depends on ν; the plastic part of the wave arrives

shortly afterwards. When the second snapshot is squeezed, the positions of the elastic precursors match,

and the other peaks also move closer to each other’s position.

To compensate for the different elastic wave speeds caused by different values of ν, we seek to

transform the snapshots uh
BF(µi) prior to computing POD. The goal is to have the snapshots ”squeezed”

or ”expanded” so that the elastic wave always reaches the same spot it would reach for some reference

speed c0. To this end, we introduce the continuous squeeze operator T c and its inverse (T c)−1
, which

”unsqueezes” the data back to its original position

T c := uBF (t,µ) → uBF

(

t
c0

c(µ)
,µ

)

, (T c)−1 := uBF (t,µ) → uBF

(

t
c(µ)

c0
,µ

)

, (6)

where c(µ) is the speed of sound given by (4). Then, the discrete analogue of T c acting on the columns

of Q is denoted T c. An illustration of this transformation is given in Figure 3b. Note that uh
BF needs to be

sampled over some time interval [0;T ] to cover the time for which the experimental data was gathered.

The squeeze operator can shorten or lengthen this time interval; to have a physically-relevant way of

covering the time interval after squeezing and unsqueezing for all µ, the simulations for producing uh
BF

have to be run for a longer time [0;Tsim] , Tsim = T maxµi
(c (µ))/minµi

(c(µ)).
Before computing POD, the snapshots are transformed by T c. During the ROM evaluation, the

superposition of the POD modes {ψr}ℓr=1 is transformed back by (T c)−1
to provide an estimate ũh

BF.
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3 Results

Known and sought parameters We are working with the aluminum alloy 2024-T3 – its density ρ,
Young modulus E and the static parameter of the Johnson-Cook model A are considered known and are
given in Table 1. On the other hand, three plastic parameters and one elastic parameter – B, C, n and ν
– are considered to be unknown and Table 1 gives them as starting points for the parameter estimation,
taken from [3], and ranges considered as multiples of the starting points.

ρ [kg/m3] E [GPa] A [MPa] B [MPa] C n ν

(starting) value 2780 73.1 369 329 0.025 0.35 0.33

considered range – – – [0.25, 1.5] [0.25, 1.5] [0.5, 1.5] [0.8, 1.2]

Table 1: Known material properties of AA2024-T3 [3], starting points for identifying ”unknown” mate-

rial parameters, considered range for the estimation as multiples of the starting values.

ROM construction To construct the ROM, we have simulated uh
BF for parameter configurations cov-

ering the considered P . In total, 900 uh
BF snapshots were gathered. The values in uh

BF were sampled

with a 1 ns step and an interval up to T = 850 ns had to be covered. However, the simulations had to

be run for a longer period of time to account for the effects of the squeeze operator. The lowest con-

sidered Poisson ratio ν = 0.264 corresponded to c = 5695m s−1, while the highest ν = 0.396 led to

c = 7396m s−1. This yielded Tsim = 1104 ns, i.e. the matrix of snapshots was Q ∈ R
1104×900. The

ROM itself comprised the mean and the first 15 POD modes, which conveyed εPOD(15) = 1.16 · 10−4 .

Squeeze operator interpolation error While the continuous version of the squeeze operator is in-

vertible for c(µ) ̸= 0, its discrete version T c does not shift the data exactly to the time-steps that were

sampled and interpolation is necessary. Here, the error inflicted by using first order interpolation was

εinterp =

∥

∥

∥
⌊(T c)−1 (T c (Q))⌋

∥

∥

∥

F

∥⌊Q⌋∥F
= 9.84 · 10−4 , (7)

where the floor brackets ⌊·⌋ signify a block of matrix, which contains the relevant data for t ∈ [0;T ], in

this particular case the top 850 rows.

Parameter estimation ROM is then used to provide an estimate ũBF(t,µ
∗) for any µ∗ ∈ P . The

estimate is compared with experimental values and the least-squares error is minimized using the L-

BFGS-B algorithm, as implemented in the scipy.optimize Python library.

min
µ∈P

εexp, εexp =
1

T

T
∫

0

(

ũBF(t,µ)− uexpBF (t,µreal)
)2

dt . (8)

The optimal value using this measure was found at B = 174MPa, C = 0.0126, n = 0.431, ν = 0.335.

The evolution of ũBF for these parameter values estimated by POD & RBF is found at Figure 4a, as well

as uBF recomputed using pyLSP. The ROM estimate and the re-computation are in good agreement.

Compared to uBF obtained by simulating for the parameters from Ayad et al. [3], the results are quite

similar, the notable differences being smaller peaks at t ≈ 200 ns and t ≈ 500 ns and higher values to-

wards the end. We have noticed that both of these effects correlated with decreasing B and C. However,

the heights of the peaks also correspond to maximum pressure loading pmax, which has to be experi-

mentally correlated for each laser. Some of these results then do not have to be attributed to the material

really having low B and C, but to the simulation settings.

Furthermore, leading slices along each parameter through the estimated optimum, the error is ex-

tremely sensitive to changes in ν, somewhat sensitive to changes in C, but not particularly sensitive to

B and n, see Figure 4b. The BFV alone is therefore not sufficient for truly reliable model calibration.

However, B and n in the Johnson-Cook model both describe dependence on strain ϵp, not the strain

rate ϵ̇p. Therefore, they could possibly be better calibrated using experimental data from non-dynamical

methods, such as measurements of the residual stress via hole drilling.
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Figure 4: (a) BFV evolution for the optimal parameters estimated by ROM, recomputed by pyLSP and

simulation done using the parameters by [3] vs. experimental data. (b) Slices through the error surface

led through the found optimum.

4 Conclusion

In this contribution, we have combined the existing data-driven POD&RBF method for model order

reduction with transformations based on the speed of sound in a material, to make it more suitable for

quick estimation of elastic and plastic material parameters using the backface velocity (BFV) measure-

ments. We then attempted to use it for the estimation of the parameters of the Johnson-Cook plasticity

model and the Poisson’s ratio of AA-2024-T3. Regrettably, the BFV was not particularly sensitive to

some of the parameters and for a more reliable estimation, other experimental data will have to be used.
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ON THE EFFECT OF SCALABILITY AND NORMALIZATION
IN PHYSICS-INFORMED NEURAL NETWORKS

P. Kovář1, J. Fürst2

Abstract: Physics-informed neural networks (PINNs) have emerged as a powerful framework for solving problems governed
by partial differential equations. However, their performance and training stability are often sensitive to problem scaling. In this
work, the effect of scalability in physics-informed learning, with particular emphasis on the normalization of input variables
is presented. Appropriate input normalization plays a critical role in balancing data-driven and physics-based loss terms,
improving gradient propagation, and enhancing convergence behavior, that is shown through a series of numerical experiments.
These findings highlight normalization as a key yet often overlooked component in the effective deployment of PINNs.

Keywords: Physics-informed neural networks; scales; normalization

1 Introduction

In recent years, physics-informed neural networks (PINNs) have gained significant attention as a

versatile and powerful approach for solving problems governed by partial differential equations [1, 2].

By embedding physical laws directly into the loss function of a neural network, PINNs offer a mesh-

free alternative to traditional numerical methods, enabling the solution of forward and inverse problems

across a wide range of scientific and engineering applications. Their ability to integrate observational

data with governing equations makes them particularly attractive in scenarios where data are scarce or

noisy.

Despite their promise, the practical deployment of PINNs remains challenging. One of the key diffi-

culties lies in training stability and convergence efficiency, which are often sensitive to the formulation of

the problem. In particular, the relative scaling of input variables, output quantities, and loss components

can significantly influence the optimization process. Poorly scaled problems may lead to imbalanced

gradients, slow convergence, or even failure to learn meaningful solutions.

Normalization is a standard technique in machine learning used to improve training dynamics by

ensuring that inputs and outputs lie within comparable ranges. However, in the context of PINNs, nor-

malization plays a more nuanced role. Since the loss function typically combines data-driven terms with

physics-based residuals, improper scaling can distort their relative contributions, hindering the network’s

ability to simultaneously satisfy both. As a result, normalization is not merely a preprocessing step but a

critical design choice that directly impacts the effectiveness of physics-informed learning.

Although several studies have addressed optimization strategies and architectural improvements for

PINNs, the systematic investigation of scalability and input normalization remains limited. In particular,

there is a lack of clear guidelines on how normalization affects gradient propagation, loss balancing, and

overall convergence behavior in physics-informed settings.

This work aims to address this gap by examining the effect of scalability, with a specific focus on

input normalization, in physics-informed neural networks. Through a series of numerical experiments, it

is analyzed how normalization strategies influence training dynamics and solution accuracy. The results

demonstrate that appropriate normalization can significantly enhance convergence and stability, under-

scoring its importance as a key yet often overlooked component in the successful application of PINNs.
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2 Task formulation

Let u = u(x, t) denote the temperature field defined over the spatial domain x ∈ Ω = (0, L) and

time interval t ∈ (0, T ]. The evolution of the temperature is governed by the classical one-dimensional

unsteady heat equation, which may depend on the thermal diffusivity parameter, and is given by [3]

∂u

∂t
(x, t) = α

∂2u

∂x2
(x, t) + f(x, t;α), (1)

where α > 0 denotes the thermal diffusivity coefficient. In the present study, the source term is neglected,

i.e., f(x, t;α) = 0. The problem is complemented by the initial condition

u(x, 0) = u0(x) = −50x(x− 1)(x− 1/3)(x− 0.5), x ∈ [0, 1], (2)

and homogeneous Dirichlet boundary conditions

u(0, t) = 0, u(1, t) = 0, t ∈ [0, 0.3]. (3)

3 Method

Neural output of individual neural unit is consisted of two operations as it is shown in Figure 1.

Product of the somatic operation ỹ, in general, can be expressed as [4]

ỹ = σ(s). (4)

Let us assume N -th order neural unit, then product of synaptic operation can be written as [4, 5]

s = w0x0 +
n∑

i=1

wixi +
n∑

i=1

n∑

j=i

wijxixj + · · ·+
n∑

i1=1

· · ·
n∑

iN=iN−1

wi1i2...inxi1xi2 . . . xin , (5)

where x0 = 1 denotes bias and n stands for length of input feature vector.
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
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Figure 1: Single neural unit.
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Figure 2: Shallow neural network.

A physics-informed neural network (PINN) is employed to approximate the solution u(x, t) by a

neural network representation ûθ(x, t, α) with trainable parameters θ. In the parametrized setting con-

sidered herein, the network takes the triplet {x, t, α} as input variables.

The training procedure is based on minimizing a composite loss function that enforces consistency

with the governing partial differential equation (PDE), as well as the prescribed initial and boundary

conditions:

L(θ) = λPDELPDE(θ) + λICLIC(θ) + λBCLBC(θ), (6)

where λPDE, λIC, and λBC are weighting coefficients.
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The initial condition loss is evaluated over a set of points {(xiIC, tiIC)}
NIC

i=1
at the initial time tIC:

LIC(θ) =
1

NIC

NIC∑

i=1

∣∣ûθ(xiIC, tiIC, α)− uIC(x
i
IC, t

i
IC, α)

∣∣2 . (7)

Similarly, the boundary condition loss enforces the prescribed constraints on the boundary ∂Ω using

a set of collocation points {(xiBC, t
i
BC)}

NBC

i=1
:

LBC(θ) =
1

NBC

NBC∑

i=1

∣∣ûθ(xiBC, t
i
BC, α)− uBC(x

i
BC, t

i
BC, α)

∣∣2 . (8)

The PDE residual loss LPDE(θ) is constructed based on the one-dimensional unsteady heat equa-

tion (1) defined over the domain x ∈ [xmin, xmax] and t ∈ [tmin, tmax]. For improved numerical stability

[6], the independent variables are linearly mapped to normalized coordinates (x̂, t̂) ∈ [−1, 1]2 according

to

x̂ = 2
x− xmin

xmax − xmin

− 1, t̂ = 2
t− tmin

tmax − tmin

− 1. (9)

Application of the chain rule yields the transformed derivatives

∂u

∂t
=

2

∆t

∂u

∂t̂
,

∂2u

∂x2
=

4

(∆x)2
∂2u

∂x̂2
, (10)

where ∆x = xmax − xmin and ∆t = tmax − tmin.

Substituting these expressions into the governing equation leads to the scaled form

∂u

∂t̂
− α

2∆t

(∆x)2
∂2u

∂x̂2
= 0. (11)

Consequently, normalization introduces an effective diffusion coefficient

αscaled = α
2∆t

(∆x)2
, (12)

which must be consistently incorporated into the physics-informed formulation.

The PDE loss is therefore evaluated over a set of collocation points {(xiPDE, t
i
PDE)}NPDE

i=1
as

LPDE(θ) =
1

NPDE

NPDE∑

i=1

∣∣∣∣
∂ûθ
∂t

(xiPDE, t
i
PDE, α)− α

2∆t

(∆x)2
∂2ûθ
∂x2

(xiPDE, t
i
PDE, α)

∣∣∣∣
2

, (13)

where the required derivatives of ûθ(x, t, α) with respect to {x, t} are computed via automatic differen-

tiation algorithm introduced by Baydin in [7].

The diffusion coefficient α is treated as a parametric input and sampled prior to training. To mitigate

bias toward larger values, sampling is performed uniformly in the square-root space:

s ∼ U
(√

αmin,
√
αmax

)
, α = s2, (14)

which induces a probability density proportional to α−1/2 over the interval [αmin, αmax]. This strategy

enhances the representation of low-diffusivity regimes while maintaining a bounded sampling domain.

Perceptron network architectures employed 32 and 256 neurons in the first and second layer as shown

in Figure 2, respectively [8]. The optimization process was carried out using the Adam algorithm with

an initial learning rate µ = 0.001. An exponential learning rate scheduler with decay factor γ = 0.95
was applied every 100 from total 1000 epochs. Each epoch consisted of 50 mini-batches, where each

mini-batch contained five values of the diffusion coefficient α sampled using Latin hypercube sampling

(LHS) over the prescribed parameter range. The collocation points were also generated using LHS, with

256 points assigned to the initial condition and to boundary conditions and 2048 points distributed within

the interior of the domain.

81



4 Results

A reference solution for comparison was obtained using the finite difference method (FDM). The

governing heat equation was discretized using an explicit Euler scheme for the transient term and a

central difference scheme for the diffusive term, with time and spatial step sizes of ∆t = 3 × 10−5

and ∆x = 0.01, respectively. The resulting testing error, evaluated in terms of the root mean square

error (RMSE), is reported for selected values of the thermal diffusivity coefficient α = {0.02, 0.4, 0.9}
and at different time instances. The effect of scaling the governing equation (Eqns. (1) and (11)) under

normalized inputs {x, t} is illustrated in Figure 3.

Figure 3: Effect of derivatives scaling as a result of inputs normalization.

It can be observed that the RMSE is reduced in all considered cases when the scaling of derivatives,

induced by input normalization, is properly accounted for. Further improvement is achieved by applying

scaling prior to sampling the diffusion coefficient α, as described in Eq. (14). This leads to increased

solution accuracy, particularly in the low-diffusivity regime, as demonstrated in Figure 4.

Figure 4: Effect of the thermal diffusivity scaling before uniform sampling.
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A comparison of the total training loss across all testing scenarios, i.e., thermal diffusivity values

α = {0.02, 0.4, 0.9} and time instances t = {0, 0.02, 0.3}, is presented in Figure 5. The results indicate

that normalization of the independent input variables {x, t} without consistent scaling of the governing

equation, through the modified diffusivity αscaled, leads to testing errors that are higher by an order of

magnitude. Furthermore, scaling the diffusivity coefficient α prior to sampling improves both conver-

gence speed and accuracy, yielding testing errors that are an order of magnitude lower than those obtained

with uniform sampling, and up to two orders of magnitude lower compared to the unscaled case.

Figure 5: Testing error evolution during epochs.

5 Conclusion & Further work

This study investigated the effect of input normalization, governing equation scaling, and param-

eter sampling strategies on the performance of physics-informed neural networks (PINNs) for solving

the one-dimensional unsteady heat equation. The results demonstrate that normalization of the input

variables alone is insufficient and may even lead to degraded accuracy if not accompanied by consistent

scaling of the governing equation.

In particular, incorporating the scaling induced by the normalization of the independent variables

into the differential operator significantly improves the solution accuracy. As shown in Table 1, this

reduces the total RMSE by approximately one order of magnitude when compared to the unscaled case.

Furthermore, the choice of sampling strategy for the diffusion coefficient α was found to have a substan-

tial impact. Sampling in the square-root space, as opposed to uniform sampling, further improves the

accuracy by an additional order of magnitude, yielding the lowest observed error of 2.67× 10−5.

These findings highlight that proper treatment of scaling and normalization is essential for stable and

accurate training of PINNs. In particular, consistency between input normalization and the formulation

of the governing equations, together with an appropriate parameter sampling strategy, plays a critical

role in achieving reliable results.

Input normalization Equation scaling α sampling Total RMSE

yes no uniform 5.31× 10−3

yes yes uniform 5.57× 10−4

yes yes sqrt 2.67× 10−5

Table 1: Summary of the results achieved.
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Future research will focus on extending the present framework to more complex parametric settings.

One natural extension is the inclusion of additional input parameters, such as variations in the initial

condition, which would further increase the dimensionality and complexity of the learning problem.

Moreover, the methodology will be applied to more challenging nonlinear problems, such as the

viscous Burgers’ equation, where the presence of the convective term introduces stronger nonlinearity

and sharper solution features. This will allow for a more comprehensive assessment of the interplay

between normalization, scaling, and training dynamics in physics-informed neural networks.

Such extensions are expected to provide deeper insights into the robustness and generalization capa-

bilities of PINNs in more realistic and demanding scenarios.
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CONCEPT OF VIBRATION ATTENUATION OF PRIMARY 

STRUCTURE USING COMPUTED TORQUE CONTROL OF 3-

DOF MULTIBODY NONLINEAR ABSORBER 

Karel Kraus1, Zbyněk Šika2 

Abstract: This paper proposes initial study of nonlinear vibration absorption of a planar flexible structure using 

an active multibody 3-DoF absorber. Following on from the previous linear control approach incorporating 

passive effects nonlinearities only, newly the overall nonlinear multibody model is utilized via computed torque 

control algorithm. Acceleration signals from the primary flexible structure will be used as target control output in 

the whole feedback. The aim of the study is simulation verification of the concept using the identified nonlinear 

absorber model, which is the initial step towards experimental verification of absorption. 

Keywords: multi-DoF absorber, vibration suppression, Computed Torque Control  

1 Introduction 

Vibration attenuation may be implemented via various approaches, such as isolation, 

absorption or structure redesign, all with using passive or active elements. In the case of 

active vibration absorption, additional mass is attached to the primary flexible structure and 

equipped with an actuator. Linear voice-coil actuator is generally viable option, since it has no 

inner stiffness or gears, and can be driven solely with respect to additional force brought into 

the system. In the previous work [1], vibration attenuation of primary flexible structure has 

been performed using nonlinear 3-DoF symmetric absorber (Figure 1.). The main effort of the 

control design has been aimed to absorber control algorithm based solely on feedback from 

relative position of the absorber to the primary flexible structure. In the following work, the 

attention is paid to control algorithm based on overall system model with additional sensors. 

A computed torque control (CTC) is widely used for robotic manipulators [2] or 

manipulator joints with friction modelling [3]. Thus, CTC is being designed and applied to 

control voice-coil actuators of the attached absorber using additional sensors attached to the 

primary flexible structure. 

2 Absorber design and control algorithm 

The 3-DoF absorber is designed such that it can operate in all directions of 2D space, 

i.e. two translational and one rotational. Also, due to its symmetrical design, it is able to 

achieve unifrequency for its all three eigenmodes. The main absorbing mass is attached to the 

primary flexible structure using three legs composed of multiple parallel elements, such as 

linear bearing, voice-coil actuator, springs and linear encoders. 

Reading of these linear encoders is performed with 10-7 mm resolution and 10 kHz 

sample rate, therefore, they are capable to provide positional feedback precise enough for 

control algorithm and passive effects identification. 
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The flexible primary structure is then equipped with three-directional acceleration 

sensor. Rotating unbalanced mass attached to the structure is used to bring external vibration 

excitation to the system. So far, acceleration signals have been used solely for absorber 

control algorithms tuning and verification. In current approach, the model of the whole 

structure is used for CTC algorithm, therefore, the acceleration signals are utilized as a direct 

input to the control algorithm, along with linear encoders in the absorber’s legs. Desired 

acceleration of the flexible primary structure is used as a target for vibration suppression and 

computed forces for voice-coil actuators are the only output. 

 

 
Figure 1: Flexible structure with 3-DoF absorber attached via linear bearings and voice-coil actuators. 

Conclusion 

Control algorithms based only on feedback from the absorber linear encoders are able to 

significantly reduce vibrations of the primary structure, but are also more prone to 

environmental change and not effective for small vibration amplitudes. Current simulations of 

the whole structure incorporating CTC promise more robust control of the primary structure 

vibration attenuation at the price of modelling of the primary structure dynamics. 
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MODIFIED COMPUTED TORQUE CONTROL FOR
OPEN-CHAINS WITH FLEXIBILITIES AND NONLINEAR

ABSORBER

J. Krivošej1, S. Čelikovský2, Z. Šika3

Abstract: This article uses simulations to study the concept of a planar open-chain system consisting of primary structure
with requested motion of its end-point and nonlinear absorber as an auxiliary structure. The aim is to improve accuracy of
tracking the end-point motion of the chain including suppression of unwanted vibrations. For the given system, the possibility
of coordinated control of this entire nonlinear system is studied with the aim of determining its applicability and limitations.
The basis is the use of a modified version of the computed torque method.

Keywords: Planar open-chain system; nonlinear absorber; auxiliary structure; vibration suppression; modified computed

torque control

1 Introduction

Traditional active vibration absorbers, frequently implemented with control strategies such as the

Linear Quadratic Regulator [1] or delayed resonator [2, 3], are generally well-suited for stable, steady-

state vibrations. However, they may encounter performance limitations when operating conditions

change dramatically, which is typical during the macroscopic motion of a mechanism. In the case of

complex spatial vibrations at a given frequency range, active absorbers can be utilized for comprehen-

sive suppression. Nevertheless, such absorbers remain predominantly tuned to a specific operating area

within a given configuration [4]. In contrast, this paper focuses on the global dynamics of the non-linear

system.

In our approach, we perceive the non-linear absorber as a form of “non-linear antiresonance”. In this

context, the objective is to leverage the absorber’s non-linear dynamic behavior to maintain the system’s

operating point along a desired trajectory. Conversely, we perceive the opposite and simultaneous com-

plement in the eigenmotion of the system [5], which acts as a “non-linear resonance”, a natural motion

that minimizes the required external energy by simply exchanging kinetic and potential energy without

altering the total energy.

The core concept is to intelligently route unwanted kinetic energy into the absorbers, where it can

be temporarily stored or simultaneously repurposed to assist the overall motion of the mechanism and

drive the targeted degrees of freedom during subsequent motions. As a first approximation, a modified

Computed Torque Control (CTC) strategy is implemented and evaluated in a planar open-chain system.

2 Planar Open-chain Mechanism with Flexibilities

This section details the physical model of the investigated planar serial structure, which is modeled as

a four-link open kinematic chain, combining a primary double-pendulum mechanism with a coupled sec-

ondary double-pendulum that functions as a non-linear absorber. The structure is schematically depicted

in Fig. 1.
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For the purpose of initial proof-of-concept testing, the evaluated structure features a specific partially

underactuated configuration. Active control is introduced into the system via two actuated joints. The

first actuator is located at the base joint (point O), providing an active driving torque M2. The second

actuator is positioned at the connection between the primary mechanism’s end-effector and the absorber,

delivering an intermediate active torque M4.

The underactuated nature of the system arises from the remaining two passive joints, which exhibit

linear rotational compliance. These compliant joints are modeled as torsional springs with stiffness

coefficients kt23 and kt45. This alternating arrangement of active torques and passive elastic elements

allows the control strategy to actively route energy between the actuated degrees of freedom and the

compliant ones.

Figure 1: Schematic of the planar open-chain system. The structure integrates a primary double-

pendulum mechanism with a coupled double-pendulum non-linear absorber. Active actuation is applied

at joints O and E, while joints A and B exhibit torsional compliance modeled as linear springs.

3 Simulation Results

To validate the proposed modified CTC, a demonstrative simulation was performed using a complex

reference trajectory. The desired motion was generated as a multisine signal comprising five superim-

posed harmonic components to test the system’s dynamic tracking capabilities. As illustrated in Fig.

2, the primary structure successfully tracks this highly dynamic reference, confirming the controller’s

ability to achieve precise stabilization of the targeted degrees of freedom. The corresponding dynamic

response of the non-linear absorber is depicted in Fig. 3, demonstrating its continuous engagement dur-

ing the motion. Furthermore, Fig. 4 presents the structure’s actuation effort, detailing the required active

torques (M2 and M4) generated by the control law to effectively manage the interplay between the driven

axes and the unactuated compliant joints.
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Figure 2: Tracking performance of the primary mechanism along Trajectory 1, comparing the actual

(ϕ12, ϕ23) and desired (ϕ12des, ϕ23des) angular coordinates.
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Figure 3: Absorber motion during the tracking of Trajectory 1, represented by the angular coordinates

ϕ34 and ϕ45.
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Figure 4: Simulation curves of the active joints O and E with torques M2 and M4, respectively.

4 Conclusion

This paper presented a dynamic evaluation of a planar open-chain mechanism consisting of a pri-

mary double-pendulum coupled with a secondary double-pendulum acting as a non-linear absorber. A

modified Computed Torque Control method was applied to this partially underactuated structure. The

proposed approach was tested through simulations on a multisine reference trajectory. The results con-

firm that the proposed controller effectively manages the interplay between active actuation and passive

compliance, achieving precise tracking performance for the targeted degrees of freedom.

Several potential directions are currently being considered for future research. These may include

the experimental validation on a physical prototype to assess the impact of unmodeled friction, or the

extension of the algorithm to ensure greater robustness against external disturbances.
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ON USAGE OF IMMERSED BOUNDARY METHOD TO
SIMULATE COOLING OF MECHANICAL METAMATERIALS

L. Kubı́čková1, M. Isoz2

Abstract: Mechanical metamaterials have become popular since their inner structure can be designed to give them unique
properties. We focus on metamaterials used in molds for die casting that must withstand contact with molten metal while enabling
effective cooling. Securing both properties requires optimization of the metamaterial inner structure. In this contribution, we
present a numerical solver designed for such optimization. The solver is based on our custom variant of the immersed boundary
method that was extended to include turbulent heat transfer. In several benchmark simulations and one simulation of metamaterial
cooling, the solver showed good potential for future metamaterial optimization.

Keywords: computational fluid mechanics; mechanical metamaterial; immersed boundary method; heat transfer

1 Introduction

Mechanical metamaterials are artificial materials with unique physical properties that arise from the

specific design of their inner structure [1]. Our focus is on metamaterials used in molds for die casting

where specific heat transfer properties are sought. In particular, dies must allow fast cooling while

maintaining sufficient bulk to withstand contact with molten metal and pressure loading in tens of MPa.

Finding the optimal metamaterial design for a given die can be done by topology optimization. However,

topology optimization is very computationally demanding [2].

One way to reduce the computational cost of optimization is to employ an immersed boundary (IB)

method to simulate the metamaterial behavior. The IB method allows one to use a single computational

mesh for all tested topologies, as the distribution of the solid phase is represented by an indicator scalar

field and adjustment of governing equations. Hence, the mesh does not have to be remade, saving a lot

of computational resources. This approach has been used, for example, in the optimization of turbulent

channel flow by Kubo et al. [3], or in the optimization of beam supports by Jenkins and Maute [4].

To develop an IB solver for the optimization of metamaterials used in die casting, our first focus is

to enable simulation of the coolant flow where the IB method has to be coupled with equations of heat

transfer and allow turbulent flow simulations. In Ren et al. [5], an IB solver for thermal flow has been

presented, but it operates only in the laminar regime. In Narváez et al. [6], they have introduced an IB

solver capable of turbulent heat transfer simulation, but the turbulence was solved by means of direct

numerical simulation which is unfeasible in optimization. To the authors knowledge, a combination of

the IB method with cheap turbulence modeling and heat transfer is lacking in the literature.

In this contribution, we present recent advances in the development of our IB solver for simulations

of heat transfer in turbulent flows where the turbulence is handled via the Reynolds-averaged simulation

(RAS) approach. The solver is based on our custom variant of the IB method, the hybrid fictitious

domain-immersed boundary method (openHFDIB) [7], which has previously been connected to the RAS

approach (openHFDIBRANS) [8]. The connection with turbulent heat transfer is being developed for

simulations of mechanical metamaterials. The capabilities of the combined solver are tested in a series of

metamaterial simulations where the results are compared with standard mesh-conforming solvers available

in OpenFOAM [9]. The solver sensitivity to mesh resolution and simulation settings is examined, as well

as its ability to capture trends in heat transfer induced by changes in the metamaterial structure.
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CZ; luciekub@it.cas.cz
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2 Methods

In openHFDIBRANS, the presence of a solid body inside a computational domain is indicated by a

scalar field _. This field is defined as

_ =




0 if Ω% ⊂ Ωf

1 if Ω% ⊂ Ωs

_̃ ∈ (0, 1) if Ω% ⊂ Ωfs

, _̃ = 0.5


1 − tanh

©­«
f

+
1
3

%

ª®¬

, (1)

where Ω% is a finite volume (FV) computational cell, Ωf is the part of the computational domain that

is fully in fluid, Ωs the part fully in solid, and Ωsf the part containing cells intersected by the fluid-solid

interface. Next, f is the signed perpendicular distance from the Ω% cell center to the solid body surface,

and +% is the cell volume. For a cylindrical solid body, the _ field is illustrated in Figure 1a.

(a)

1.0_ [−]0.0

(b)
in-solid cells – Ωic

boundary cells – Ωbc

free-stream cells - Ωfc

Figure 1: Inclusion of a solid body (gray). (a) Indicator field _. (b) Sorting of FV cells into cell groups.

Afterward, the _ field is used to sort the cells into three groups: (i) in-solid cells (Ωic), (ii) boundary

cells (Ωbc) and (iii) free-stream cells (Ωfc). The cell groups are indicated in Figure 1b. Based on the cell

group, immersed boundary induced source terms are either switched on or off.

To describe the turbulent flow, the incompressible Reynolds-averaged Navier-Stokes (RANS) equa-

tions are used and coupled with the equation of turbulent heat transfer. The effect of the immersed

boundary is included in two IB-induced source terms, fib and &ib. Eventually, the equations have the

form

M(u) ≡ ∇ · (u ⊗ u) − ∇ ·
[
(a + at)

(
∇u + ∇uT

)]
= −∇ ?̃ + fib, ∇ · u = 0

L()) ≡ ∇ · (u)) − ∇ · [(U + Ut) ∇)] = &ib ,

(2)

where ?̃ is the averaged kinematic pressure, u the averaged velocity, a the kinematic viscosity, and at the

turbulent viscosity. Next, ) is the averaged temperature, U the thermal diffusivity, and Ut the turbulent

thermal diffusivity. As a turbulence closure model, the :-l model [10] was chosen. The implemented

form of the turbulence model equations is

N(:) ≡ ∇ · (u :) − ∇ ·
[ (
a + at/f:1

)
∇:

]
− %: + V∗ : l = (ib

P(l) ≡ ∇ · (ul) − ∇ ·
[ (
a + at/fl1

)
∇l

]
− �U1

l

:
%: + �V1 l

2
= 0 ,

(3)

where : is the turbulence kinetic energy, %: its production, and l its specific dissipation. The remaining

symbols represent model constants.

Furthermore, the IB-induced source terms in (2) and (3) are computed as

fib = Vu(_) [M(uib) + ∇ ?̃ ] , &ib = V) (_) L()ib), (ib = V: (_) N (: ib) , (4)

where Vu, V) and V: are masking fields that limit the source terms to a specific area, and uib, )ib, and : ib

are imposed fields that are enforced in the respective cells. Note that there is no additional source term

in the l equation, since l approaches infinity near smooth walls [10]. Nonetheless, a masking field Vl
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and imposed field lib are also defined, but the imposed field is enforced by direct manipulation with the

discretization matrix.

Lastly, the setting of the masking fields reflects the cells groups shown in Figure 1b. For a FV

computational cell Ω%, the fields are defined as

Vu = V: =




1 if Ω% ⊂ Ωic

1 if Ω% ⊂ Ωbc and H+
ib
< H+

lam,u

0 if Ω% ⊂ Ωfc

, V) =




1 if Ω% ⊂ Ωic

1 if Ω% ⊂ Ωbc and H+
ib
< H+

lam,)

0 if Ω% ⊂ Ωfc

,

Vl =

{
1 if Ω% ⊂ Ωic ∪Ωbc

0 if Ω% ⊂ Ωfc
,

(5)

where H+
ib

is the H+ value evaluated at the immersed boundary as

H+ib =
Heff Dg

a
, Dg = �0.25

a

√
:, Heff = 0.5

[
H⊥ + 0.5+

1/3
%

]
, (6)

with �a being a turbulence model constant, Dg the friction velocity, and H⊥ the perpendicular distance

from the cell center to the solid surface. Lastly, H+
lam,u

and H+
lam,)

are calculated based on

H+lam,u = ^−1 log
(
� H+lam,u

)
, Pr H+lam,) = Prt

[
^−1 log

(
� H+lam,)

)
+ %(Pr)

]
(7)

in which � and ^ mark turbulence model constants, Pr and Prt denote the Prandtl and turbulent Prandtl

number, respectively; and %(Pr) is a smoothing function.

3 Metamaterial simulation

The presented solver was used to simulate the flow of a coolant with temperature )c through a

hot metamaterial with temperature )h. The simulation domain used and the structure of the cooled

metamaterial are visualized in Figure 2. The simulation domain had inlet, outlet, and wall boundaries.

At the inlet, the Dirichlet boundary condition (BC) was used for velocity (Din), temperature ()c) and

turbulence variables, and the zero-gradient BC was used for pressure. At the outlet, the pressure was set

by the Dirichlet BC and the zero-gradient BC was used for the remaining variables. At walls, the no-slip

BC was used for velocity, Dirichlet for temperature ()h), zero-gradient for pressure, and wall functions

for turbulence variables.

(a)
≈ 0.1 m

in
le

t

o
u
tl
et

(b)

G

H

Figure 2: Setup of the metamaterial cooling simulation. (a) Simulation domain with indicated inlet and

outlet boundary. (b) Used metamaterial structure.

The coolant fluid was regarded as water with kinematic viscosity a = 10−6 m2 s−1 and thermal

diffusivity U = 1.5 · 10−7 m2 s−1. Subsequently, the Prandtl number was Pr = a/U ≈ 6.66. To set the

turbulent Prandtl number, a standard value of Prt = 0.85 was used [9]. Lastly, the inlet velocity was

Din = 10−1 m s−1 resulting in Re ∼2000.

To test the simulation sensitivity to mesh resolution, three difference meshes were prepared and

tested. With each mesh, the cooling simulation was run with our openHFDIBRANS solver and a
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lowest resolution
(a)

mesh

(b)

_

(c)

DG

(d)

DG

(e)

\

\

(f)

middle resolution highest resolution

_0.0 1.0 \0.0 1.0 DG/Din−1.0 2.5

Figure 3: Simulation of metamaterial cooling with varying mesh resolution. Rows (a,c,e) show results

from buoyantSimpleFoam and rows (b,d,f) from openHFDIBRANS.
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Figure 4: Comparison of the DG and \ profiles from buoyantSimpleFoam and openHFDIBRANS. Profiles

were sampled along the H direction at (a) the center of the domain and (b) the outlets.
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referential buoyantSimpleFoam (bSF) solver available from the open-source C++ library OpenFOAM [9].

In Figure 3, the results of openHFDIBRANS and the referential solver are compared. Namely, the DG and

\ = () − )c)/()h − )c) fields are visualized for each mesh resolution.

The DG fields are very similar for all mesh resolutions. However, in \, there are apparent differences.

In the openHFDIBRANS simulation, the coolant is heated more than it should. To provide a more

detailed comparison, field profiles were sampled along the H direction in the center of the domain and

at the outlets. For both solvers, the profiles are visualized in Figure 4. Again, the agreement in DG
is good, but \ is overestimated by openHFDIBRANS. Fortunately, this error decreases with increasing

mesh resolution, and the finest mesh was used in further computations.

(a)

(b)

_

(c)

\

(d)

\

3×2 4×3 5×3

_0.0 1.0 \0.0 1.0

Figure 5: Simulation of metamaterial cooling with varying structure. Rows (a,c) show results from

buoyantSimpleFoam and rows (b,d) from openHFDIBRANS.

To test the openHFDIBRANS solver response to changes in metamaterial structure, simulations with

a metamaterial structure scaled-up by 12.5 % and 25 % were prepared. The original structure had 5×3

segments, the one scaled-up by 12.5 % had 4×3 and the other scaled-up by 25 % had 3×2. For each scale,

the \ fields from openHFDIBRANS and bSF are given in Figure 5. The overestimation of \ is still present,

but compared between scales, the relative changes in the metamaterial-to-coolant heat flux estimated by

bSF were ¤&3×2/ ¤&5×3 = 0.70 and ¤&4×3/ ¤&5×3 = 0.91. By openHFDIBRANS, the relative changes were
¤&3×2/ ¤&5×3 = 0.69 and ¤&4×3/ ¤&5×3 = 0.89. The relative heat flux values are almost identical, and from

this point of view, openHFDIBRANS appears to be suitable for optimization.

4 Conclusions

In this contribution, we have presented our immersed boundary solver developed for simulations of

cooling of mechanical metamaterials used in molds for die casting. The solver combines our custom IB

variant, the hybrid fictitious domain-immersed boundary method, with turbulent heat transfer simulation.

The solver performance was evaluated in a series of metamaterial cooling simulations and the results

were compared with those obtained using a standard mesh-conforming solver available in OpenFOAM.

The comparison showed that our solver is able to accurately estimate the velocity profiles in the coolant

flow. However, it tends to overestimate the outlet temperature of the coolant; yet, this error decreases with

increasing mesh resolution. In addition, when applied on different metamaterial structures, our solver
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was able to capture the relative changes in the metamaterial-to-coolant heat flux. The openHFDIBRANS

solver shows good potential to be used in metamaterial optimization. In the future, the solver will be

extended to simulate the heat effects in the solid phase and allow simulation of the die as a whole.
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Measurement of Mechanical Properties of 3D Printed Polymer
PET-G under Compressive Loading

M. Mánek1, M. Fusek2

Abstract: The article describes the compressive load testing, measurement, and evaluation of a 3D-printed polymer. The
materials selected for the study were PET-G, RePET-G, and CF-Jet. It was observed that the compressive elastic modulus
is influenced by the sample length. The effective compressive modulus for zero diameter to length ratio was determined.
The compressive modulus of PET-G and RePET-G are not significantly different. The commpressive modulus of CF-Jet is
significantly higher. The yield strength was nearly identical for all materials, and no significant dependence on the sample
length was observed.

Keywords: 3D printing; PET-G; composite; mechanical properties; compressive modulus; size effect

1 Introduction

3D printing of polymeric materials has gained significant popularity in recent decades. Today, this

technology enables the creation of prototypes as well as entire production series. A wide variety of ma-

terials is available on the market, not limited to pure polymers but also including materials reinforced

with glass or carbon fibres. Furthermore, recycled materials can be purchased, which reduces the envi-

ronmental impact and helps decrease plastic waste.

Our previous studies investigated the behaviour of pure PET-G material under compressive loading.

Experiments were conducted under quasi-static and impact loading using a Split-Hopkinson Pressure

Bar (SHPB). It was found that the ratio between the transverse dimension of the specimen and its length

has a significant effect on the compressive modulus of elasticity. The ASTM D695 standard, which

describes the compression testing of plastics, specifies a recommended slenderness ratio of 11:1 to 16:1.

However, such specimen dimensions are unusable for the Hopkinson test, as the wave propagation time

through the specimen is too long and wave reflections complicate the evaluation. [1], [2], [3]

For this reason, measurements were performed on several specimen lengths, and a dependence be-

tween specimen length and the modulus of elasticity was established. Using this function and the Cook

and Larke method, the compressive modulus was extrapolated to a zero diameter-to-length ratio, and the

so-called effective modulus of elasticity was calculated. [4], [5]

2 Experiments and Evaluation

The materials selected for testing were PET-G, RePETG (a recycled material), and CF-Jet, which

consists of PET-G with a 20 % admixture of short carbon fibers. The materials were sourced from

the manufacturer Filamenty PM. The specimens were produced on a Prusa MK3S printer. Each set of

specimens consisted of 3 pieces. [6]

A specimen diameter of 15 mm was chosen, with lengths of 7.5 mm, 10 mm, 15 mm, 30 mm,

and 60 mm. One PET-G specimen was also produced with a length of 120 mm. The specimens were

manufactured in both vertical and horizontal orientations on the print bed. Testing was performed on

a TESTOMETRIC M500-50CT universal testing machine between parallel compression plates. The

contact surfaces were lubricated with petroleum jelly. A strain rate of 0.005 s-1 was chosen for all

1 Martin MĂˇnek; Department of Applied Mechanics, Faculty of Mechanical Engineering, VSB âC“ Technical University

of Ostrava, 17. listopadu 2172/15, Ostrava, Czech Republic; martin.manek@vsb.cz
2 Martin Fusek; Department of Applied Mechanics, Faculty of Mechanical Engineering, VSB âC“ Technical University of

Ostrava, 17. listopadu 2172/15, Ostrava, Czech Republic; martin.fusek@vsb.cz
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specimen lengths. The crosshead velocities are listed in Table 1. The specimen geometry is shown in

Figure 1.

Sample length (mm) Crossbar velocity (ms-1)

7.5 2.25

10 3

15 4.5

30 9

60 18

120 36

Table 1: Crossbar velocity.

n
 D

L

Figure 1: Tested samples

From the three measurements for each specimen, the toe region at the beginning of the stress-strain

curve was removed. All curves were then averaged into a single curve, from which the compressive mod-

ulus of elasticity and the upper yield strength of the specimen were evaluated. Buckling was observed

in specimens with a length-to-diameter ratio of 2 or higher. For specimens with a length of 60 mm,

buckling occurred before the yield strength was reached. Therefore, the yield strength was not evaluated

for these lengths. The evaluation and averaging process is shown in Figure 2.
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Figure 2: Curves evaluation

All measured lengths were evaluated, and stress-strain curves were constructed. The stress-strain

curves for all tested materials are shown in Figure 3. From the curves for PET-G and RePET-G, it is

evident that for all lengths and both print orientations, the materials exhibit significant softening after

reaching the yield strength. In contrast, the CF-Jet material does not show such pronounced softening
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after the yield point. For horizontal printing and specimen lengths up to 15 mm, the material continues

to exhibit strain hardening beyond the yield strength.
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Figure 3: Evaluated curves for all materials

From the plotted moduli of elasticity (Figure 4), it is evident that the specimen length has a signif-

icant effect on the compressive modulus of elasticity. For all materials, the modulus decreases as the

specimen length decreases. The evaluated moduli were fitted with a linear regression line for both ver-

tical and horizontal print orientations. In the case of the recycled material RePET-G, the moduli for all

lengths are higher in the vertical orientation; however, as with the PET-G material, these differences are

not particularly pronounced. A more significant difference occurs in shorter specimens of the CF-Jet ma-

terial. This may be caused by the increased printing difficulty of this material, leading to imperfections in

the bonding between the perimeters and the internal infill, which are most prominent in short horizontal

specimens. The evaluated effective moduli of elasticity extrapolated to D/L = 0 are presented in Table

2.
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Figure 4: Compressive moduli for all materials

Material - orientation Compressive moduli (MPa)

PET-G - horizontal 1642

PET-G - vertical 1617

RePET-G - horizontal 1693

RePET-G - vertical 1599

CF-Jet - horizontal 2021

CF-Jet - vertical 1955

Table 2: Effective moduli for each material

The yield strengths do not change significantly with respect to the specimen length. While the yield

strength for PET-G and CF-Jet materials varies slightly depending on length, it does not follow the same
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consistent trend observed in the moduli of elasticity. For certain lengths, the yield strength is nearly

identical in both print orientations. Therefore, the yield strengths were averaged for each material. The

yield strengths for individual lengths are shown in Figure 5. The averaged yield strengths for each

material, including standard deviations (STD), are presented in Table 3.

D/L	ratio	(-)

0 0.5 1 1.5 2

Y
ie
ld
	s
tr
e
n
g
th
	(
M
P
a
)

0

10

20

30

40

50

60
PET-G

Horizontal

Vertical

D/L	ratio	(-)

0 0.5 1 1.5 2

Y
ie
ld
	s
tr
e
n
g
th
	(
M
P
a
)

0

10

20

30

40

50

60
RePET-G

Horizontal

Vertical

D/L	ratio	(-)

0 0.5 1 1.5 2

Y
ie
ld
	s
tr
e
n
g
th
	(
M
P
a
)

0

10

20

30

40

50

60
CF-Jet

Horizontal

Vertical

Figure 5: Yield strengths for each material

Material Peak yield strength (MPa) STD (MPa)

PET-G 48.7 2

RePET-G 49.1 1.1

CF-Jet 50 3.1

Table 3: Peak yield strength for each material

3 Conclusion

Research was conducted on the base material PET-G and its commercially available variants, RePET-

G and CF-Jet (reinforced with carbon fibers). Consistent with the measurements of the base PET-G

material, a dependence of the compressive modulus of elasticity on the specimen length was observed.

Consequently, the moduli for the investigated lengths were fitted with a linear regression and extrapolated

to a zero diameter-to-length ratio to determine the effective compressive moduli. The modulus for the

CF-Jet material is significantly higher than those for PET-G and RePET-G, a trend observed in both

print orientations. When comparing yield strengths, no similar dependence was observed, and none of

the materials proved to be significantly stronger than the others. A distinction for CF-Jet was identified

beyond the yield point, where the material does not exhibit such pronounced softening as PET-G and

RePET-G. The data presented in this article serve as a foundation for future measurements on the Split-

Hopkinson Pressure Bar (SHPB), providing a reference for quasi-static loading.
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DYNAMIC ANALYSIS OF A MULTIBODY SYSTEM 

CONSTRAINED BY STIFF DAMPED SPRINGS 

Ján Minárik1, Ondrej Piroh2, Milan Vaško3, Branislav Ftorek4, Milan Sága5 

Abstract: The presented work deals with the modelling and simulation of a multibody system with simplified 

constraints. The individual bodies forming the treated system are connected using stiff, damped springs. The 

dynamic behaviour of this system is then compared with a reference model that incorporates proper kinematic 

constraints. The equations of motion were derived analytically. The resulting models were then simulated in the 

MATLAB environment. The use of stiff springs provides a simplified mathematical description of the treated 

model. However, this approach can reduce the computational efficiency of the numerical solver. 

Keywords: Hydraulic Arm; Multibody Dynamics; MATLAB; Differential Equations 

1 Introduction 

Dynamical analysis of multibody systems plays an essential role in the design and 

optimisation of machines. The available software solutions can efficiently handle dynamical 

analyses, implementation of modifications or optimisation tasks regarding even highly complex 

3-dimensional multibody systems. This approach is rather practically oriented with emphasis 

on the obtained results. The mathematical description of the system, i.e. the equations of motion, 

cannot always be obtained or cannot be obtained in a suitable form. Therefore, the deeper 

mathematical analysis of the system might not be possible. 

Lagrangian mechanics provides efficient and exceptionally elegant tools that can, in 

theory, obtain the equations of motion of an arbitrary complex dynamical system. Thus, the 

analytical description of the system can be derived, and further mathematical analysis can be 

performed. This can provide deeper insight into the treated system or the whole class of 

analogous systems. However, despite the possibilities of this approach, the treatment of highly 

complex systems can often become substantially impractical and time-consuming, rendering 

the process unsuitable for practical use. Yet, when considering the less complex systems, or 

smaller subsystems, these can be handled relatively efficiently. Moreover, custom mathematical 

models, unavailable in commercial software, can be implemented into the treated problem [1].

Additionally, the rigid body dynamics cannot always sufficiently describe the treated 

problem. The systems might comprise deformable bodies, as well as joints that are flexible or 

contain geometrical imperfections. Such topics are covered in the following studies [2 - 4]. Such 
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systems then require the implementation of additional mathematical models to adequately 

capture the properties and behaviour of corresponding real-world systems. 

This study deals primarily with the mathematical modelling of a hydraulic arm with 

flexible joints modelled using overdamped springs. The motion of the arm during the unfolding 

process, governed by the feedback control, is analysed. The arm was simulated with various 

values of stiffness and damping coefficients of joints, and the results were compared with the 

reference model with proper kinematic joints. The comparison was carried out in terms of 

motion precision and computing time. The equations of motion were derived analytically, using 

the Euler -Lagrange equations. The reference model was obtained in the same way; however, 

the joints were modelled as kinematic, using the Lagrange multipliers. The solution of the 

corresponding systems, as well as results processing, were carried out in the MATLAB 

environment.  

2 Physical Model 

The model of the hydraulic arm is shown in Figure 1. The mechanism consists of a main 

arm mounted on a stationary base and a secondary extendable arm. Both are actuated by two 

hydraulic cylinders. The extension of the cylinders, as well as the extendable arm, is governed 

by PD controllers. 

 
Figure 1: Model of the hydraulic arm (left) and arm in the folded state (right) 

The mechanism comprises two types of subcomponents. The main arm is modelled as a 

rotating rod (Figure 2 left). Its position is described by generalised coordinates 𝑥, 𝑦 and 𝜙. The 

hydraulic cylinders and extendable arm are modelled as two sliding rods, with their position 

described by the generalised coordinates 𝑥, 𝑦, 𝜙 and the extension length 𝑙 (Figure 2 right). 

 
Figure 2: Subcomponents of the model: simple rod (left) and extendable arm (right) 
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Generally, 𝑅 denotes the positions of the centre of mass (𝐶𝑀). The corresponding masses 

and the moments of inertia are denoted 𝑚, 𝐼 and the joint locations are denoted as 𝐽1,2. The 

subcomponents are interconnected with springs at the joint locations. The presented parameters 

use dummy labelling and are only used to derive the general form of the equations of motion 

for the subcomponents. The proper labels are then shown in Figure 3. The equations of motion 

for the main arm have the following general form: 𝑚𝑥̈ − 𝑚𝑅𝛼̈ sin 𝛼 − 𝑚𝑅𝛼̇2 cos 𝛼 + ∑(𝑘𝑖Δ𝑖 + 𝑐𝑖Δ̇𝑖) 𝜕Δ𝑖𝜕𝑥𝑖 = 0, (1) 

𝑚𝑦̈ + 𝑚𝑅𝛼̈ cos 𝛼 − 𝑚𝑅𝛼̇2 sin 𝛼 + 𝑚𝑔 + ∑(𝑘𝑖Δ𝑖 + 𝑐𝑖Δ̇𝑖) 𝜕Δ𝑖𝜕𝑦𝑖 = 0, (2) 

(𝑚𝑅 + 𝐼)𝛼̈ − 𝑚𝑅𝑥̈ sin 𝛼 + 𝑚𝑅𝑦̈ cos 𝛼 + 𝑚𝑔𝑅 cos 𝛼 + ∑(𝑘𝑖Δ𝑖 + 𝑐𝑖Δ̇𝑖) 𝜕Δ𝑖𝜕𝛼𝑖 = 0. (3) 

The sums represent the joint spring forces, with 𝑘, 𝑐 being the spring stiffnesses and 

damping coefficients and ∆ are the spring displacements. The general equations of motion for 

each extendable component can be written as: 𝜔1𝑥̈ − 𝜔3𝛼̈ 𝑠𝑖𝑛 𝛼 + 𝑚2𝑙 ̈ 𝑐𝑜𝑠 𝛼 − 𝜔3𝛼̇2 𝑐𝑜𝑠 𝛼 − 2𝑚2𝛼̇𝑙̇ 𝑠𝑖𝑛 𝛼 + ∑(𝑘𝑖𝛥𝑖 + 𝑐𝑖𝛥̇𝑖) 𝜕𝛥𝑖𝜕𝑥𝑖 = 0, (4) 

𝜔1𝑦̈ + 𝜔3𝛼̈ 𝑐𝑜𝑠 𝛼 + 𝑚2𝑙 ̈ 𝑠𝑖𝑛 𝛼 − 𝜔3𝛼̇2 𝑠𝑖𝑛 𝛼 + 2𝑚2𝛼̇𝑙̇ 𝑐𝑜𝑠 𝛼 + ∑(𝑘𝑖𝛥𝑖 + 𝑐𝑖𝛥̇𝑖) 𝜕𝛥𝑖𝜕𝑦𝑖 = 0, (5) 

−𝜔3𝑥̈ 𝑠𝑖𝑛 𝛼 + 𝜔3𝑦̈ 𝑐𝑜𝑠 𝛼 + (𝜔2 + 𝑚2𝑙2)𝛼̈ + 2𝑚2𝑙𝑙𝛼̇̇ + 𝜔3𝑔 𝑐𝑜𝑠 𝛼 + ∑(𝑘𝑖𝛥𝑖 + 𝑐𝑖𝛥̇𝑖) 𝜕𝛥𝑖𝜕𝛼𝑖 = 0, (6) 

𝑚2𝑥̈ cos 𝛼 + 𝑚2𝑦̈ sin 𝛼 + 𝑚2𝑙 ̈ − 𝑚2𝑙𝛼̇2 + 𝑚2𝑔 sin 𝛼 + ∑(𝑘𝑖Δ𝑖 + 𝑐𝑖Δ̇𝑖) 𝜕Δ𝑖𝜕𝑙𝑖 + (𝜅Δ𝑙 + 𝛾Δ𝑙)̇ = 0. (7) 

Again, the sums represent the joint spring forces and 𝜔1 = 𝑚1 + 𝑚2, 𝜔2 = 𝑚1𝑅12 + 𝐼1 + + 𝐼2 and 𝜔3 = 𝑚1𝑅 + 𝑚2𝑙. The feedback control is tuned by the constants 𝜅 and 𝛾, with Δ𝑙 (Δ𝑙)̇ representing the difference between the desired and actual extension length 𝑙 
(velocity 𝑙)̇. The mathematical model then comprises the system of equations (1 - 3) and three 

systems of equations (4 - 7), thus fifteen equations of motion in total. The whole system, with 

individual components and additional dimensions, is shown in Figure 3. 

 
Figure 3: Kinematic diagram of the hydraulic arm 

The main arm is denoted 𝐴, the links 𝐵1,2 comprise the extendable arm and the links 𝐶1,2 

and 𝐷1,2 comprise the corresponding hydraulic cylinders. The dimensions of the stationary base 

are 𝑥0, 𝑦0 and 𝑟1−4 are the lengths of the arm segments determining the joint locations 𝐽1−6. 
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The reference mechanism was modelled analogously; however, instead of the joint 

springs, the proper kinematic joints were used. The Lagrange undetermined multipliers were 

utilised resulting in additional constraint equations introduced to the system. The parameters of 

the mechanism are summarised in Table 1. 

Components: A B1 B2 C1 C2 D1 D2 

Length [m] 2.50 2.00 2.00 0.95 0.95 0.65 0.65 

Mass [kg] 550 480 420 180 140 120 160 

Additional dimensions: x0 y0 r1 r2 r3 r4 

Length [m] 0.30 1.50 0.50 1.50 1.00 0.40 

Feedback control constants: κB κC κD γB γC γD 

Unit [N/m] [kg/s] 

Value 109 5.1010 109 105 106 105 

Table 1. Model parameters. 

All the components were modelled as links, with their centres of mass being located in 

their geometrical centres. The corresponding moments of inertia were therefore calculated as 𝑚(2𝑅)2/12. In the current model, the products of inertia were neglected. 

The motion corresponding to the unfolding of the arm was analysed. The required motion 

was given by the main arm angle 𝛼𝐴, the secondary arm angle 𝛼𝐵, and its extension length 𝑙𝐵, 

as well as their corresponding time derivatives (velocities). These can be considered as 

independent coordinates that were obtained as functions of time, based on the analytically 

obtained kinematic relations. The folded (initial) and the unfolded (final) state of the mechanism 

are given by the following independent coordinates (Table 2): 

Coordinates: αA [◦] αB [◦] lB [m] 

Initial state -53.69 -116.3 1.05 

Final state -41.31 -58.69 2.50 

Table 2. Initial and final states of the system. 

All the other coordinates are dependent on those in Table 2 and can be determined from 

the kinematic relations. For the calculation of the required motion, the joint stiffnesses were 

neglected, and the system was treated as if it had kinematic joints. To ensure a smooth motion 

of the mechanism, the time courses of independent coordinates were modelled by cubic step 

functions. The extension lengths of the hydraulic cylinders and the extendable arm were 

obtained from the kinematic relations. These serve as the basis for the feedback control that is 

also expected to handle the snap-through-like motion occurring when the main arm and the 

extendable arm become parallel. 

The initial conditions are given by the initial configuration of the system (initial state), 

with all the velocities being zero, in both the initial and final states. The whole motion was 

carried out in ten seconds. The equations of motion were solved in MATLAB, using the ode113 

solver, with relative tolerance set to 10-4 and maximum step size of 0.005 s. 

The impact of joint stiffness and corresponding damping coefficients on the motion and 

computing time was analysed. The nine values of stiffness were paired with each of the damping 

coefficients, with the specific values being presented in Table 3. During the simulation, all the 

joints had the same values of stiffness and damping. 

Stiffness [N/m] k.109 k.1010 

k 1.00, 3.25, 5.50, 7.75  1.00, 3.25, 5.5, 7.75, 10.0 

Damping [kg/s] k.102 k.103 k.104 

k 1.00, 4.00, 7.00 1.00, 4.00, 7.00 1.00, 4.00, 7.00, 10.0 

Table 3. Values of stiffness and damping coefficients. 
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3 Results 

The motion of the mechanism was analysed for each combination of stiffness and 

damping coefficients listed in Table 3. The movement deviation was obtained to evaluate the 

precision of the mechanism. It was calculated as the root mean square (RMS) of the total 

differences between the actual and ideal trajectory, obtained at each time step. Additionally, the 

computing time for each simulation run was measured to evaluate the efficiency of the model. 

The presented results are shown in Figure 4, with the figure axes being in logarithmic 

coordinates. 

 
Figure 4: Computing time (left) and trajectory deviation (right) 

According to the results, the motion of the mechanism is naturally more precise at greater 

joint stiffness values. The change in trajectory deviation is most distinct at low stiffness values. 

This shows that insufficient stiffness can drastically disrupt the motion of the mechanism. On 

the contrary, the change in stiffness has a much less significant effect for high enough stiffness 

values. Unlike the stiffness, the damping coefficient seems to have only neglectable influence 

on the analysed motion. However, high damping can possibly decrease the movement precision 

when the stiffness is low enough. 

Considering the computing time, the increasing stiffness can generally lower the 

efficiency of the model. Moreover, the impact of damping is more distinct than in the previous 

case. This holds for high stiffness values in particular, where the insufficient damping causes a 

significant increase in computing time. 

 
Figure 5: Deviations from the ideal trajectory in horizontal (left) and vertical (right) direction 

In summary, the trajectory deviation ranges from 8.79 mm to 115.56 mm, with the 

computing time ranging from 11.95 s to 41.28 s. In comparison, the reference model with the 

proper kinematic joints was able to achieve the trajectory deviation of only 5.30 mm, with the 
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average computing time of approximately 1.55 s. These results are significantly better, since 

there are no unwanted oscillations introduced to the system due to the flexible joints. 

The configuration that achieved the highest precision was further compared with the 

reference model. The end position of the extendable arm was tracked, and its deviations from 

the ideal trajectory, in horizontal and vertical directions, were obtained. These results are shown 

in Figure 5. The systems behave comparably until approximately 6 s, where the peaks occur. 

These peaks are caused by the snap-through-like motion of the arm when the main arm and the 

extendable arm are close to a parallel position. At this point, the system starts to oscillate as the 

feedback control tries to stabilise the motion of the system. The results show that the motion 

disruption caused by this effect is less significant in the reference mechanism. 

4 Conclusion 

This study analysed the motion of a hydraulic arm with flexible joints modelled as 

damped springs. The influence of the spring stiffnesses and damping on the movement precision 

and the computational time was studied. This system was then compared to a reference model 

with proper kinematic joints. The equations of motion of the systems were derived analytically 

and were solved in the MATLAB environment. 

The results showed that the implementation of flexible joints modelled as springs can 

disrupt the mechanism and lower its movement precision. To achieve a satisfactory and stable 

behaviour, sufficiently high stiffness values are required. Additionally, sufficient values of 

damping coefficients need to be used; otherwise, the computing time can increase drastically, 

reducing the efficiency of the model. These results show a decline compared to the reference 

model with kinematic joints. 

When only the motion of the mechanism is analysed, the presented approach is inefficient 

and thus rather unsuitable. However, it is a simple approach when dealing with flexible 

mechanisms, flexible joints or joints with various imperfections. Despite the increased 

computing costs, this model can provide a better representation of the real-world systems, as it 

can accommodate the imperfections present in these systems. 
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EVALUATION OF AXIAL-TORSIONAL LOW-CYCLE 

FATIGUE TESTS USING PYTHON CODES 

Ajay V. Natarajan1, Radim Halama2, Michal Kořínek3, Petr Gál4 

Abstract: This paper introduces a suite of Python-based tools for automated post-processing of low-cycle 

fatigue (LCF) tests under various loading conditions, including uniaxial and axial-torsional. Designed to 

standardize the FABER project workflow, the tools ensure consistent data validation. A core feature is the '3D 

method', which uses simultaneous linear regression to determine Manson-Coffin-Basquin (MCB) and Ramberg-

Osgood (RO) parameters, avoiding inconsistencies typical of independent regressions. Demonstrated on own 

experimental datasets, the software automates the calculation of fatigue parameters, generates standardized 

reports, effectively minimizes human error, and helps with efficient fatigue data analysis and numerical 

modelling. The data of 42CrMo4+QT steel will serve as the basis of the FABEST competition in the LCF area. 

Keywords: Low-cycle fatigue; Standardization; Cyclic stress-strain curve; Parameter identification 

1 Introduction 

Reliable assessment of LCF is essential for the structural integrity of engineering 

components. However, processing experimental LCF data is often hampered by non-

standardized workflows and subjective manual evaluation, leading to significant 

inconsistencies in material parameter identification. Furthermore, conventional practices (such 

as determining MCB and RO parameters through independent regressions) often result in 

mathematical discrepancies between cyclic stress-strain curves (CSSCs) and lifetime curves 

[1]. To address these challenges, this paper presents an open-source Python-based toolset 

developed within the FABER (Fatigue Benchmark Repository) project. By providing a 

unified framework for automated post-processing of uniaxial and axial-torsional tests, these 

tools eliminate human error and ensure data interoperability. As demonstrated through 

applications on SS316L [2] and 42CrMo4+QT steels, this solution standardizes the derivation 

of critical fatigue indicators (plastic strain energy density, cyclic yield stress), facilitating 

more accurate numerical modelling and fatigue life predictions. 

2 3D vs conventional method 

The identification of material parameters for the MCB and RO models is typically 

performed using a 2D approach. In this conventional method, parameters are determined via 

independent linear regressions applied separately to the fatigue life data and the CSSC. While 

computationally simple, this approach often fails to ensure mathematical compatibility 

between the two models [1]. 
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To overcome this, the implemented 3D method employs a simultaneous regression 

approach [2]. By analysing the data in a unified 3D log-log space, the algorithm ensures that 

the material parameters are mutually consistent. The results of both methods for the wrought 

SS316L and 42CrMo4+QT steels are shown in Fig. 1 and 2, respectively. 

 

 

 

 
Figure 1: CSSC and e-N curves of SS316L. Figure 2: CSSC and e-N curve of 42CrMo4+QT. 

3 Conclusion 

This paper introduced an open-source, automated Python framework for LCF data 

processing, designed to enhance consistency and reliability in material characterization. As 

shown in Fig. 1, the implementation of the 3D method provides high-precision 

approximations for SS316L stainless steel, where the MCB model fits the data well. However, 

for 42CrMo4+QT alloy steel, the observed deviations highlight the limitations of this 

traditional approach. The results clearly demonstrate that, for certain material classes, the RO 

and MCB framework is insufficient for an accurate fatigue life prediction. Consequently, our 

ongoing work focuses on alternative models, such as the Smith-Watson-Topper parameter, 

which yields significantly better results for these materials. 
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DEVELOPMENT AND EXPERIMENTAL EVALUATION OF A 

MACHINE LEARNING ASSISTED LWIR POLARIMETRIC 

IMAGING SYSTEM FOR TRANSPORT ANOMALY 

DETECTION 

Jan Pařez1, Patrik Kovář2, Adam Tater3, Ondřej Ballada4, Čestmír Barta5 

Abstract: This paper presents the development and experimental evaluation of an intelligent system using long-

wave infrared (LWIR) polarimetric imaging combined with machine learning. By exploiting polarization-based 

contrast mechanisms, the approach improves detection of surface features that are difficult to identify with 

conventional methods. The work includes the design of an experimental setup and the creation of a 

representative LWIR polarimetric dataset. A modular framework integrating convolutional neural networks and 

image quality metrics enables automated scene interpretation. Results demonstrate enhanced detection of 

transport-related phenomena such as thin liquid films, surfaces, and hidden contamination, supporting future 

mobility and safety applications. 

Keywords: LWIR polarimetry, machine learning, transport monitoring, anomaly detection 

1 Introduction 

Ensuring a high level of safety in modern transport systems requires reliable monitoring 

technologies capable of identifying hazardous surface conditions under various environmental 

circumstances. Conventional thermal imaging systems operating in the long-wave infrared 

(LWIR) spectral region are commonly used for this purpose because they allow the 

observation of temperature variations in a scene. However, the effectiveness of standard 

thermal imaging may decrease when objects exhibit similar thermal characteristics or when 

environmental conditions reduce temperature contrast. 

Polarimetric imaging in the LWIR spectrum represents an advanced sensing approach 

that extends traditional infrared measurements by incorporating information about the 

polarization state of thermal radiation. In addition to intensity, polarimetric imaging provides 

valuable insight into surface properties such as geometry, roughness, and material 

composition. Previous studies have demonstrated that LWIR polarimetry can significantly 

enhance the visibility of objects and surface structures that are difficult to detect using 

conventional thermal imaging techniques [1]. Research in recent years has shown that 

polarization characteristics of thermal emission are strongly influenced by surface properties 

and environmental factors. This effect can be exploited to detect thin layers of liquids, surface 

contamination or other structural irregularities that may remain invisible in standard infrared 

images [2]. These properties make LWIR polarimetric imaging particularly attractive for 

monitoring applications in challenging conditions. 
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Several investigations have explored the use of infrared polarimetry in environmental 

and maritime monitoring scenarios. The results indicate that polarimetric analysis can 

improve the detectability of water surfaces, oil films and other anomalies that exhibit distinct 

polarization signatures in the LWIR spectral range [3]. Similar approaches have also been 

considered for infrastructure monitoring and safety applications in transport systems [4]. 

In parallel with advances in sensing technologies, machine learning methods have 

become increasingly important for the automated interpretation of complex image data. 

Convolutional neural networks (CNNs) have demonstrated strong performance in various 

image recognition tasks and are widely used for pattern detection and classification in visual 

datasets [5]. Combining LWIR polarimetric imaging with machine learning-based data 

analysis therefore represents a promising approach for improving the detection of surface 

anomalies relevant to transport safety. Such integration allows the exploitation of additional 

physical information contained in polarization measurements while simultaneously enabling 

automated interpretation of the acquired data [6]. The aim of this study is to develop and 

experimentally evaluate an intelligent sensing system that integrates LWIR polarimetric 

imaging with machine learning techniques for transport monitoring applications. The work 

focuses on the design of the experimental measurement setup, the acquisition of polarimetric 

datasets and the development of a processing framework capable of identifying relevant 

surface features. 

2 Experimental Methodology 

An experimental imaging setup was designed to acquire polarimetric infrared data in the 

long-wave infrared spectral range (LWIR). The system consists of an LWIR thermal camera 

equipped with a rotatable polarizing element placed in front of the optical system. By 

adjusting the orientation of the polarizer, multiple images corresponding to different 

polarization states can be obtained. The polarizer rotation allows the acquisition of intensity 

measurements associated with specific polarization angles. These measurements can 

subsequently be processed to derive polarimetric parameters describing the state of 

polarization of the emitted radiation. The measurement configuration was arranged to allow 

stable positioning of the camera and repeatable adjustment of the polarizer orientation. 

Controlled measurements were performed under laboratory conditions to ensure consistent 

illumination and thermal stability.  

 

  

Figure 1: Testbed with samples Figure 2: Experimental setup 

 

111



A set of experiments shown on Figure 1 and Figure 2 was conducted to collect 

representative LWIR polarimetric data corresponding to different surface conditions relevant 

for transport monitoring scenarios. The measurements included surfaces exhibiting varying 

degrees of roughness, contamination and thin liquid layers. During each experiment the 

polarizer was gradually rotated to several predefined angular positions. For each position a 

thermal image was recorded. The resulting sequence of images forms the basis for calculating 

polarimetric parameters such as the degree of linear polarization. This acquisition procedure 

allows the extraction of additional surface information that cannot be obtained from 

conventional thermal intensity images alone. 

After acquisition, the collected polarimetric data were processed using a modular 

computational framework. The processing pipeline includes image preprocessing, 

polarimetric parameter calculation and machine learning-based interpretation. Convolutional 

neural networks (CNN) were used to analyse spatial patterns present in the polarimetric 

images. The network architecture was selected to capture characteristic features associated 

with surface anomalies relevant for transport safety. Image quality metrics were also 

incorporated into the processing chain in order to assess the usefulness of individual 

polarimetric representations for anomaly detection. 

3 Results 

Experimental evaluation of the developed LWIR polarimetric imaging system 

demonstrated significant enhancement of anomaly visibility compared to standard thermal 

imaging. Laboratory prototype testing confirmed that the optical polarimetric module 

achieves a polarization ratio exceeding 1:10,000 at λ = 9.3 µm, validating the suitability of the 
calomel crystal element for high-performance LWIR polarization sensing. Rotational 

scanning experiments showed that surface anomalies exhibit strong dependence on 

polarization angle, which provides an additional contrast mechanism beyond pure thermal 

emissivity differences. 

 

  
Figure 3: Experimental setup and example of the optimal polarizer rotation used during 

measurements 
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The first validation dataset shown on Figure 3 included controlled experiments on 

metallic and liquid-contaminated surfaces. In one experiment, a machined steel cube 

containing a synthetic defect was imaged under varying polarization orientations. Results 

showed that the defect contrast reached maximum visibility at an angle of approximately φ = 
146.7°, while becoming nearly indistinguishable at φ = 64.5°, demonstrating how polarization 
selection can directly control detectability of structural irregularities. 

 

 
Figure 4: Second experimental case 

 

A second experimental campaign shown on Figure 4 and Figure 5 focused on thin oil-

film contamination deposited on an otherwise homogeneous surface. Conventional LWIR 

intensity imaging provided only weak differentiation, whereas polarimetric imaging revealed 

strong enhancement. Optimal detection occurred at φ = 160.5°, while the anomaly 
disappeared at φ = 57.7°, confirming that thin surface layers produce highly polarization-

sensitive signatures.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: Image with the most suitable polarizer rotation φ= 160.47° (top); 
Image with the least suitable polarizer rotation φ=57.73° (bottom). 
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A third experiment investigated paraffin contamination on a water surface as a 

representative case of hidden thin-film transport hazard. The paraffin layer was essentially 

invisible under normal observation but became clearly detectable through LWIR polarization 

contrast. Maximum enhancement was achieved at φ = 174.8°, confirming the ability of the 
proposed sensing concept to identify subtle contamination structures that are critical for 

transport safety applications. 

The machine learning processing pipeline was validated on the collected dataset and 

demonstrated stable integration with real-time acquisition. CNN-based interpretation proved 

feasible for automated anomaly recognition, while the incorporated image quality metrics 

enabled systematic selection of the most informative polarization state. These results confirm 

the functional readiness of the developed framework for extended validation in real transport 

environments. 

4 Conclusion 

This paper presented the development and experimental validation of a sensing system 

that integrates LWIR polarimetric imaging with machine learning techniques for transport 

anomaly detection. The proposed approach exploits polarization-dependent thermal radiation 

to reveal surface features that are difficult to observe using conventional thermal cameras. 

An experimental measurement setup was implemented to acquire polarimetric infrared 

data, and a dedicated processing framework was developed to analyse the recorded images 

using convolutional neural networks. The results obtained from laboratory experiments 

confirm that polarimetric imaging significantly improves the visibility of thin liquid layers, 

contamination and other surface structures relevant to transport safety. 

The presented methodology demonstrates promising potential for future applications in 

intelligent transport monitoring systems. Further work will focus on expanding the dataset, 

optimizing the machine learning models and evaluating the approach in real-world operating 

conditions. 
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COMPUTER VISION – BASED STRAIN FIELD ANALYSIS OF 

3D PRINTED MATERIALS 

Ondrej Piroh1, Ján Minárik2, Jaroslav Majko3, Marián Handrik4, Milan Vaško5, Milan Sága6 

Abstract: This study analyzes the mechanical behavior of 3D printed materials using displacement measurements 

based on computer vision. Circular markers applied to sample surfaces are detected, and their centers of gravity 

are determined via MATLAB image processing. Time evolution of marker positions provides displacements, 

which are used to assemble a finite element mesh. From this, deformation and stress fields, deformation energy 

density, and total accumulated energy are calculated. Experiments were conducted on PET-G samples produced 

by FFF technology. The results demonstrate that the proposed method is effective for experimental analysis of the 

mechanical behavior of 3D printed materials. 

Keywords: computer vision; 3D printing; finite element method; deformation analysis; PET-G material 

1 Introduction 

The correct determination of the mechanical properties of structural materials is crucial 

for their practical application. Currently, there is significant development in additive 

manufacturing technologies, such as 3D printing, where detailed knowledge of material 

behavior under load is necessary for reliable application. These properties are primarily 

determined through mechanical testing of materials and subsequent analysis of experimental 

data. The basic quantities obtained from mechanical tests are mainly force and displacement, 

from which it is possible to determine the state of stress and strain in the material based on the 

principles of continuum mechanics. Force measurement is not a significant problem today, as 

it is a standard output of tensile testing equipment. However, measuring displacement in the 

central part of the test specimen is more challenging. This can be accomplished using either 

contact or non-contact extensometers, each with its own advantages and limitations. Contact 

extensometers can be damaged, for example, by unexpected sample failure, while non-contact 

systems eliminate direct contact with the sample and provide sufficient accuracy, but require 

higher initial costs, qualified personnel, and sample surface modification [7]. For this reason, 

new approaches are currently being developed that would preserve the advantages of existing 

methods while eliminating their shortcomings. This article follows on from the author's 

previous studies [1–2] and extends the proposed approach by implementing the finite element 

method to calculate strains, stresses, strain energy density, and total accumulated energy in the 

monitored plane area. 
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2 Theoretical background 

Determining the fields of strain, stress, strain energy density, or total accumulated energy 

of the computational domain requires an understanding of how to measure displacements using 

computer vision, as well as knowledge of the basic theories of continuum mechanics necessary 

to calculate these quantities. The following subchapters will briefly introduce the basic 

principles of using computer vision to measure displacements, as well as the key relationships 

needed to calculate the aforementioned physical quantities. 

2.1 Computer vision 

Displacements were measured using a non-contact extensometer based on computer 

vision techniques for detecting object edges and marker contours. In an earlier study [1], the 

authors introduced a method employing line markers applied to a flat specimen, which allowed 

precise evaluation of displacements along the loading axis. When circular markers are used 

instead, it becomes possible to capture transverse displacements. The author is part of a team 

that has published a separate article on this principle. The principle of the approach is presented 

in Figure 1: Fig. 1(a) shows the created image. Fig. 1(b) shows the detection of circular marker 

boundaries using the regionprops function [6], and Fig. 1(c) displays the calculated centroids 

of the individual markers [2]. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 1: Detection of circular markers' centers of gravity [2]: (a) view of the detection 

area, (b) identification of markers in the detection area, (c) positions of the centers of gravity 

of all detected object 

 

The centroids of the circular markers were determined in MATLAB using the 

regionprops function. Specifically, the parameters Centroid, MajorAxisLength,and 

MinorAxisLength were extracted, yielding the coordinates of each marker’s center as well as 
the lengths of the corresponding major and minor axes of the equivalent ellipse. These 
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geometric characteristics were subsequently used to evaluate the radius of each circular marker 

according to equation (1). 𝑟 =  𝐴 + 𝑎4  
(1) 

where A denotes the major axis length (MajorAxisLength) and a represents the minor axis length 

(MinorAxisLength) of the fitted elipse. 

2.2 Stress – strain calculation 

The state of strain at a selected point on the continuum can be described using a strain 

tensor. There are several formulations of these tensors, and their application depends on the 

magnitude of the strain. For small values, i.e., a geometrically linear problem, the infinitesimal 

(engineering) strain tensor is used. If the deformations exceed 2%, a geometrically nonlinear 

problem arises, in which case the Lagrange and Euler deformation tensors are used. In the case 

of circular markers, it should be noted that this is a calculation of true stress and true strain [3–
4]. 

 For a linearly elastic material in a plane, the components of the strain tensor ε are defined 

by equation (2). 𝜀 =  [𝜀𝑥𝑥𝜀𝑦𝑦𝛾𝑥𝑦] 
(2) 

In the case of two-dimensional plane stress (the case under consideration), the stress σ can be 

expressed using the material stiffness matrix D, as shown in equation (3),  

𝐷 =  𝐸1 − 𝜇2 [1 𝜇 0𝜇 1 00 0 1 − 𝜇2 ] 

(3) 

where E is the modulus of elasticity and µ Poisson's ratio. The stress calculation is then 

expressed in equation (4). 𝜎 =  𝐷 . 𝜀 (4) 

The strain energy density at point element is calculated using equation (5). 𝑤 =  12 𝜎𝑇𝜀 
(5) 

The total cumulative energy of the computational region in the case of plane stress is calculated 

based on the integration of the deformation energy density over the area of the region being 

solved. This calculation is described by equation (6), 𝑈 =  ∫ 𝑤𝑑𝐴𝐴  
(6) 

where A is the content of the addressed area. 

3 Measurement 

The experimental measurements were carried out on five specimens, with image 

acquisition performed using a Trust 4K Ultra HD webcam providing a resolution of 3840 x 

2160 px [5]. To ensure measurement reliability, fundamental conditions were maintained 

throughout the experiment, including proper alignment of the camera axis perpendicular to the 
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specimen surface, manual focus adjustment, and an appropriate camera – to - specimen distance. 

Images were recorded at a rate of one frame every 0,5 seconds, and the acquisition during the 

tensile test was automated via a MATLAB script, as illustrated in Fig. 2. 

 

 
Figure 2: Measurement process 

 

The tensile experiments were carried out on modified flat specimens fabricated using FFF 

(Fused Filament Fabrication) 3D printing technology. The geometry and dimensions of the 

specimens are presented in Fig. 3. The specimens were manufactured from PET – G material, 

and circular black markers produced from the same material were applied to the central region 

to provide sufficient contrast and enable reliable detection during image processing. 

 
Figure 3: Shape and dimensions of the specimens used 
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4 Results 

After the experimental measurements, the obtained data were processed and evaluated. 

The analysis produced a matrix of coordinates representing the centers of gravity of the 

markers over time in the recorded images. The number of images differed between tests 

because the samples failed at different times even under the same load. In two cases, the 

samples failed outside the monitored area, so these measurements were excluded. Therefore, 

the results in Table 1 are based on three measurements. First, the positions of the marker 

centers were determined. Next, a finite element mesh was created with nodes defined by these 

centers. Measured displacements were assigned to the nodes, enabling the calculation of strain 

fields. Subsequently, stresses, strain energy density, and total accumulated energy were 

determined. Since the test involved tensile loading, the evaluated variables correspond to the 

maximum values of the first principal stresses and strains. The averaged maximum values 

from the individual measurements are presented in Table 1. The distribution of the first 

principal stress from selected measurements is shown in Fig. 4, together with the fields of first 

principal strain and strain energy density. Based on the distribution of maximum values, 

failure is expected in the lower part of the sample, where the highest values occur. 

 

 𝜎1𝑚𝑎𝑥 [𝑀𝑃𝑎] 𝜀1𝑚𝑎𝑥  [−] 𝑤𝑀𝐴𝑋 [ 𝑚𝐽𝑚𝑚3] 𝑈  [𝑚𝐽] 
41,25 0,02 0,45 39,14 

Table 1. Mean maximum mechanical parameters obtained during the tensile test. 

 

 

 
Figure 4: First principal stress 
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5 Conclusion 

This study aimed to extend the existing approach based on the use of computer vision 

methods for analyzing the mechanical behavior of 3D printed materials during loading. The 

proposed methodology is based on the detection of circular markers applied to the surface of 

the test specimen, whose centers of gravity were determined using the regionprops function in 

MATLAB. Based on the temporal evolution of the marker positions, node displacements were 

determined, which served as input data for the assembly of a finite element mesh and the 

subsequent calculation of strain and stress fields in the monitored area. Based on these 

quantities, the strain energy density and the total accumulated energy of the analyzed area were 

further determined. Experimental measurements were performed on samples produced using 

FFF 3D printing technology from PET-G material. The results confirm that the proposed 

approach allows for effective evaluation of mechanical fields based on image recording of the 

experiment and represents an affordable alternative to standard non-contact measurement 

systems. The proposed methodology also creates space for its further expansion and application 

in the analysis of the mechanical behavior of various types of additively manufactured 

materials. 
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CRACK INITIATION TIME ESTIMATION FOR CASES OF 

PLASTIC PIPES UNDER STRESS RELAXATION CONDI-

TIONS 

Jan Poduška1*, Lukáš Trávníček1, Roman Gratza1, Florian Arbeiter2, Daniel Zach2, Luboš 
Náhlík1, Pavel Hutař1 

Abstract: Lifetime estimation of plastic pipes installed underground is difficult mainly due to the unclear boundary 

conditions and the very long-time frame in which the material undergoes stress relaxation. This contribution in-

vestigates the possibility of using damage accumulation hypothesis to estimate time to crack initiation and lifetime 

more precisely. 

Keywords: plastic pipes; slow crack growth; lifetime; relaxation. 

1 Introduction 

Lifetime estimation of plastic pipes installed underground is difficult, mainly due to un-

clear boundary conditions and the very long timeframe in which the material undergoes stress 

relaxation. The general aim of the work presented in this contribution is to develop a method-

ology for lifetime calculation relevant to such conditions. Currently, methodologies are availa-

ble for estimating crack propagation times of high-density polyethylene (HDPE) pressure pipes, 

but not for non-pressure pipes [1, 2]. This issue is particularly pressing, due to stronger incen-

tives to utilize more recycled materials in manufacturing non-pressure pipes [3]. Recycled ma-

terial content degrades mechanical properties [4], which further necessitates reassessment of 

the pipes. 

This contribution investigates the feasibility of estimating the service life of a flexible 

non-pressure pipe made from recycled polymer using assumptions of linear-elastic fracture me-

chanics while accounting for stress relaxation. The work is part of a broader effort to find and 

verify a methodology of lifetime calculation relevant for underground installations where non-

pressure pipes experience continuous relaxation stresses. 

2 Modelling and Crack Initiation Time Calculations 

The methodology applied here combines finite element simulations with experimental 

characterization of crack propagation in the polymer. It is demonstrated via crack initiation and 

lifetime calculations for a non-pressure pipe made entirely of recycled HDPE (outer diameter 

50 mm, wall thickness 4 mm) in a parallel-plate relaxation test at 80°C, where the pipe was 
compressed by 12% of its initial diameter. During relaxation, damage initiates and propagates 

as cracks through the wall – a primary failure mode known as slow crack growth in HDPE pipes 

under long-term loading [1, 2].  

The case used for illustration is non pressure pipe made completely out of recycled HDPE 

– outer diameter of 50 mm, wall thickness of 4 mm. 
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The pipe was subject to an actual parallel plate relaxation test, where it was compressed 

by 12 % of the initial diameter and left to relax in a chamber at 80 °C. 

2.1 FEM Model of the Parallel Plate Relaxation Test 

Crack propagation in the compressed pipe was modelled using both a 2D planar model 

and a 3D model featuring a semi-elliptical crack. The material was treated as linear-elastic, with 

stress relaxation simulated via a time-dependent decrease in the modulus of elasticity. The stress 

intensity factor was determined as a function of crack length and modulus. From the experi-

ment, the time-dependent record of the reaction force on the upper plate enabled calculation of 

the relaxation modulus. These results were then combined with the SIF calculations to produce 

2D splines characterizing crack propagation over time. Scheme of the crack in the models is in 

Figure 1a, SIF functions in Figure 1b.  

  

a) b) 

Figure 1: a) Scheme of the 2D and 3D models for the SIF calculation; b) Spline de-

scribing the dependency of SIF on time and crack length for the 3D model. 

2.2 Crack Initiation Time Estimation 

The crack initiation law is an empirical relationship that describes time to initiation tini of 

the crack propagation in the material as a function of SIF for an initial defect KI,ini of a small 

size:  

  (1) 

where B and n are constants obtained through a series of experiments on notched speci-

mens. For the recycled PE, values of B = 0.07 s and n = −7.68 s/MPa·m1/2 were used. This law 

can be integrated in time, using SIF dependency on time and crack length obtained from FEM.  

With an initial defect size of 0.4 mm, crack initiation times were calculated and plotted 

alongside total failure times and reaction force (Figure 2). The experimental data shows a sharp 

decrease in force toward the end of the test, marking the point where the pipe lost stability and 

collapsed due to extensive cracking. This collapse occurred after approximately 10–20 hours. 

In comparison, the 2D model is overly conservative, predicting a total lifetime of only 

0.76 hours (with 0.54 hours for initiation). Conversely, the 3D model overestimates these dura-

tions. This discrepancy between the 3D model and the experimental results may be due to mul-

tiple crack initiation points within the recycled polymer—a phenomenon that warrants further 

investigation to reconcile these differences. 
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Figure 2: Experimental record of the reaction force from the parallel plate test with the 

calculated initiation times and total lifetimes.  

3 Conclusions 

The methodology is a promising candidate for further study. With the 2D model already 

providing a safe, conservative estimation, future research will focus on reconciling the model 

behavior with experimental observations to improve predictive accuracy of the 3D model. 
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OPTIMIZATION OF JONES-WILKINS-LEE EOS 

PARAMETERS FOR THE PG3 EXPLOSIVE 

Angel Prado1, Ricardo Castedo2, Anastasio P. Santos3, María Chiquito4, Carlos Gómez-De-

Cabo5, Lina M. López6, José I. Yenes7, Martin Isoz, M. 8 

 

Abstract: Accurate prediction of air-blast effects requires reliable JWL EOS parameters, but traditional cylinder 

tests are costly and complex. This study presents a methodology to determine JWL parameters using height-of-

burst experiments combined with numerical optimization. PG3 explosive detonations (0.7–1.4 kg) were 
simulated in a 2D axisymmetric LS-DYNA model, with experimental pressure–time histories guiding the 

optimization. The calibrated parameters reproduced overpressure profiles with errors below 10% and were 

validated using Viper::Blast simulations. This approach offers a cost-effective, flexible alternative to 

conventional methods, enabling rapid, reliable EOS parameter determination with minimal experimental effort. 

Keywords: Blast simulation; LS-DYNA; JWL-EOS; LS-OPT. 

1 Introduction 

Accurate prediction of air-blast effects depends on reliable Equation of State (EOS) 

parameters for explosives. An EOS is a mathematical model that describes the relationship 

between pressure, volume, and internal energy of a material, allowing prediction of its 

thermodynamic response under explosive loading conditions. Among available models, the 

Jones–Wilkins–Lee (JWL) EOS is widely used due to its proven performance in describing 

detonation gas expansion [1–3]. Traditionally, JWL parameters are obtained through cylinder 

tests followed by manual calibration [4,5], a process that is costly, time-consuming, and 

potentially hazardous. Recent efforts have explored alternative approaches, including 

empirical fitting [6], computational techniques [7], analytical models [8], and optimization-

based methods [9]. This study presents a practical methodology to determine JWL EOS 

parameters directly from height-of-burst detonation tests, combining 2D axisymmetric LS-

DYNA simulations with optimization techniques implemented in LS-OPT. The method is
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applied to PG3 explosive (similar to C4 in composition), for which no validated JWL EOS 

exists.  

The proposed approach provides a safer, cost-effective, and reproducible alternative to 

traditional cylinder tests, reducing experimental complexity while maintaining high predictive 

accuracy.  

2 Test description 

In 2022, a series of height-of-burst detonation tests were conducted at the Palancar 

Firing Range, Hoyo de Manzanares, using the military explosive PG3, a C4-type formulation 

composed of 89% RDX and 11% HTPB, with a density of 1580 kg/m³.  Ten tests were 

performed with charges of 0.7, 1.0, and 1.4 kg, including one repetition to compensate for a 

sensor malfunction. Each spherical charge was suspended 0.5 m above ground and initiated 

centrally. Pressure sensors (PCB Piezotronics®) were placed at 2, 4, and 8 m radial distances 

from the charge. Recorded pressure signals were filtered with a fourth-order Butterworth low-

pass filter and, when needed, corrected for offsets. The positive-phase parameters of each 

blast were then extracted by fitting the signals to the Friedlander equation, providing the input 

data for the JWL EOS parameter optimization. 

3 Numerical Model 

A two-dimensional axisymmetric model of the height-of-burst tests was developed in 

LS-DYNA using the Multimaterial Arbitrary Lagrangian-Eulerian approach. The model forms 

the basis for the subsequent LS-OPT optimization of selected explosive parameters. 

The computational domain was discretized using a structured mesh, with local 

refinement near the explosive charge and at sensor locations to ensure accurate prediction of 

blast pressures. Boundary conditions constrained the ground while remaining boundaries were 

treated as non-reflecting. The explosive PG3 was modelled using the JWL EOS: 

  (1) 

where P is pressure, V is the relative volume (v/v0), E is the internal energy, and A, B, 

R1, R2 and  are material-specific constants. Some of these parameters were determined from 

experimental data, as they represent the thermomechanical properties of the explosive, while 

A, B, R1 and R2 were calibrated through the optimization process. Air was modelled as an ideal 

gas with a linear-polynomial EOS. 

4 Optimization Method 

The unknown JWL-EOS parameters of the PG3 explosive (A, B, R1 and R2) were 

identified using LS-OPT, an optimization tool used in conjunction with the LS-DYNA model 

described previously. A Sequential Response Surface Method (SRSM) was employed to 

efficiently explore the JWL parameter space. SRSM constructs surrogate models based on a 

limited set of LS-DYNA simulations, allowing the algorithm to predict responses at 

unsampled points. This approach enables iterative refinement of the JWL parameters while 

keeping computational costs manageable, as new sample points are adaptively added to 

improve the surrogate model and guide the search toward the global optimum. 

Pressure–time histories from the 0.7 kg and 1.4 kg field tests at 2 m and 4 m sensor 
positions were used as target data for the optimization. The optimization objective was 

defined as a weighted mean squared error between simulated and experimental values, 
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considering both the peak overpressure and 9 other pressure points along the positive pressure 

phase.  

Convergence of the optimization process was found after 11 iterations. The calibrated 

parameters successfully reproduce both the peak overpressure and the average positive phase, 

with most values deviating less than ±10%. Slightly larger discrepancies were observed for 

the 0.7 kg charge, primarily due to higher sensor-to-sensor variability and the shorter duration 

of the positive phase, which is closer to the temporal resolution and noise floor of the 

measurement system. 

5 Results and Validation 

Validation was performed using the 1 kg charge, which was not included in the 
optimization. Simulated peak pressures differed from experimental measurements by −5.6% 
and 10.8% at 2 m and 4 m, respectively, while the average positive phase errors were 6.2% 
and −3.7%, confirming the generalization of the optimized JWL parameters to independent 
test conditions. 

Further validation was conducted with Viper::Blast, a computational fluid dynamics 

(CFD) code for blast simulations, for 0.7, 1, and 1.4 kg charges at sensors at 2, 4, and 8 m. A 
1D–2D remapping strategy was applied to refine the mesh during the initial detonation phase. 

Across all tests, the average relative differences between simulation and experiment were 

5.76% for peak pressure and 6.94% for impulse. Errors were generally lower at sensors closer 

to the charge and for larger charges, while minor discrepancies at distant sensors are attributed 

to experimental uncertainties, idealized geometry, and the implicit treatment of afterburn 

effects in the JWL-EOS. 

 
Figure 1: Comparison of pressure–time histories from Viper simulations and field test data for a 1 kg 

charge. 
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Figure 1 illustrates the computational domain with sensors and the comparison between 

simulated and experimental pressure–time histories. Overall, the results demonstrate that the 

optimized JWL-EOS provides a robust, predictive model, reliably capturing blast behaviour 

across different charge sizes and distances, proving its suitability for both LS-DYNA and 

Viper simulations. 

6 Conclusions 

A practical methodology for determining JWL EOS parameters directly from height-of-

burst detonation tests has been presented and successfully applied to PG3 explosive. By 

combining 2D axisymmetric LS-DYNA simulations with LS-OPT optimization, the calibrated 

JWL parameters accurately reproduce both peak overpressures and positive-phase distribution 

across multiple charge sizes and sensor locations. 

Validation with independent test data and additional CFD simulations demonstrated that 

the optimized JWL parameters generalize well, with typical errors below 7%, confirming the 

reliability of the approach. Compared to traditional cylinder tests, this method offers a safer, 

faster, and cost-effective alternative, while maintaining predictive accuracy suitable for both 

field-scale and computational blast analyses. 

Limitations of the present study are that the methodology was applied exclusively to 

height-of-burst tests and was demonstrated successfully only to the PG3 explosive. Further 

work is required to evaluate the approach with other explosive formulations and different 

experimental configurations to fully assess its general applicability. 
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EFFECT OF THE COOLING SYSTEM IN THE TILTING PAD 

JOURNAL BEARING ON THE ROTOR BEHAVIOUR 

Jan Rendl1, Michal Hajžman2, Radek Bulín3, Luboš Smolík4 

Abstract: The paper presents a study to explore the thermohydrodynamic behaviour of a tilting pad journal bearing 

equipped with an internal cooling system under various operating conditions and loads. This study aims to monitor 

temperatures at critical locations and establish their relationship with operational parameters using a coupled CFD 

approach. 

Keywords: tilting pad journal bearing; cooling system; thermohydrodynamic analysis; rotor system 

1 Introduction 

The tilting pad journal bearing (TPJB) with four pads in the load-between-pads 

configuration is considered. The pads contain the cooling system through inner channels 

supplied by a fraction of the inlet lubricant. Commercial bearing analysis software typically 

lacks the functionality to model such internal features. For this reason, the in-house solution 

used CFD analysis coupled with the energy equation of heat distribution in the bearing gap and 

subsequent heat transfer to the pad with a sliding surface made of babbitt material. 

2 Computational model 

The flow of the oil film is governed by the Navier-Stokes equations under incompressible, 

laminar conditions [1,2]. To obtain the temperature gradient across the film thickness, a 3D 

energy equation accounting for both conduction and convection is employed. This approach 

allows for a precise characterisation of the thermal interface between the lubricant and the pad 

surface. Various thermal boundary conditions and their influence on the resulting temperature 

fields in the system were studied in [3]. 

3 Results 

Comparative simulations were performed for specific operating cases using identical 

boundary conditions (film thickness, rotational speed and heat transfer coefficients). The results 

obtained for the uncooled and cooled systems are depicted in Figures 1 and 2, 

respectively.  These figures illustrate the radial section of the pad near the trailing edge, where 

the thermocouple is positioned to measure the babbitt layer bottom surface temperature. 
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The cooling effect reduces the temperature at the babbitt layer surface by ca. 5 °C across 
various operating conditions. On the other hand, the temperature distribution under the cooling 

channels layer is nearly uniform and significantly lower than in the non-cooled configuration. 

  

  
Figure 1: Temperature distribution in pad 

without cooling system (pad radial section) 

Figure 2: Temperature distribution in pad  

with cooling system (pad radial section) 

4 Conclusions 

This contribution provides a comprehensive computational analysis of the rotor supported 

on a tilting pad journal bearing with a cooling system and its effects on operation. Temperature 

distribution influences material dilatation, operational clearances, and oil viscosity, potentially 

critically affecting the dynamic stability of the rotor system by altering hydrodynamic forces. 

The simulations indicate that while the cooling system has a secondary effect on direct heat 

generation within the bearing gap, it significantly alters the temperature distribution within the 

pad body. 
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MASK-BASED OBJECT TRACKING FOR NON-CONTACT 

MEASUREMENT OF PLANAR MOTION 

Luboš Smolík1, Štěpán Dyk2, Radek Bulín3, Jan Rendl4 

Abstract: Non-contact measurement of mechanical vibrations is essential for lightly damped or low-mass 
systems, since contact sensors can introduce additional mass or artificial damping. In some scenarios, computer 
vision utilising digital cameras can offer a versatile and cost-effective alternative to laser interferometers. 
However, common object- and feature-tracking algorithms can be susceptible to drift, which is a gradual 
accumulation of frame to frame errors. This paper presents a mask-based object tracking method that processes 
digital video using a localised search strategy and a reference-based cost function. The method is experimentally 
validated on two oscillating systems using a smartphone camera. 

Keywords: computer vision; motion measurement; object tracking; damping identification 

1 Introduction 

Measuring the dynamic response of lightly damped or low-mass mechanical systems 
can be rather challenging. Contact transducers, such as accelerometers, introduce additional 
mass or artificial stiffness and damping due to the presence of cables. These effects can have a 
negative impact on measurements, resulting in inaccurate estimates of system properties. 

To avoid this issue, one can use a non-contact measurement method. Non-optical 
approaches, such as capacitive and eddy-current sensors, offer high sensitivity but have a 
limited displacement range. Optical methods include laser interferometers and computer 
vision. Whereas the former are accurate and appropriate for a wide range of measurement 
scenarios [1], they are often cost-prohibitive even for single-point unidirectional 
measurements. Computer vision has recently become a versatile alternative for low- and 
medium-frequency applications that supports simultaneous multi-point, multi-degree-of-
freedom measurements across a wide range of motion through digital video analysis [2]. 

Despite its versatility, computer vision is not without limitations. Large motions are 
measured using object- or feature-tracking algorithms, which are susceptible to frame-to-
frame error accumulation [3]. This effect, known as drift, can be particularly problematic 
when analysing long video records consisting of thousands of frames. 

The present paper addresses these limitations by introducing a drift-free method 
designed for long video records. The method employs localised mask-based tracking that 
remains stable over sequences exceeding 30,000 frames, with drift maintained at the level of 
measurement noise. To demonstrate its applicability, the method is used to identify damping 
parameters from free-vibration records of a lightly damped mechanical system. 
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2 Description of the Method 

The proposed method processes a digital video frame by frame using the workflow 
illustrated in Figure 1. In the initialisation step, the user defines a region of interest (RoI) 
around the tracked object in a reference frame. Selected colour channels from the RGB and 
HSV colour spaces are combined via element-wise multiplication to produce a composite 
greyscale image. The channel combination that best separates the object from the background 
should be selected. The composite image is then binarised using a fixed intensity threshold. 
The resulting binary mask is further processed by filling holes and performing morphological 
closing to ensure a well-defined silhouette of the tracked object. A set of geometric properties, 
including area, centroid position and eccentricity, is extracted from the reference mask and 
stored as the reference descriptor. 

In each subsequent frame, image processing is restricted to a localised search area  
computed from the previous centroid position and the expected maximum displacement. The 
binary mask is recomputed within this crop. This may result in multiple disconnected regions.  
To identify the region corresponding to the tracked object among all candidates, a cost 
function is evaluated for each detected region. This cost is defined as the root sum of squares 
of the relative errors between the geometric properties of the candidate and the reference 
descriptor, as well as a distance cost based on the pixel distance of the candidate from the 
centroid recorded in the previous frame. The candidate with the lowest cost is selected, and its 
centroid is recorded in global image coordinates. 

 

 
Figure 1: Illustration of the image processing workflow applied to a representative frame: RoI 

definition (a), composite greyscale image (b), and binary mask after sequential postprocessing steps 
(c to e). 

3 Results 

The presented method was experimentally validated by analysing the free decay 
response of two oscillating systems subjected to a non-zero initial displacement recorded 
using a Google Pixel 8a smartphone camera at 240 fps. 
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Figure 2: Test oscillating systems with corresponding horizontal displacement time histories (a, b) 
and planar trajectories over the first four oscillation cycles (c, d). Note that vertical position in panel 
(d) is inverted because the origin of the image coordinate system is located in the upper-left corner 

with the vertical axis pointing downward. 

 
The first test system consists of a mass mounted on steel plates that oscillates 

predominantly in the horizontal direction, see Figure 2a. The composite image of the RoI was 
constructed from the R, G, and S channels with a binarization threshold of 32 and the 
analysed digital video consists of 26 388 frames. 

The measured time history of the horizontal displacement is shown in Figure 2a. The 
amplitudes decay almost exponentially, suggesting that the primary mechanism of energy 
dissipation is viscous damping in the plates. An oscillation period of approximately 0.46 s can 
be estimated from the time history. The planar trajectory of the mass over the first four cycles 
is shown in Figure 2c. Apparently, the motion is almost linear: the peak-to-peak displacement 
in the horizontal direction is almost 400 pixels, whereas in the vertical direction it is 
approximately 13 pixels. 

The second test system is a physical pendulum supported in two point pivots, see Figure 
2b. The composite image of the RoI was constructed from the R and S channels with a 
binarization threshold of 20 and the analysed digital video consists of 2 188 frames. 

The measured time history of the horizontal displacement is shown in Figure 2b. Here, 
the amplitudes decay almost linearly, suggesting that the dominant dissipation mechanism is 
dry friction at the pivots. An oscillation period is approximately 0.41 s. The planar trajectory 
of the lower edge of the pendulum over the first four cycles is shown in Figure 2d.  In this 
case, the trajectory is a circular arc, which is characteristic for pendulum motion. 

4 Conclusions 

We presented a mask-based object tracking method for the non-contact measurement of 
planar motion. This method processes digital video records frame by frame using a localised 
search strategy and a reference-based cost function to minimise drift, even over long video 
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recordings. This approach was experimentally validated on two oscillating systems with 
different dissipation mechanisms, recorded at 240 fps using a smartphone camera. The results 
demonstrate that the method can reliably analyse planar trajectories across records of varying 
length, including a sequence of 26,388 frames. The residual tracking uncertainty is 
predominantly random in nature, with a standard deviation of approximately 0.4–0.6 pixels.  

In future work, free decay records will be used to identify the damping parameters of 
analysed systems. The identification procedure proposed in [4], which enables the separation 
of viscous and dry friction contributions to energy dissipation, will be employed. 
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Concept of high-static-low-dynamic-stiffness vibration isolation
combined with sky-hook idea

Z. Šika1, P. Pravec2, K. Kraus3

Abstract: The paper investigates the concept of active and semi-active high-static-low-dynamic stiffness (HSLDS) vibration
isolators. Two distinct mechanical designs are considered and their combination with both semi-active and active realization
of sky-hook idea are considered and tested by simulation. The optimization of the passive parameters as well as control law
parameters is done. The preliminary results indicate that the optimized passive designs combined with sky-hook could provide
a highly efficient solution. The presented study is a good basis for further research into the active and semi-active HSLDS
concept.

Keywords: vibration isolation; high-static-low-dynamic stiffness (HSLDS); quasi-zero stiffness (QZS); active control; semi-

active control; sky-hook concept

1 Introduction

The increasing demand for high-performance systems in fields such as ultraprecision manufactur-

ing, sensitive laboratory instrumentation, and aerospace engineering rotors has made the mitigation of

low-frequency vibrations a critical challenge. Classical passive vibration isolators are fundamentally

limited by the trade-off between static load-bearing capacity and the low dynamic stiffness required for

effective low-frequency isolation. A promising alternative is found in nonlinear passive isolators with

high-static-low-dynamic-stiffness (HSLDS) systems [1]. If we want to achieve further improvement in

the functionality and robustness of these support mechanisms with respect to the behavior of the iso-

lated structure as well as the surrounding environment, it is appropriate to consider expanding them with

controlled elements.

2 HSLDS support combimned with sky-hook

This study explores the potential of enhancing the passive HSLDS isolators of two DOF table with

auxiliary mass (Fig. 1) through mechatronic extensions, where the performance of optimized passive

systems is first established as a reference and then compared against both semi-active and fully active

mechatronic enhancements to quantify the benefits of each strategy [2]. The simulation models of two

selected variants of passive HSLDS isolators—a mechanical linkage configuration and a pre-buckled

beam (Fig. 2) configuration—are designed and created.

These passive models are then subjected to a numerical optimization of their geometric and me-

chanical parameters to maximize their vibration isolation effectiveness and establish a clear performance

benchmark. Subsequently, a mechatronic extension is proposed for the optimized passive designs based

on the ’sky-hook’ control principle [3], realizing implementation with both semi-active and fully active

actuators. The final stage of the research involve a structural-control co-optimization using differential

evolution method [4] of the semi-active and active versions. In addition, during this optimization, several

types of excitation of the isolated table were considered at the same time, and the overall objective func-

tion was formed by a weighted sum of the partial objective functions. An example of the comparison of

the optimized isolation results for stochastic excitation is shown in Fig. 3. The study suggests significant

potential for both active and semi-active versions of HSLDS vibration isolation.
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Figure 1: Schematic diagram of the isolated

two DOF table with auxiliary mass.

Figure 2: Schematic diagram of the controlled

actuator integration with the HSLDS isolator.
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Application of a Simplified Jiang Fatigue Model to SS316L

A. Tošková1, M. Fusek2

Abstract: Energy-based fatigue damage cumulation models represent an effective tool for predicting fatigue life. However,
their practical application is limited by the high number of material parameters. The Jiang model contains a total of six material
constants. Some of them can be determined independently, but under constant-amplitude loading, three key parameters must be
calibrated according to the procedure described in the original work, which complicates its engineering use. The paper focuses
on the calibration and application of the simplified model to SS316L in order to compare its predictive capabilities with those
of the original model.

Keywords: Fatigue; SS316L; Jiang Criterion; Modification; Multiaxial fatigue

1 Introduction

Multiaxial fatigue loading is common in many engineering components where loads act simultane-

ously along multiple axes. To evaluate fatigue life under these conditions, a number of criteria have

been proposed based on the critical plane concept or on an energy-based approach. Energy-based fatigue

damage cumulation models represent an effective tool for predicting fatigue life because they allow for

the influence of plastic deformation and the complex stress-strain state of the material to be taken into

account. However, their practical application is often limited by a relatively large number of material

parameters that must be determined experimentally.

One model of this type is the Jiang criterion [1], which combines the critical plane concept, plastic

strain energy, and a material memory principle adopted from cyclic plasticity modelling. The criterion

was originally validated on several materials, namely carbon steels AISI 1070 and AISI 1045, stainless

steel AISI 304, and alloy steel EN15R. Experimental validation was performed on smooth specimens at

room temperature under various loading conditions, including both proportional and non-proportional

multiaxial loading with constant amplitude. The criterion was subsequently applied to other materials as

well, for example, structural steel S460N [2], stainless steel AL6XN [3], steel 16MnR [4], stainless steel

AISI 316L [5], and magnesium alloys AZ31B and AZ61A [6, 7, 8].

In addition to direct applications of the model, several modifications have also been proposed. In [9],

two modifications of the Jiang criterion were introduced with the aim of improving fatigue life prediction

for the aluminium alloy 2124-T851 and the stainless steel AISI 316L.

Due to the complex calibration of this multi-parameter fatigue model, a simplified material model

was proposed in [10], in which one of the material parameters is fixed to a constant value, specifically

m = 1. This approach was experimentally validated for the structural steel S235JR. The objective of

the present work is to apply this simplified model to the SS316L material and compare its predictive

capability with the original Jiang model.

2 Fatigue Models

This chapter summarises the formulation of the original Jiang fatigue model [1] and its simplified

variant proposed in [10]. First, the basic form of the criterion is presented, followed by its modification.
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2 Martin Fusek; VŠB-TUO, Fakulta strojnı́, Katedra aplikované mechaniky; martin.fusek@vsb.cz

137



2.1 Original Jiang model

The Jiang criterion [1] is a comprehensive fatigue model. The critical plane is defined as the plane on

which the density of accumulated fatigue damage reaches a critical value. The mathematical formulation

of the model is given by:

dD = ⟨σmr − σ0⟩
m

(

1 +
σ

σf

)

dY, (1)

where the increment of the modified plastic strain energy density dY is defined as:

dY = aσdεp +
1− a

2
τdγp, (2)

where D denotes the fatigue damage density, σmr is the memory parameter, and σ is the normal stress

on the material plane. Equations 1 and 2 contain four material parameters: σ0 represents the fatigue limit

under fully reversed tension-compression, σf is the fracture stress, m acts as an exponent, and a specifies

the material behaviour during fatigue damage cumulation [1].

The memory stress is defined as the maximum value of the equivalent stress reached during one

loading cycle:

σmr = max (σeq) . (3)

The quantity σeq represents the von Mises equivalent stress, which is defined by:

σeq =

√

3

2
S : S =

√

σ2
x + σ2

y + σ2
z + 3

(

τ2xy + τ2yz + τ2zx
)

, (4)

where S denotes the deviatoric stress tensor, σx, σy, and σz are the normal stress components, and τxy,

τyz , and τzx represent the shear stress components at the given material point [1].

2.2 Simplified Jiang Model

The simplified model [10] is based on the original fatigue model and eliminates the dimensionless

constant m from the criterion, i.e., its value is fixed at 1. Equation 1 therefore takes the form:

dD = ⟨σmr − σ0⟩

(

1 +
σ

σf

)

dY. (5)

This expression for fatigue damage remains physically equivalent to the original Jiang criterion [10].

3 Material and experimental data

The experimental data for SS316L used in this study were taken from the published results reported

in [9]. The dataset includes measured stress-strain histories for six different loading paths (Figure 1),

information on the number of cycles to failure for various multiaxial loading modes, and several material

parameters (Table 1). For the purposes of this study, the datasets were divided into two independent

parts. Loading paths A and B were used for model calibration, while the remaining loading paths (C, D,

E, and G) were used for model validation.

Parameter Description Value

E [MPa] Young’s modulus 169785

G [MPa] Shear modulus 55600

µ [-] Poisson’s ratio 0.29

σ0 [MPa] Fatigue limit in fully reversed tension–

compression

244

σf [MPa] Fracture stress 680

Table 1: Material parameters for SS316L.

138



ε

γ
√

3

A

ε

γ
√

3

B

ε

γ
√

3

C

ε

γ
√

3

D

ε

γ
√

3

E

ε

γ
√

3

G

Figure 1: Loading paths.

4 Results

This chapter first defines the metrics used to evaluate the predictive capability of the considered

models. Subsequently, the calibrated parameters of the original Jiang criterion and its simplified variant

are presented. Based on these parameters, the results of fatigue life prediction are presented and evaluated

using the selected metrics. Finally, the predictive capabilities of both models are compared.

4.1 Metrics

The predictive capability of both models is evaluated using the metric:

ki =
Nfe,i

Nfp,i

, (6)

where Nfp denotes the predicted number of cycles to failure and Nfe the experimentally determined

number of cycles. A value of k = 1 corresponds to perfect agreement between the predicted and ex-

perimental fatigue life. Values of k > 1 indicate a conservative prediction, whereas k < 1 represents

a non-conservative estimate of fatigue life. An interval of ⟨0.5, 2⟩ is considered an acceptable level of

model accuracy.

From the set of values {ki}, two statistical characteristics are further determined: the mean value:

k̄ =
1

n

n
∑

i=1

ki, (7)

where i denotes the test index, n the number of evaluated experiments, and the standard deviation:

s =

√

√

√

√

1

n− 1

n
∑

i=1

(

ki − k̄
)2
. (8)

To assess the differences between the two models, a paired t-test [12] and the Wilcoxon test [11] are

used.

139



4.2 Results of the Original Jiang Criterion

The calibration of the original Jiang model was performed according to [10]. The determined pa-

rameter values for SS316L are listed in Table 2 (Figure 2). A comparison of experimental and predicted

fatigue lives using the metric k is shown in Figure 4.

The results indicate that most predictions fall within the region of good agreement between experi-

mental and calculated values. The mean value of the metric reaches k̄orig = 1.134, while the standard

deviation is sorig = 0.268.

4.3 Results of the Simplified Jiang Criterion

The calibration of the simplified variant of the Jiang model was performed using an analogous pro-

cedure. The resulting parameter values are listed in Table 3 (Figure 3). The predictive capability of the

model evaluated using the metric k is shown in Figure 5.

In this case as well, most results lie within the range of acceptable agreement with the experimental

data. The mean value of the metric reaches k̄mod = 1.099, while the standard deviation is smod = 0.264.
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Figure 2: Calibration of the Jiang model
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Figure 3: Calibration of the modified model

Parameter Value

E [MPa] 169785

G [MPa] 55600

µ [-] 0.29

a [-] 0.4055

m [-] 1.1486

D0 [Nmm/mm3] 1.1733 · 106

σ0 [MPa] 244

σf [MPa] 680

Table 2: Parameters of the Jiang criterion for

SS316L

Parameter Value

E [MPa] 169785

G [MPa] 55600

µ [-] 0.29

a [-] 0.3688

D0 [Nmm/mm3] 5.2448 · 105

σ0 [MPa] 244

σf [MPa] 680

Table 3: Parameters of the modified criterion for

SS316L

4.4 Comparison of Predictions of the Original and Simplified Criteria

The difference between the mean values of the metric k for both models is ∆k̄ = −0.035. The

statistical significance of this difference was evaluated by testing the null hypothesis H0 : k̄orig = k̄mod

at a significance level of α = 0.05. The results of both the paired t-test (t = −1.473, p = 0.167) and

the Wilcoxon test (W = 26.0, p = 0.191) did not indicate a statistically significant difference between
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Figure 5: Metric k of the modified model

the two models (p > α). A graphical comparison of the distribution of the metric k for both models is

shown in Figure 6.
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Figure 6: Distribution of metric k for the Jiang and modified model

5 Conclusion

This work focused on the application and validation of a simplified Jiang fatigue model for fatigue

life prediction under multiaxial loading. The simplified formulation, in which the material parameter

m is fixed at m = 1, was applied to experimental data for SS316L, and its predictive capability was

compared with that of the original Jiang model.

Calibration of the original Jiang model resulted in a mean prediction metric value of k̄orig = 1.134
with a standard deviation of sorig = 0.268. The simplified formulation provided very similar results,
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specifically k̄mod = 1.099 and smod = 0.264. In both cases, all predicted fatigue lives fall within the

interval ⟨0.5, 2⟩, which confirms good agreement between experimental and predicted values.

The comparison of both approaches showed that the simplified model achieves slightly better predic-

tive results, reflected by the value of the metric k being closer to 1. However, statistical analysis based

on the paired t-test and the Wilcoxon test did not reveal a statistically significant difference between the

two models at the significance level α = 0.05.

The obtained results confirm that the simplified Jiang model can be successfully applied to SS316L

while maintaining predictive accuracy comparable to the original formulation. At the same time, the

calibration of the simplified model is considerably easier since only two of the original three material pa-

rameters need to be determined. This makes the simplified model more suitable for practical engineering

applications while maintaining very good predictive capability.
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[7] CASTRO, Fábio; JIANG, Yanyao. Fatigue life and early cracking predictions of extruded AZ31B

magnesium alloy using critical plane approaches. International Journal of Fatigue. 2016, vol. 88,

pp. 236–246. Available from: https://doi.org/10.1016/j.ijfatigue.2016.04.002.

[8] YU, Qin; ZHANG, Jixi; JIANG, Yanyao; LI, Qizhen. Multiaxial fatigue of extruded AZ61A mag-

nesium alloy. International Journal of Fatigue. 2011, vol. 33, no. 3, pp. 437–447. Available from:

https://doi.org/10.1016/j.ijfatigue.2010.09.020.
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NUMERICAL SIMULATIONS OF NON-PRESSURE 

POLYMER PIPES IN UNDERGROUND OPERATING 

CONDITIONS 

Lukáš Trávníček1, Jan Poduška2, Florian Arbeiter3, Roman Gratza4, Daniel Zach5, Luboš 
Náhlík6, Pavel Hutař7 

Abstract: This study presents a 3D finite element model for fracture mechanics-based lifetime estimation of buried 

polymer pipes. Failure is governed by slow crack growth (SCG), which is modelled using linear-elastic fracture 

mechanics. The model incorporates an angular-dependent external pressure derived from the ATV DVWK A127 

standard. Crack propagation is simulated from an initial defect to its final size with a semi-elliptical crack shape. 

Stress intensity factor along the crack front is evaluated and used for lifetime estimation. Model validation at the 

stress–strain level shows good agreement with the ATV design standard, supporting the applicability of the 

proposed approach. 

Keywords: polymer pipes, soil loading, finite element modelling, lifetime estimation 

1 Introduction 

Polymer pipes are widely used due to their ability to withstand very long operation periods 

up to 100 years. Direct verification of such long lifetimes is impractical. However, failure is 

governed by the slow crack growth (SCG) mechanism [1], which can be characterized by 

notched specimens. This enables conservative lifetime prediction through fracture-mechanical 

models of crack propagation in the pipe material, particularly those based on crack-layer theory 

[2; 3] and linear-elastic fracture mechanics (LEFM) [4; 5]. 

Finite element (FE) simulations of polymer pipes are essential for both methods, as they 

enable the evaluation of stresses and strains in the pipe wall [2; 3; 4; 5]. For buried pipes, two 

main modelling approaches can be found in the literature. The simpler approach represents soil 

load as external pressure derived from design standards, offering fast computation but limited 

flexibility and the inability to capture local effects [6; 7]. The more advanced approach models 

both the pipe and the surrounding soil, allowing for realistic, complex loading scenarios, but at 

the cost of higher computational demand and high sensitivity to uncertain soil parameters [3]. 

For fracture-mechanics-based lifetime estimation of a buried non-pressure pipe, it is 

crucial that FE models remain consistent with the design standard. This can be done by 
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evaluating stresses and strains by an FE model and comparing the results with those obtained 

from, e.g., German ATV DVWK A127 standard [8], which is widely accepted in Europe.  

However, this link between FE modelling and design standards has not been systematically 

addressed.  

The main aim of this study is to develop a 3D numerical model of a pipe containing a 

crack that enables lifetime estimation using LEFM, while ensuring consistency with the ATV 

design standard on the stress-deformation level. The approach, where soil load is represented 

by external pressure, is chosen because it avoids the complications associated with selecting 

soil parameters. 

2 Numerical modelling 

The numerical modelling was chosen mainly due to two reasons: (i) it enables describing 

the stress field near the crack front, and (ii) it enables using external pressure, which is not 

constant but varies along the angular position, see Figure 1. The crack propagation was 

modelled under the assumption that it follows a semi-elliptical shape. A typical 3D numerical 

model contained between 2 × 105 and 4 × 105 isoparametric elements depending on the crack 

size. The finite element mesh was prepared very fine near the crack front to properly capture 

the singular stress field (see detail in Figure 2).  

The model was loaded by an external pressure whose magnitude depends on the angular 

position, as shown in Figure 1. The line pressures qv, qh, and qh
* are obtained from the ATV 

design standard for chosen burying conditions. The material model was considered linear 

elastic, characterized by elastic modulus E = 270 MPa and Poisson!s ration μ = 0.3. The chosen 

values correspond to typical Polyethylene from which the pipes are often made.  

 

  
Figure 1: FE model of a pipe containing a 

crack on the inner surface. 

Figure 2: Scheme of an external pressure applied 

to a pipe model. 

 

The crack propagation was modelled by crack increments, i.e., the number of steps 

(numerical calculations with an extended crack by a chosen crack increment) was performed 

during the numerical simulation of crack growth from the initial to the final size. The size of 

initial defects was equal to the void size in the material, ranging from 0.2 to 0.4 mm. Therefore, 

the crack length for the first simulation step was set to 0.2 mm, and the initial crack shape was 

assumed to be semicircular. As the crack grew, its front shape continuously changed to a 

semielliptical form. The semielliptical crack was modelled up to a length equal to the half-width 

of the pipe wall.  
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3 Conclusion 

The presented numerical model allows the calculation of the stress intensity factor along 

the semielliptical crack front, where crack growth is simulated in steps from 0.2 mm to half the 

pipe wall width. Model validation is performed at the stress and strain levels, showing good 

agreement with the ATV design standard. The obtained stress intensity factor values were used 

to estimate the lifetime of the simulated pipe. The presented work contributes to a better 

understanding of the pipe behaviour in underground operating conditions. 
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CRITICAL VOLUME SOLUTION FOR FATIGUE STRENGTH 

ESTIMATION INTEGRATED WITH THE STRESS 

GRADIENT EFFECT 

Petr Vaněk1, Jan Papuga1, Martin Nesládek1, František Fojtík2 

Abstract: The contribution analyses the fatigue failure of steel ČSN 41 1523, focusing on systematically including 
size and notch effects in fatigue strength assessment. The research is supported by tests on smooth and notched 
specimens under cyclic loading. It provides a general theoretical background to the investigated issues and the 
corresponding solution methods, which are then applied in the practical ways. The core approach combines the 
critical volume concept, representing the size effect, with a method accounting for the stress gradient at the 
component’s critical location. Together, these tools quantify the relationship between fatigue strength and the 
factors mentioned above. 

Keywords: Fatigue of Materials; Critical Volume; Size and Notch Effects; Multiaxial Criteria; Finite Element 
Method 

1 Introduction 

With the influx of modern technologies and advanced manufacturing approaches, it is now 
possible to produce highly topologically complex components. However, increasing geometric 
complexity and functional requirements also increase the difficulty of fatigue life prediction, as 
a component may be affected by a range of influential factors such as temperature, frequency, 
the shape and size of the sample, the notch effect, multiaxiality, and many others. This 
contribution deliberately focuses on two of them, namely the size effect and the notch effect, 
i.e. the effect of inhomogeneous stress distribution on fatigue strength. In general, the size effect 
reflects the fact that, with increasing stressed material volume, the probability of fatigue damage 
initiation also increases, while the notch effect is related to the local stress gradient in the 
vicinity of the critical location [1]. The key question is how to incorporate these effects into 
fatigue life prediction in a consistent way. Current solution methodologies, as noted for example 
in the FKM Guideline, typically account for these effects by means of rather independent 
correction factors [2]. In contrast, the main aim of this research was to attempt a systematic 
unification of the size effect and the stress gradient (notch effect) at the most critical locations 
of the specimens into a single computational procedure for fatigue strength estimation.

2 Methodology 

The methodology utilizes experimental fatigue data simulated by finite element method 
(FEM) to provide the basis for the subsequent calculations. The experimental part delivers 
baseline fatigue life data for smooth and notched specimens made of steel ČSN 41 1523 
(equivalent to S355J2) under cyclic loading (S-N curves) [3]. The FEM simulations are used 
primarily to describe the stress fields and volume quantification at the critical locations of the 
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specimens. These outputs are subsequently employed to incorporate the size effect (critical 
volume) and the stress gradient effect (notch effect) in the following parts. 

2.1 Fatigue Experiments 

Fatigue tests were carried out on steel ČSN 41 1523 with the following mechanical 
properties: ultimate tensile strength Rm = 555 MPa, yield strength Re = 401 MPa, and 
elongation at fracture 𝐴 =  29.4 %. In total, seven axisymmetric specimen geometries were 
tested (Figure 1): two unnotched cases (unnotched full bar and hollow bar) and five notched 
variants defined by the notch shape (V-notch with notch-root radius R = 1.3 mm, U-notch R1.5, 
Fillet R0.7, U-notch R5 and Fillet R0.2). Each geometry was tested under three loading modes 
(push-pull, torsion, and bending) R = -1 load asymmetry at room temperature [3]. The 
experimental data points were fitted using widely used Kohout–Věchet model (Figure 2), which 
was originally proposed in [4]. 

 
Figure 1: Specimen geometries  

Figure 2: Kohout–Věchet approximation of the S-N 
curve under fully reversed bending [1] 

2.2 FEM Simulations 

The experimental campaign was additionally supported by numerical simulations 
performed using Abaqus commercial FEM code. A linear elastic isotropic model was used with 
the following parameters: Young’s modulus E = 210000 MPa and Poisson’s ratio 𝜈 = 0.3. 
Axisymmetric 2D models were created for push-pull and torsion modes, while half-symmetry 
3D models were used for bending. A minimum of 5 μm element edge length was set in 
specimen’s critical location to get the highest possible resolution of critical volume in the 
vicinity of the notch roots. [1] 

3 Fatigue Post-Processing and Implementation of Size and Stress Gradient 

Effects  

The computational procedure post-processes the experimental fatigue FEM data to quantify 
the size effect and the notch effect with special computational methods described below, all 
evaluated for the selected reference fatigue life level of 500 000 cycles [5]. 

The following inclusion of the investigated effects is based on equivalent stress amplitudes 
evaluated according to the selected fatigue criteria namely Manson–McKnight (MMK) and 
Dang Van (DV). The MMK criterion, originally proposed in [6], simplifies to the von Mises 
criterion for a fully reversed loading cycle (R = -1) 
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 𝜎𝑎,𝑒𝑘𝑣= √12 ⋅ {(𝜎𝑥,𝑎 − 𝜎𝑦,𝑎)2 + (𝜎𝑦,𝑎 − 𝜎𝑧,𝑎)2 + (𝜎𝑧,𝑎 − 𝜎𝑥,𝑎)2 + 6[𝜏𝑥𝑦,𝑎2 + 𝜏𝑦𝑧,𝑎2 + 𝜏𝑧𝑥,𝑎2 ]} . (1) 

Dang Van criterion belongs to multiaxial fatigue criteria and is not available as a direct 
output in common FEM software, including Abaqus. Therefore, the FEM results were post-
processed using the specialised FPU (Fatigue Prediction Utility) plugin for Abaqus, which is 
automatically called within the custom-made Python scripts [7]. FPU acts as a standalone 
fatigue solver. From the original FEM results it retrieves the time-varying stress tensor at each 
element node and, according to the selected criterion, computes the corresponding equivalent 
stress amplitude 𝜎𝑎,𝑒𝑞𝑣, or the fatigue index 𝐹𝐼 [7]. These quantities are linked through the fully 
reversed axial fatigue strength 𝑓−1as follows 
 𝜎𝑎,𝑒𝑞𝑣 = 𝐹𝐼 ⋅ 𝑓−1. (2) 

The Dang Van criterion itself can be introduced using the following relation 
 max𝑡 [𝑎𝐷𝑉 ⋅ 𝜏(𝑡) + 𝑏𝐷𝑉 ⋅ 𝜎𝐻] ≤ 𝑓−1, (3) 

where 𝜏(𝑡) represents shear stress amplitude computed by a method-specific numerical 
algorithm and 𝜎𝐻 hydrostatic stress [7]. The material parameters 𝑎𝐷𝑉 and 𝑏𝐷𝑉 depend on the 
fatigue strengths in axial 𝑓−1 and torsion loading 𝑡−1, which are functions of the corresponding 
critical volume 𝐶𝑉. This in turn needs a closed loop procedure that must be resolved using a 
dedicated iterative procedure, schematically shown in Figure 3. [5] 

 
Figure 3: Iteration loop of 𝐶𝑉 estimation by Dang Van criterion 

3.1 Inclusion of Size Effect 

In this study, the size effect was quantified using the critical volume approach, which can 
be defined by a threshold condition based on the equivalent stress amplitude 
 𝜎𝑎,𝑒𝑞𝑣 ≥ 𝑧 ⋅ 𝜎𝑎,𝑒𝑞𝑣,𝑚𝑎𝑥, (4) 

where 𝑧 ∈ (0,1) is the threshold value and 𝜎𝑎,𝑒𝑞𝑣,𝑚𝑎𝑥 is the maximum equivalent stress 
amplitude located at the hot-spot location calculated by two specific criterions described in 
equations (1) and (3). For each selected threshold 𝑧 the critical volume 𝐶𝑉(𝑧) is computed as 
the volume of the specimen region in which the threshold condition is met. [5] 

In the practical implementation, the outputs of the FEM simulations were used, namely 
the volumes of individual elements 𝑉𝑖 and nodal data (the number of nodes 𝑛𝑖). Due to limited 
possibilities for a direct critical volume evaluation in FEM solvers, the post-processing was 
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performed in the Python programming environment. The critical volume was evaluated 
discretely using a dedicated algorithm, which was originally presented in [5]. 

For each element the ratio of critical nodes 𝑛𝑖,𝑐𝑟𝑖𝑡 fulfilling the threshold condition (4) to 
the total number of nodes 𝑛𝑖 is determined. This ratio is then used to compute the partial critical 
volume 𝐶𝑉𝑖 from the element volume 𝑉𝑖. The total critical volume 𝐶𝑉 of the specimen is 
obtained by summing over all elements. [5] 

3.2 Inclusion of Stress Gradient Effect 

The notch effect was quantified directly by the relative stress gradient. This quantity 
expresses how rapidly the equivalent stress decreases from the surface into the material, i.e., 
the slope of the tangent to the subsurface profile 𝜎𝑎,𝑒𝑞𝑣(𝑥) at the critical location. The relative 
stress gradient is defined as: [1] 
 𝛾′ = 1𝜎𝑎,𝑒𝑞𝑣,𝑚𝑎𝑥 |𝑑𝜎𝑎,𝑒𝑞𝑣(𝑥)𝑑𝑥 |𝑥 (5) 

Therefore, subsurface profiles 𝜎𝑎,𝑒𝑞𝑣(𝑥) were extracted from the FEM outputs for each 
specimen, loading mode, and for both selected criteria. Owing to the non-uniform nodal spacing 
caused by local mesh refinement at the specimen’s critical location, the profile 𝜎𝑎,𝑒𝑞𝑣(𝑥) had to 
be approximated by a polynomial in the immediate vicinity of the surface. For all cases, an 
initial depth of 0.1 mm was considered and required to contain at least four nodes. If this 
condition was not fulfilled, the interval was adaptively extended until the minimum number of 
nodes was satisfied [1].  

From explicit expression of the selected polynomial 𝜎𝑎,𝑒𝑞𝑣(𝑥) was obtained its derivative 

prescription 
𝑑𝜎𝑎,𝑒𝑞𝑣(𝑥)𝑑𝑥 . Then relative value of derivative at the specimen surface (x = 0), where 

the stress gradient effect is most relevant, was evaluated by equation (5). [1] 

4 Results and Discussion 

The size effect stress gradient effects were first interpreted separately using the 
relationships between the notch fatigue strength 𝜎𝑁𝐹𝑆 and the critical volume 𝐶𝑉 and between 𝜎𝑁𝐹𝑆 and the relative stress gradient 𝛾′. Afterwards was a 3D characteristic constructed. [1] 

The 𝜎𝑁𝐹𝑆 − 𝐶𝑉 and 𝜎𝑁𝐹𝑆 − 𝛾′relationships were approximated with power law functions 
displayed in Figure 4 and Figure 5 below. 

 

Figure 4: 𝜎𝑁𝐹𝑆 − 𝐶𝑉 relationship 

 

Figure 5: 𝜎𝑁𝐹𝑆 − 𝛾′ relationship 
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The results show a clear size and stress gradient related trend. As the critical volume 𝐶𝑉 
increases, the notch fatigue strength 𝜎𝑁𝐹𝑆 decreases. Large 𝐶𝑉 values are mainly associated 
with unnotched cases, whereas the opposite end of the spectrum comprises specimens with the 
sharpest notches (Fillet R0.2 and Fillet R0.7). The 𝜎𝑁𝐹𝑆 − 𝐶𝑉 curve directly reflects the size 
effect, i.e., the probability of fatigue damage increases with increasing material volume. For the 
stress gradient effect is typical that it has biggest influence for sharp notches and smallest for 
unnotched cases. The highest 𝛾′ values are observed for Fillet R0.2 and Fillet R0.7 specimens, 
while the lowest 𝛾′ values occur for the unnotched types. [1] 

Because the 𝜎𝑁𝐹𝑆 − 𝐶𝑉 and 𝜎𝑁𝐹𝑆 − 𝛾′ relationships describe only one of the two 
investigated effects at a time, the results were further evaluated in the combined 𝜎𝑁𝐹𝑆 − 𝐶𝑉 − 𝛾′ space. The scattered data could be approximated using a 3D regression 
characteristic in the form of a parabolic surface, which provides an initial compact model 
simultaneously accounting for both the size and the stress gradient effect. The selected surface 
can be introduced by the following equation 
 𝑙𝑜𝑔 𝜎𝑁𝐹𝑆 = 𝑍𝛾′ − 𝐶𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑖𝑐 ⋅ [𝑙𝑜𝑔 𝐶𝑉 − 𝑌𝛾′ ]2, (6) 

where 𝑌𝛾 and 𝑍𝛾 represent the predicted coordinates of the guiding curve of the parabolic 
approximation, i.e., the curve formed by the vertices of the parabolic cross sections for a given 𝛾′ [1]. The 𝐶parabolic is the coefficient determining the curvature (width) of the surface. [1] 

 

Figure 6: Parabolic approximation for MMK 

criterion [1] 

 

Figure 7: Parabolic approximation for Dang Van 
criterion [1] 

5 Conclusion 

The key findings of this study can be summarised as follows:  
1. A pronounced effect of specimen geometry on fatigue strength was observed across all 

investigated loading modes. The differences between unnotched and sharply notched 
specimens were subsequently interpreted using the critical volume approach and notch-
root stress gradients. 

2. The size effect and the stress gradient effect (notch effect) were successfully 
incorporated using the critical volume 𝐶𝑉 and the relative stress gradient 𝛾′. Their 
relevance was confirmed through the  𝜎𝑁𝐹𝑆 − 𝐶𝑉 and 𝜎𝑁𝐹𝑆 − 𝛾′ relationships. 
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3. To systematically unify both investigated phenomena at the critical location within a 
single computational procedure, a 3D characteristic in the form of a parabolic surface 
was identified. 
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ON THE TORQUE VECTORING SYSTEM FOR FORMULA
STUDENT

František Viták1, Jan Rendl2

Abstract: This paper presents the development and computational modelling of a torque vectoring system for a Formula Stu-
dent racing vehicle. The system’s architecture includes a 7-degree-of-freedom vehicle dynamics model, a nonlinear tire model,
and a kinematic steering model. The control algorithms and torque distribution formulas were validated through numerical
simulations. The simulation results confirm the system’s possible improvement in vehicle cornering performance and provide
a foundation for future physical system calibration.

Keywords: Torque vectoring; Formula Student; computational model

1 Introduction

The automotive industry’s ongoing transition from combustion engines to electric motors presents

new opportunities to improve vehicle driving properties. In motorsport, where marginal gains signifi-

cantly impact overall performance, the shift to electric powertrains allows for the precise, independent

distribution of torque to each wheel [1, 3]. This paper explores these capabilities to improve the corner-

ing performance of a Formula Student electric racing vehicle, currently under development by the UWB

eRacing team.

The proposed system utilizes a 7-DoFs vehicle dynamics model coupled with a nonlinear tire model.

To ensure accurate torque distribution model, the vehicle’s reference yaw rate is calculated based on the

desired vehicle velocity and turn radius. The radius of the turn is obtained with the Ackermann steering

geometry condition [2, 5]. The primary objective is to develop a mathematical model that determines

the optimal corrective yaw moment based on the vehicle’s current dynamic state. This yaw moment is

then translated into specific torque requests for each wheel via a set of distribution formulas [3]. The

effectiveness of the proposed system is subsequently evaluated through numerical simulations [5].

2 Vehicle model

A 7-DoFs vehicle model [4] was chosen as the optimal platform for deriving and simulating the

mathematical control formulas. The model captures essential horizontal planar motion (3 DoFs), see

Figure 1, along with the rotational dynamics of each of the four wheels, additional 4 DoFs. While

vertical suspension travel is neglected, the model’s accuracy is enhanced by incorporating quasi-static

load transfer during cornering [5].

To calculate the dynamic forces acting on the vehicle, an additional degree of freedom represent-

ing rotational velocity is assigned to each wheel to solve its respective equation of motion. The semi-

empirical Dugoff tire model [2] was chosen to represent nonlinear tire behaviour due to its computational

efficiency, suitability for real-time applications, and minimal parameter requirements. The primary out-

puts generated by this tire model are the lateral and longitudinal forces and aligning torques.

1 František Viták; Faculty of Applied Sciences, University of West Bohemia in Pilsen; talo0xeu@students.zcu.cz
2 Jan Rendl; Faculty of Applied Sciences, University of West Bohemia in Pilsen; rendlj@fav.zcu.cz
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Figure 1: Horizontal computational model of the vehicle

3 Torque vectoring system

The principle of the torque vectoring system is to apply greater drive torque to the outer wheels than

the inner wheels during a turn. This creates an additional, controlled yaw moment that improves the

vehicle’s turning capability and overall cornering speed [1]. This concept is visualized on the rear axle

in Figure 2.
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Figure 2: Scheme of yaw moment Mz distribution

The corrective yaw moment Mz applied to the vehicle is calculated proportionally to the error ∆Ψ̇
between the reference yaw rate Ψ̇ref and the vehicle’s actual yaw rate Ψ̇a, which is measured by onboard

sensors or is considered as the state space variable in the computational analysis. The corrective yaw

moment then yields [3]

Mz = Kp∆Ψ̇ = Kp(Ψ̇ref − Ψ̇a), (1)

where Kp is the proportional gain of the controller, and ∆Ψ̇ is the yaw rate error. Reference yaw rate

Ψ̇ref is derived from the vehicle’s longitudinal speed vs and cornering radius R

Ψ̇ref =
vs

R
. (2)
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The computational model relies on accurately determining the cornering radius R. For this purpose,

Ackermann steering geometry is applied. Based on [4], the cornering radius can be calculated using the

following formula

R =
√

l2r + (lf + lr)2 cot2 δ, (3)

where lf and lr is the distance between the centre of gravity and front respectively rear suspension and

δ is the average of the left and right wheel steer angles. It should be noted that this kinematic formula

represents an ideal scenario and does not account for real-world factors such as tire deformation and slip

angles.

Total corrective moment Mz is then distributed [5] between the front (Mzf ) and rear (Mzr) axles

according to the vehicle’s specific weight distribution and handling parameters.

The system utilizes sets of mathematical formulas to determine the exact torque request for each

wheel. There are four distinct calculation sets, varying based on the throttle pedal position and the turn

direction (left or right). For example, the torque distribution for a left turn under partial acceleration is

defined as [5]

Mh1 = eMmaxGr −

(

Mzf

2rf

)

rw,

Mh2 = eMmaxGr +

(

Mzf

2rf

)

rw,

Mh3 = eMmaxGr −

(

Mzr

2rr

)

rw,

Mh4 = eMmaxGr +

(

Mzr

2rr

)

rw.

(4)

Where e ∈ ⟨−1; 1⟩ represents the accelerator pedal position (negative value for braking and positive

for acceleration), Mmax is the maximal torque of each electric motor, Gr is the gear ratio, Mzf and Mzr

are the corrective yaw moments for the front and rear axles respectively. Remaining variables rf and rr
denote the front and rear vehicle half tracks in Figure 1 and rw is the nominal tire radius.

4 Results

Numerical simulations were performed using the defined vehicle and computational models to eval-

uate performance in a constant-radius corner. The primary performance metric was the time required

to complete the corner, evaluated across various proportional controller settings (Table 1). Variable K

represents driver aggressiveness [2]. Secondary measured variables included tire slip angles, torque dis-

tribution time series, and corner-exit speed. The simulation results indicate that implementing this torque

vectoring system can improve the vehicle’s cornering capabilities [5]. Figure 3 illustrates the torque vec-

toring system, demonstrating how it adjusts the drive torque at each wheel during cornering.
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Table 1: Elapsed time tz [s] in the corner for given values of driver aggressiveness K, proportional gain

Kp and corner radius R [m]

K = 0.3

R Kp = 0 250 500 750 1000

4.5 1.7301 1.7218 1.7153 1.7102 1.7063

9.125 2.5547 2.5545 2.5543 2.5541 2.5539

15 3.3112 3.3103 3.3089 3.3068 3.3022

20 3.8312 3.8295 3.8268 3.8215 3.8143

K = 0.6

R Kp = 0 250 500 750 1000

4.5 1.7282 1.7194 1.7125 1.7069 1.7023

9.125 2.5457 2.5454 2.5452 2.5450 2.5448

15 3.2991 3.2982 3.2968 3.2946 3.2895

20 3.8181 3.8164 3.8135 3.8071 3.8022
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Figure 3: Drive torque time series for a corner radius of R = 15 m
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A detailed analysis of the simulation data reveals several key dependencies regarding the proportional

gain Kp, driver aggressiveness K, and corner radius R.

Overall, increasing the proportional gain Kp has a distinctly positive effect on both cornering times

and exit speeds. Higher values of Kp lead to a larger difference between the drive torques applied to the

outer and inner wheels (see Figure 3), corresponding to an increase in the applied yaw moment. However,

excessively high Kp values used in the controller must be avoided. As simulations indicated, extreme

settings can cause the drive torque on the inner wheels to drop to zero, negatively impacting vehicle

stability, traction, and steering in real-world scenarios. Furthermore, Kp influences tire slip. Increasing

it tends to decrease longitudinal slip on the left wheels while increasing it on the right, and similarly

shifts lateral slip from the front to the rear wheels.

The driver’s aggressiveness, constant K, also significantly affects the system. While higher values

of K generally reduce cornering times. Based on the performed simulations, a value of K = 0.6 proved

to be an optimal compromise, yielding sufficient time improvements without causing excessive slip or

reducing corner-exit velocity.

The corner radius R plays a crucial role in the controller’s effectiveness and overall vehicle dynamics.

The torque vectoring system delivers its greatest benefits at a smaller turn radius, where it consistently

maintains or increases the vehicle’s speed compared to a deactivated system. On the other hand, at larger

radii and higher Kp values, speed fluctuations can become chaotic. This instability is attributed to the

driver model’s difficulty in smoothly modulating the accelerator pedal under such conditions.

5 Conclusions

This paper presents a torque vectoring system for an electric Formula Student vehicle employing a

7-DoF dynamic model and a nonlinear tire model. The simulation results demonstrate that active torque

distribution performed by a proportional controller reduces cornering times and enhances overall agility.

These findings validate the proposed mathematical model and provide a strong foundation for future

physical implementation and real-world calibration on the UWB eRacing team car.

The simulations demonstrate that there is no single universal setup. For competitive applications such

as a Formula Student vehicle, where track layouts and disciplines are known in advance, the controller

parameters (Kp, K) must be optimised and dynamically adjusted to meet the specific requirements of

each racing discipline.
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156



 

FATIGUE ASSESSMENT OF SUPERELLIPSE 

METAMATERIAL STRUCTURE 

Tomáš Vítek1,2*, Jan Poduška2, Lukáš Trávníček2, Matthias Fleisch3, Luboš Náhlík2,  

Pavel Hutař2 

Abstract: The fatigue performance of additively manufactured structures represents a critical area of investigation 

for their industrial implementation. A fully parametric model of a 3D printed polymer auxetic structure was 

developed. Different fatigue criteria were applied to predict fatigue life, and their results were compared. 

Keywords: fatigue, metamaterial, superellipse, Ansys 

1 Introduction 

Metamaterials are generally architected materials that gain their properties mainly 

through the design of their geometry rather than through the properties of the base material used 

for manufacturing. They are most commonly manufactured using a base "cell" that is repeated 

to create a complete structure. By clever design of the geometry, properties considered 

unnatural for commonly found materials can be achieved [1]. 

One of the most promising examples are auxetic metamaterials. These materials have 

negative Poisson ratio – expanding in all directions when elongated and narrowing when 

compressed. Despite quite extensive research in recent years, most papers only focus on auxetic 

structures on material and unit cell levels. There are currently a few real-world applications of 

these metamaterials in several areas, the most significant according to [2] include protective 

equipment (helmets and body armor) or crash-resistant panels and vibration-damping 

components in automotive industry. The effort for a broader application of mechanical 

metamaterials is partially hindered by the lack of knowledge about their performance under 

long-term loading and fatigue. The intricate structures that consist of tiny members often raise 

doubts about their durability.  

This contribution focuses on auxetic metamaterials with tunable stiffness. Development 

of parametric geometry model of certain auxetic structure is described. The model is then used 

for numerical simulations and fatigue life predictions using various fatigue life criteria. 

2 Method 

Lifetime assessment is performed by creating a finite element model of a structure, 

applying different load cycles and extracting stress values required to evaluate specific fatigue 

criteria. The material of the structure is PA12 manufactured by fused filament fabrication (FFF). 

Properties for both the elastic response and fatigue resistance were obtained from previous work 

conducted at IPM [3]. 
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3 Modeling 

A structure called superellipse was selected for numerical analyses. The geometry of this 

auxetic structure is defined by the following equation: |𝑥𝑎|𝑛 + |𝑦𝑏|𝑛 = 1, (1) 

where 𝑥, 𝑦 are coordinates, 𝑎, 𝑏 are the major and minor axes, respectively, and 𝑛 is the shape 

parameter. Adjusting the parameter n alters the pore geometry, as illustrated in Fig. 1. 

   
n = 1 n = 2 n = 5 

Figure 1: Shape of superellipse structure for different values of parameter n. 

Numerical simulations were performed using a fully automated procedure by combining 

Python and Ansys MAPDL. In a Python script, all governing parameters (e.g. geometry 

parameters, material properties, load magnitudes etc.) were defined and transferred to MAPDL 

using PyAnsys. There, the geometry was created and meshed, load cycles were defined, and the 

solution was executed. All required quantities were evaluated and transferred back to Python 

for further postprocessing. This automated procedure allowed for effective computations across 

a wide range of input parameters. 

4 Results 

Fatigue life was assessed based on multiple criteria - Signed von Mises stress, Absolute 

Maximum Principal stress and Berrehili criterion [4]. Fig. 2 shows an example of the maximum 

von Mises stress for a certain load case and the corresponding fatigue life prediction using 

Signed von Mises stress criterion. A comparison of the fatigue life predictions using different 

criteria is depicted in Fig. 3. 

  

a) b) 
Figure 2: Sample results for shape parameter n = 2: a) maximum von Mises stress during load cycle [MPa];  

b) fatigue life prediction at the critical location using Signed von Mises stress criterion [cycles]. 
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Figure 3: Fatigue lifetime estimation using different criteria. 

5 Conclusion 

Signed von Mises stress criterion and Berrehili criterion provided very similar results. 

This is due to the fact that both criteria are based on the second stress tensor invariant 𝐽2; 

however, Berrehili criterion includes an additional term for mean stress influence. Among the 

three, Absolute Maximum Principal stress criterion yielded the most conservative predictions. 

The results obtained by this parametric study will serve for the design of fatigue tests and 

future practical applications of the superellipse metamaterial structure. 
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Analysis of thin-walled conical pressure vessel wound from
composite

M. Voborský1, Z. Padovec2

Abstract: This thesis presents an analysis of a thin-walled conical pressure vessel manufactured from filament-wound com-
posite materials. The vessel is subjected to internal pressure and a constant temperature change (cooling). The resulting stress
state in the conical wall is evaluated using both analytical and numerical methods. The results of these two approaches are
compared for two material combinations: glass/epoxy and carbon/epoxy.

Keywords: composite materials, pressure vessel, conical shell, structural analysis, stress analysis

1 Introduction

Pressure vessels made of filament-wound composite materials are nowadays widely utilized in var-

ious applications. They are primarily used for the storage of fuels (e.g., Helium, natural gas) in sectors

where weight reduction is crucial. The conical shape of such vessels is particularly suitable for fitting

within conical envelopes in aerospace and aeronautics, allowing the aerodynamic shape of the vehicle to

be fully exploited [1], [2].

Compared to the classical cylindrical shape, the conical geometry presents new challenges regarding

both structural design and the associated manufacturing process (filament winding). In this work, a

three-layered composite wall is considered, consisting of a hoop layer, a balanced helical layer, and an

additional hoop layer. The structural analysis is focused exclusively on the conical section of the vessel

(excluding the domes). The theory of orthotropic continuum and Classical Lamination Theory (CLT) are

applied, utilizing selected strength criteria. The boundary conditions include loading by internal pressure

and wall cooling; the latter often proves to be more critical than heating.

Both analytical and numerical calculations were performed for two composite combinations: glass/epoxy

and carbon/epoxy. The analytical method was implemented in MATLAB, while the numerical analysis

was conducted using Abaqus.

2 Problem description

2.1 Conical geometry of a filament-wound pressure vessel

Figure 1: Meridian of conical shell with wall detail

1 Marek Voborský; CTU, Faculty of Mechanical Engineering; marek.voborsky@fs.cvut.cz
2 Zdeněk Padovec; CTU, Faculty of Mechanical Engineering; zdenek.padovec@fs.cvut.cz
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In Figure 1, the meridian of the conical shell and a detail of the wall are shown. The geometry is

defined by the radii of the polar openings r0, the radii at the beginning and the end of the conical section

(Rc1 and Rc2), and the length of the conical section Lc.

Meridian, wall thicknesses (h1 for the hoop layer and hϕ for the helical layer) and the varying

winding angle of the balanced layer (±ϕ) along the axial coordinate (zc) were computed with the use of

netting theory. This theory assumes that the load is carried solely by the fibers, neglecting the contribution

of the matrix. The cone angle γ is assumed to be small enough to prevent fiber slippage. The maximum

value of this angle can be expressed as γmax = tan−1 f , where f is the friction coefficient. For a typical

filament winding value of f = 0.2, this yields γmax = 11.3◦ [3].

To satisfy the geodesic winding condition and minimize the risk of fiber slippage, the following

relations for the winding angles were applied [4]:

ϕ = arcsin
r0
r
, ϕ1 = 90◦. (1)

The wall thicknesses can then be derived as follows:

hϕ = h(1)ϕ

√

R2
c1 − r20
r2 − r20

, h1 =
h
(1)
ϕ

2

[

3 cos2 (ϕ1)− 1
]

, (2)

where h
(1)
ϕ and ϕ1 represent the thickness and winding angle of the balanced layer at the beginning of

the axial coordinate (at the larger radius), respectively: h
(1)
ϕ = hϕ(r = Rc1) and ϕ1 = ϕ(r = Rc1) [3].

2.2 Thermoelastic properties of the three-layered wall

The thermoelastic properties of the three-layered wall in global coordinates (Eψ, Eη, Gψη, νψη,

αψ, αη) along the axial coordinate were calculated from the properties of each individual layer in local

coordinates (EL, ET, νLT, GLT, αL, αT). The global (ψ, η) and local (L, T ) directions are illustrated in

Figures 2 and 3.

Figure 2: Global coordinates ψ and η for bal-

anced layer and stresses.
Figure 3: Global coordinates ψ and η on the cone,

internal forces and pressure.

An example of the Young’s modulus calculation is:

Eψ =
1

h

(

A11 −
A2

12

A22

)

, Eη =
1

h

(

A22 −
A2

12

A11

)

, (3)

where h is the total wall thickness and Aij represents the membrane stiffness matrix of the three-layered

wall. This matrix is computed as Aij =
∑3

k=1
k
Qijhk, where

k
Qij is the transformed reduced stiffness
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matrix and hk is the thickness of the k-th layer (k = 1 for hoop, k = 2 for balanced helical, k = 3 for

hoop) [5].

The coefficients of thermal expansion (CTEs) αψ and αη were obtained similarly, based on [6].

2.3 Stress state and failure criteria

2.3.1 Stresses in layers due to internal pressure

The stresses in each layer are assumed to be membrane stresses (tension/compression only, neglect-

ing bending moments and shear forces). They are expressed as:

k



σψ
ση
τψη



 =

k



Q11 Q12 Q16

Q21 Q22 Q26

Q61 Q62 Q66



 ·





εψ
εη
γψη



 , (4)

where the strains εi resulting from the internal pressure p is assumed to be uniform across all layers and

is computed as εi = aijNj , where aij = A−1
ij . The internal forces Nj are defined as Nψ = pr

2 cos γ ,

Nη = pr
cos γ and Nψη = 0. Subsequently, the stresses were normalized to a dimensionless form by

dividing them by the reference stress at the larger radius, σsr =
pRc1

2h
(1)
ϕ cos γ

[7].

2.3.2 Stresses in layers due to constant temperature change

Due to the varying winding angles of adjacent laminae and the differing CTEs of the fibers and

matrix, a constant temperature change ∆T induces a stress field throughout the cone wall:

k



σψ
ση
τψη



 =

k



Q11 Q12 0

Q21 Q22 0

0 0 Q66



 ·

k



αψ − αψ
αη − αη

0



 ·∆T, (5)

where αψ and αη are CTEs of balanced layer.

Shear stress for orthotropic monolayer (with winding angle ϕ) was computed from

k

τψη =
k

Gψη

(

−
k

S61
k

σψ −
k

S62
k

ση − αψη∆T
)

, (6)

where
k

Gψη is shear modulus, S61 and S62 are elements of compliance matrix and αψη is CTE all for

oriented monolayer. The resulting stresses computed from (5) and (6) were normalized by |∆T | [7].

2.3.3 Failure criterion

To determine whether the layers can withstand the combined loading, the stresses were transformed

from global coordinates (ψ, η) to the local coordinates (L, T ) of the laminate (see Figure 4).

Figure 4: Stress transformation

The transformation took form k[σ]L,T = Tσ
k[σ]ψ,η, where Tσ is the stress transformation matrix.
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The maximum stress criterion was then applied:

−FLc < σL < FLt,

−FTc < σT < FTt,

−FLT < σLT < FLT,

(7)

where FLt, FLc are the longitudinal strengths (tension and compression), FTt, FTc are the transversal

strengths (tension and compression), and FLT is the shear strength.

To visualize the risk of failure more effectively, the Failure Index (FI) was evaluated as the inverse

of the safety factor. FI ∈ (0, 1) indicates a safe design; if FI > 1, failure is expected.

2.4 FEM analysis

For FEM analysis symmetry of the cone was used and only 1/4 of the vessel was modeled. The

body was chosen as deformable shell. To capture the changing winding angle of the helical layer and the

changing wall thickness along the meridian, the body was cut paralel to the axis into ten sections, see

Figure 5. Quad dominated S4R elements were used and after performing mesh sensitivity test, the 1.5

mm size of mesh was chosen, see Figure 6. The body was then subjected to the two load cases and FI
was evaluated.

Figure 5: Change in wall thickness along maerid-

ian.
Figure 6: Mesh detail

3 Results

The parameters used in this analysis can be seen in Table 1 typical for glass/epoxy material system

with fibre volume fraction Vf = 67 %.

Parametrs Value

Rc1 / Rc2 / r0 / γ / Lc / h
(1)
ϕ 200mm / 100mm / 50mm / 9.46◦ / 600mm / 1mm

p / ∆T 1MPa / −100 ◦C
EL / ET / νLT / GLT 48 000MPa / 17 600MPa / 0.25 / 8000MPa
αL / αT 6.5× 10−6 1/◦C / 16.3× 10−6 1/◦C
FLt / FLc / FTt / FTc / FLT 1200MPa / 600MPa / 45MPa / 145MPa / 65MPa

Table 1: Parameters of cone, load and glass/epoxy (G/E) material used in the analysis.

Figure 7: Winding angle of helical layer. Figure 8: Wall thicknesses
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Figure 9: Elastic moduli Figure 10: Poisson’s ratios Figure 11: CTEs

Figure 12: Stress from internal pressure Figure 13: Stress from temperature cooling

Figure 14: FI from internal pressure, G/E Figure 15: FI from temperature cooling, G/E

Material parametrs carbon/epoxy Value

EL / ET / νLT / GLT 138 000MPa / 8960MPa / 0.3 / 7100MPa
αL / αT −0.3× 10−6 1/◦C / 28.1× 10−6 1/◦C
FLt / FLc / FTt / FTc / FLT 1447MPa / 1447MPa / 51.7MPa / 206MPa / 93MPa

Table 2: Parameters of carbon/epoxy (C/E) material used in FI analysis below (figures 16 and 17).

Figure 16: FI from internal pressure, C/E Figure 17: FI from temperature cooling, C/E
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4 Conclusion

The results of this study are presented in Figures 7–17. Figures 7 and 8 illustrate the increase in winding angle

and thickness of the helical layer along the axial coordinate, ensuring that the geodesic winding condition is met.

Figures 9–11 evaluate the thermoelastic characteristics of the three-layered glass/epoxy wall.

Figure 12 indicates that the most critical region of the cone is at the larger radius, where the stresses reach

their maximum. This is a direct consequence of the wall thickness being at its minimum at this location. This

observation is further confirmed by Figure 14, which shows the highest FI values for the glass/epoxy combination

at the larger radius.

While the FI due to cooling (∆T = −100◦C) in Figure 15 remains below the critical threshold, these are

residual stresses from the curing process. When superimposed with the stresses from internal pressure, the FI of

the helical layer exceeds 1.0, suggesting that cracks would likely appear in the glass/epoxy helical layer. Figures

16 and 17 demonstrate that the carbon/epoxy combination is a safer alternative, as the total FI does not exceed

1.0, and thus no failure is expected.

In all cases, the numerical results show excellent agreement with the analytical solutions, confirming the

reliability of the evaluation. The only discrepancies occur at the edge sections of the cone, where numerical results

overshoot the analytical ones. This is due to the numerical model accounting for bending stresses in these regions,

whereas the analytical model assumes a pure membrane stress state.

For future research, a structural analysis of the entire vessel, including the end domes, is suggested. Addition-

ally, investigating methods to smooth the stress distribution along the meridian—for example, through the use of

non-geodesic winding—would be a valuable extension of this work.
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[5] Padovec J., Základy konstrukce a výpočtu vinutých tlakových nádob z kompozitnı́ch materiálů, Strojı́renstvı́
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INFLUENCE OF IRRADIATION ON THE DEGRADATION 

BEHAVIOUR OF DEGRADABLE SUTURES 

Marika Vopálková1,2, Tomáš Suchý3,4, Radek Sedláček5, Eva Kuželová Košťáková6, David 

Lukáš7, Jaroslav Mikule8, David Chvátil9 

Abstract: In the course of this study, monofilament poly(caprolactone-co-glycolide) copolymer sutures (PCGL) 

were exposed to doses of 1 kGy, 25 kGy and 50 kGy. The objective of this study was to verify the hypothesis 

that irradiation can accelerate the degradation processes of the suture. The sutures were tested using tensile tests 

in a dry state and after 14 days in phosphate buffer (pH 7). In addition, Fourier-transform infrared spectroscopy 

(FTIR) and scanning electron microscopy (SEM) analysis were performed. This study is merely a contribution 

to a more extensive research project on suture materials. 

Keywords: suture, degradation, irradiation, tensile tests 

1 Introduction 

This experimental work constitutes a component of a more extensive study that 

is underway to develop a novel type of suture material. The utilisation of nanofiber layers 

in this novel surgical suture is purported to facilitate active intervention in the healing process 

by means of gradual delivery of bioactive substances to the wound area, thereby promoting 

healing. However, for the suture to be considered suitable for actual surgical application, 

it is necessary that several requirements are met. A pivotal parameter for evaluating 

the biodegradability of sutures is the rate of degradation, which must be tailored to the healing 

rate of the sutured tissue. This is precisely the problem we sought to address in this study, 

wherein we hypothesised that irradiating the sutures with beta radiation could influence 

(accelerate) their degradation rate [1]. 
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2 Methods 

Monofilament sutures composed of PCGL (RWTH Aachen) were utilised 

in the experiment. Subsequently, the sutures were irradiated with beta radiation using 

a Microtron MT25 device (16 MeV). The radiation dose was regulated by means of exposure 

time, whereby we obtained sutures irradiated with doses of 0 kGy (without irradiation – 

control group), 1 kGy (t = 285s), 25 kGy (t = 918s), and 50 kGy (t = 1900s). Subsequently, 

the mechanical properties (tensile test) were tested, and Fourier-transform infrared 

spectroscopy (FTIR) and scanning electron microscopy (SEM) analyses were performed on 

samples after irradiation and then on irradiated samples that had been exposed to a simulated 

wound environment for 14 days (phosphate solution, pH 7, 37 °C). The medium was changed 

every 3 to 4 days and the pH stability was routinely tested. 

2.1 Tensile tests 

Tests were performed at universal testing machine Inspekt 100kN (force sensor AST, 

KAF 100N). Testing was performed based on the ČSN EN ISO 2062 [2]. Nominal length 

of samples were 250 mm and winding clamps were used, which were wound twice with 

suture. Testing speed was 250 mm·min-1.  

The suture deformation was measured directly from the machine jaw displacement. 

However, due to limitations associated with suture attachment to the winding jaw (unwinding 

and suture deformation may occur directly on the winding, which is not included in the free 

suture length, and thus deformation from the machine may be inaccurate), the measurement 

was supplemented by deformation measurement using mark detection in the video. Black 

and white (white and black stripe) stickers were placed on the free length of suture near 

the jaws to serve as marks. 

3 Results 

The mechanical characteristics evaluated included breaking force, elongation at break, 

and initial tangent. Figure 1 demonstrates that irradiation of the sutures had a discernible 

effect on the initial measured properties, without consideration of the effect of degradation. 

Statistically significant differences were recorded for almost all characteristics of sutures with 

an irradiation dose of 25 kGy and 50 kGy, when compared to non-irradiated sutures. 

The sutures demonstrated consistent behaviour even following degradation, as evidenced 

by a 14-day simulation in a wound environment.  
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Figure 1: Plots of breaking force, elongation at break and initial tangent of samples before and after 

14 days of exposure to simulation environment (median with interquartile range, n = 4-5); Significant 

differences to 0 kGy samples (p < 0.05) are marked with an asterisk (uncorrected Dunn test). 

However, the more salient information in this study is the extent to which the individual 

characteristics underwent change during exposure to the medium. As demonstrated 

in Figure 2, the data reveal a percentage change in relation to the state preceding the onset 

of degradation. It is evident that in the case of breaking force, the maximum forces 

of unirradiated sutures before and after degradation exhibit minimal variation (+3.9%). 

However, for irradiated sutures, even at a dose of 1 kGy, the median force after exposure 

to the medium decreased by more than 20%. As the irradiation dose increased, a further 

decline in the force after degradation in the medium was observed (-38.3%, -28.3%). 

In the case of elongation at break, an increase of up to 33.9% was observed 

in unirradiated yarn due to hydration (the original yarns were measured in a dry state before 

degradation). For yarns exposed to 1 kGy, a decline of 23.9% was observed, while for yarns 

subjected to higher radiation doses, the decrease reached up to 73%. 

Upon focusing on the alterations in the initial tangent, it becomes evident that this 

is the sole parameter where the trend of change undergoes a reversal. Consequently, the most 

substantial decreases were observed in the unirradiated suture, while the least significant 

changes, amounting to -4.7%, were recorded in the suture exposed to the highest radiation 

dose. This phenomenon is presumably associated with the hydration of the unirradiated 

suture. In contrast, it is hypothesized that the other sutures underwent significant degradation 

processes, the effects of which appear to be the opposite of hydration. 
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Figure 2: Plots of breaking force, elongation at break and initial tangent of samples before and after 

14 days of exposure to simulation environment (n = 4-5); the percentages displayed herein represent 

the percentage change in the median after a 14-day period in a simulated environment in comparison 

to median of samples prior to degradation; median + interquartile range. 

4 Conclusions 

The results obtained demonstrate that irradiation significantly affects the degradation 

behaviour of the sutures. Specifically, it appears that a higher radiation dose accelerated 

degradation behaviour, but at the same time, irradiation also affected the initial mechanical 

properties, with lower breaking force being an undesirable consequence. Furthermore, 

it was observed that between radiation doses of 25 kGy and 50 kGy, there were no such 

drastic changes in terms of degradation behaviour. However, concurrently, there were 

decreases in the breaking force of non-degraded sutures (probably due to the continuing 

radiation damage to the material). In light of the findings, it can be concluded that, 

for the given set of sutures, the application of irradiation doses ranging from 1 kGy to 25 kGy 

would be a suitable course of action in order to effect a modification in the degradation 

behaviour. This is due to the fact that such an approach would have a lesser effect on the non-

degraded (original) state of the suture. 
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Advanced Modeling of a Quasi-Zero Stiffness Isolator with
Euler-Buckled Beam Using Absolute Nodal Coordinate

Formulation

J. Zavřel1, M. Naar2, Z. Šika3

Abstract: The paper presents a numerical model of a nonlinear quasi-zero stiffness (QZS) vibration isolator using an Euler-
buckled beam as a negative stiffness corrector. The Absolute Nodal Coordinate Formulation (ANCF) is employed to accurately
capture large deformations, geometric nonlinearities, and post-buckling behavior without relying on small-deformation assump-
tions. Thanks to its fully nonlinear formulation and constant mass matrix, ANCF enables reliable static and dynamic analysis
of the QZS region, particularly near instability points and under larger excitation amplitudes. The approach provides a robust
framework for advanced simulation and optimization of QZS vibration isolation systems.

Keywords: quasi-zero stiffness; Euler-buckled beam; vibration isolator; negative stiffness

1 Introduction

Vibration isolation is an important field in mechanical and structural engineering that focuses on

reducing the transmission of vibrations from one system or structure to another. Vibrations are commonly

generated by machines, vehicles, industrial equipment, or environmental sources, and if they are not

properly controlled, they can cause noise, structural damage, reduced accuracy etc.

The main purpose of vibration isolation is to minimize the transfer of vibrational energy between a

vibration source and its surroundings. This is typically achieved by inserting isolating elements, such

as springs, rubber mounts, air cushions, or dampers, between the vibrating source and the structure that

needs protection. These elements absorb, dissipate, or redirect vibrational energy, thereby reducing the

amplitude of the transmitted vibrations.

An effective vibration isolation system must consider several key parameters, including the mass of

the system, stiffness of the isolator, damping properties, and the frequency of the excitation force. When

these parameters are properly designed, the isolation system can significantly reduce vibration levels and

improve the performance, durability, and safety of mechanical systems.

Vibration isolation can be applied in many areas, including industrial machinery, vehicle suspension

systems, building structures, and electronic equipment.

2 Absolute Nodal Coordinate Formulation

To model the highly nonlinear behavior of the Euler-buckled beam (Figure 1), the Absolute Nodal

Coordinate Formulation (ANCF) is utilized. Unlike classical finite element methods (FEM) that describe

the element kinematics using small local deformations, the ANCF method employs global position co-

ordinates and their spatial derivatives (slopes) to define the exact geometry of the element’s centerline.

This enables an exact representation of rigid-body inertia without the assumption of small deformation,

making it highly suitable for post-buckling problems.

In this study, a Euler-Bernoulli beam element lacking planar gradient, often referred to as the L2T2

element [1] is used. The state vector of the element’s node i consists of four degrees of freedom:

ei =

[

xi, yi,
∂xi
∂x

,
∂yi
∂x

]T

, (1)
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where xi and yi are the global spatial coordinates, and ∂xi/∂x and ∂yi/∂x represent the longitudinal

position gradients.

The global position vector r(x) of an arbitrary point on the element’s neutral axis is interpolated

using the shape function matrix S(x) and the vector of elemental coordinates e:

r(x) = S(x)e. (2)

The vector of generalized elastic forces Qe is formulated based on the continuum mechanics of a

thin beam, coupling both the longitudinal (axial) and transverse (bending) deformations. To account for

the initial curved geometry of the beam caused by an initial imperfection, the elastic forces are evaluated

relative to the reference state e0. The longitudinal elastic force depends on the Green-Lagrange axial

strain ε = 1

2
(rTx rx − rT

0xr0x), where subscript x denotes the spatial derivative. The bending force is

derived from the exact definition of curvature κ, taking into account the initial curvature κ0. The total

elastic force vector is then given by the curve integral over the undeformed length of the element le:

Qe =

∫ le

0

(

EAεST
x rx + EI(κ− κ0)

∂κ

∂e

)

dx, (3)

where EA is the axial stiffness, EI is the bending stiffness, and ∂κ/∂e represents the highly nonlinear

curvature gradient vector. Integration is performed numerically using a 5-point Gauss quadrature rule.

To establish the static equilibrium of the QZS mechanism in the post-buckled state, a Newton-

Raphson iterative solver is used. This requires the evaluation of the tangent stiffness matrix of the

element, defined as the derivative of the elastic force vector with respect to the nodal coordinates Ke =
∂Qe/∂e. The assembled global tangent stiffness matrix ensures stable convergence during the nonlinear

static analysis and serves directly as the structural stiffness matrix for the subsequent modal analysis of

the system.

3 Model of the QZS Mechanism

The initial modeling was performed in three ways (Figure 2). The first model was obtained using

analytical equations for the pinned-pinned buckled Euler beam model [2]. The second model was created

using a cubic approximation [2], and the third was modeled using ANCF elements. Figure 2 clearly

shows that all three methods yield identical results. Only the cubic approximation begins to differ slightly

for more distant points from the center. This confirms that the ANCF modeling methodology is fully valid

and applicable to such problems.

(a) (b) (c)

Figure 1: Different variants of boundary conditions of the QZS negative stiffness corrector.

Every investigated system consists of four beams (leaf springs), central load mass, and the spring

connected to the base frame. Three types of beam boundary conditions were analyzed (Figure 1). In the

first case, the beam rotates freely at both ends (a); in the second case, it rotates freely on one side and is

fixed on the other (b); and in the third case, it is fixed at both ends (c).

The parameters listed in Table 1 were chosen to compare basic characteristics. The stiffness-strain

relationship of the central platform (Figure 3) and the natural frequencies (Table 2) are analyzed and

compared. The selected corresponding eigenmodes are shown in Figure 3.
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Figure 2: Comparison of dimensionless force-displacement (F−u) characteristics for a QZS mechanism

under different boundary conditions. The numerical ANCF results for the Pinned-Pinned configuration

are validated against the exact analytical solution and its cubic approximation derived in [2].

Parameter Symbol Value

Length of the undeformed beam L0 0.055 m

Beam width b 0.02 m

Beam thickness h 0.0007 m

Young’s modulus E 2.1× 1011 Pa

Material density (steel) ρ 7850 kg/m3

Dimensionless initial imperfection q0/L0 0.03

Compression ratio Lcomp/L 0.9

Load mass m 17 kg

Linear spring stiffness k 25 000 N/m

Table 1: Basic physical and geometrical parameters of the QZS mechanism.

Mode Pinned-Pinned Pinned-Clamped Clamped-Clamped

No. Frequency [Hz] Frequency [Hz] Frequency [Hz]

1 (-)2.32 (-)5.64 (-)10.94

2 1699.40 2009.76 2558.61

3 1717.57 2021.32 2568.43

4 4462.20 4583.60 4229.30

5 4471.14 4585.37 4229.90

6 8278.91 8471.39 8471.91

7 8283.79 8476.19 8474.02

8 13170.88 13660.89 12893.25

9 13174.03 13663.47 12897.90

10 19146.58 19727.26 20278.47

Table 2: Comparison of natural frequencies for different buckling boundary conditions. Mode 1 repre-

sents the isolated QZS mechanism (imaginary frequencies, represented here as negative values to indicate

negative stiffness), while Modes 2–10 represent internal bending vibrations of the beams. The reference

frequency of the linear system without the negative stiffness corrector is 6.10 Hz.
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As shown in Figure 3, each type of leaf spring mounting exhibits a different force-displacement

relationship. The pinned-pinned mounting is characterized by the lowest stiffness, and thus also by the

lowest force as a function of position u.

Figure 3: Comparison of selected vibration modes and their corresponding natural frequencies for three

different boundary conditions of the buckled beams.

4 Conclusion

Three types of Euler buckled beam configurations were analyzed using a validated ANCF element

model. These three variants were further analyzed to determine how the force acting on the central

mass depends on its distance from the central equilibrium position. As shown in Table 2, the first eigen

frequency of the systems corresponds to the oscillation of the central load mass and is very close to the

eigen frequency of the mass-spring system. In Figure 3, it is clearly visible that the first mode shape

corresponds to the vibrations of the central mass, while higher frequencies correspond to the vibrations

of the leaf springs themselves. This achieves vibration isolation properties where higher frequencies do

not interfere with the vibrations of the central mass.
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FINITE ELEMENT MODEL UPDATING OF A COMPOSITE 

COMPONENT BASED ON EXPERIMENTAL MODAL 

ANALYSIS 

Radek Zbončák1 

Abstract: This paper presents finite element model updating of composite part of hybrid discs used in a carousel 

of an indexing gearbox based on experimental modal analysis. Two geometries, a full disc and a disc with a 

central opening for shaft insert, manufactured from short glass fibre reinforced epoxy, were investigated. Natural 

frequencies obtained experimentally were compared with idealized and modified FE models with material 

defined at the constituent level. By incorporating measured fibre volume fraction, porosity, and local fibre 

orientation, the modified model achieved an average deviation of approximately 5 %. The results confirm the 

suitability of the proposed approach for reliable prediction of dynamic behaviour. 

Keywords: Composites, Natural frequency, FE model 

1 Introduction 

An indexing gearbox represents a specific type of cam mechanism whose purpose is to 

transform the uniform rotational motion of the input shaft into a unidirectional rotational 

motion of the output member with precisely defined dwell phases. It is a mechanical system 

consisting of at least one cam (radial or axial) and an output member connected to the cam 

through a general kinematic pair. The shape of the system’s transmission function 
fundamentally influences the dynamic behaviour and mechanical properties of the entire 

mechanism. 

A component of the indexing gearbox is the so-called carousel, which is a rotating body 

composed of a shaft and several discs forming the load-bearing part of the output mechanism 

referred to as the turret follower. The carousel is in contact with the cam via a roller and 

participates both in force transmission and in determining the overall dynamic behaviour of 

the mechanism. Its design, material composition, and stiffness have a direct impact on the 

service life, accuracy, and efficiency of the gearbox. 

Traditionally, the carousel is manufactured from steel, which entails certain 

disadvantages (Figure 1). The high mass of steel components increases the moment of inertia 

about the rotational axis, negatively affecting the dynamic response of the system, increasing 

energy demands during acceleration and deceleration, and reducing the service life of 

components subjected to cyclic loading. Low natural frequencies may lead to resonance 

phenomena within the operating range, resulting in undesirable vibrations or failures. 

For these reasons, replacing part of the carousel with lighter hybrid components based 

on fibre-reinforced polymers (FRP) with metallic inserts appears to be a promising solution. 

Weight reduction, decreased moment of inertia, and a simultaneous increase in natural 

frequencies significantly contribute to improving the overall dynamics of the mechanism, 

accelerating system response, increasing efficiency, and extending service life. At the same 

time, energy savings are achieved during cyclic operation of the gearbox, which is particularly 

important for high-frequency production lines. 

 
1 Ing. Radek Zbončák; VÚTS a. s.; Svárovská 619, 460 01 Liberec, Czechia, radek.zboncak@vuts.cz 
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The implementation of a hybrid design was enabled only by a change in the concept of 

the carousel assembly. The original rigid connection between the discs and the shaft (where 

the shaft and discs were manufactured as a single component) was replaced by a polygonal 

joint, allowing the discs to be produced separately and thus enabling the use of alternative 

materials. 

This study deals with the finite element and experimental analysis of the dynamic 

properties of the composite part of a hybrid disc, with the aim of establishing an FE model 

capable of predicting the dynamic behaviour of the hybrid component. 

 
Figure 1: Original carousel of an indexing gearbox. 

2 Dynamics of composites 

Modal analysis represents a key tool of dynamic analysis for determining the natural 

frequencies and mode shapes of mechanical structures and their components. The main 

objective is the identification of potential resonance conditions and the assessment of dynamic 

stability within the operating speed range. [1] For a hybrid disc, the analysis demonstrates 

a strong dependence of natural frequencies on laminate stiffness, fibre volume fraction, and 

mass distribution. Increasing the specific stiffness of the composite leads to an increase in 

natural frequencies and their shift outside the operational frequency range, while the 

anisotropy of the composite material and its inherent damping significantly influence both the 

mode shapes and the vibration response amplitudes. 

The discrepancies in the results may be attributed to the following factors: 

• The idealized FE model assumes a homogenized material and idealized boundary 

conditions compared to the experimental setup. 

• For FRP materials, it is common that quasi-static material constants do not correspond 

to the dynamic moduli in the measured frequency range. 

• The density value directly influences the natural frequencies; therefore, determining it 

experimentally is more accurate than calculating it theoretically. 

• Short fibres are not perfectly randomly oriented, and manufacturing may induce radial 

(circumferential) orientation, which can lead to incorrect estimation of the ratio 

between bending and shear stiffness (resulting in mode-dependent deviations). 

• Skin–core effect: surface layers may exhibit different orientation or homogeneity 

compared to the core, causing thickness-dependent variations in mechanical 

properties. 

• Fibre clustering, inhomogeneities, and local defects may occur, leading to local 

softening or stiffening; this can result in the splitting of degenerated modes into two 

closely spaced frequencies. 

• Considering possible inhomogeneity, the measured results may also depend on the 

sensor location. 
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• Porosity reduces the composite moduli, increases damping, and consequently lowers 

the natural frequencies. 

• Residual stresses after curing may influence the measured frequency values. 

3 Experimental data 

The composite body of the disc is manufactured from short glass fibres and epoxy resin 

using the cold press moulding technology. The mould consists of two parts and is made of 

artificial wood. The mixture of reinforcement and matrix is placed into the mould manually, 

which may lead to the formation of local inhomogeneities. The fibre orientation after 

demoulding is strongly influenced by the disc geometry, with fibres at the outer edge more 

frequently oriented tangentially to the circumferential boundary. 

Based on measurements of the manufactured discs (Figure 2 and 3), the density of disc 

D1 is 1,830 kg/m³ and that of disc D2 is 1,839 kg/m³. The porosity of disc D1 is 3 % at a fibre 
volume fraction of 56 %, while disc D2 exhibits a porosity of 2 % at a fibre volume fraction 

of 55 %. Although the outer diameter of both manufactured discs is 80 mm, the thickness of 

D1 is 8.8 mm and that of D2 is 8 mm. The inner diameter of disc D2 is 40 mm. 

 

  

Figure 2: Full composite disc - D1. Figure 3: Composite disc with 

a shaft insert opening - D2. 

 

The modal frequencies of the specimens are determined by experimental modal 

analysis. Primarily bending and torsional vibrations are measured, while the third dimension 

corresponding to the specimen thickness is neglected. Prior to testing, nodal points are marked 

and numbered on each specimen (Figure 4 and 5). An accelerometer is subsequently attached 

to the lower surface at position 10, which is identical for both specimens. 

  
Figure 4: Scheme for full composite disc (D1) 

experiment. 

Figure 5: Scheme for measurement of com-

posite disc with a shaft insert opening (D2). 

176



 

 

 

The specimen is placed on a circular support with maximum compliance (nonwoven 

fabric with a layer of polyester wadding) with a diameter of 10 cm. The vibrations are excited 

by impacts from a modal hammer applied perpendicularly and sequentially at all marked 

nodal locations. 

The measured values of the first five natural frequencies of discs D1 and D2 are 

summarized in Table 1. 

 

 Full composite Shaft opening 

1st mode 4 134 Hz 3 047 Hz 

2nd mode 4 406 Hz 3 178 Hz 

3rd mode 6 980 Hz 6 030 Hz 

4th mode 9 254 Hz 6 876 Hz 

5th mode 9 316 Hz 8 270 Hz 

Table 1. Values of natural frequencies obtained by 

experiment. 

4 FEA 

In addition to the experimental results (Table 1), the FE model updating process 

includes idealized, modified, and reference results (Table 2 and 3). For the assessment of FE 

model quality, the deviation between the experimental and modified results is decisive. The 

idealized results are primarily based on analytically determined material properties and 

a simplified composite structure. The modified results incorporate adjustments of the 

idealized properties based on experimental findings. The reference results predict the actual 

behaviour of a future prototype. 

 

 1st mode 2nd mode 3rd mode 4th mode 5th mode 

Experimental 4 134 Hz 4 406 Hz 6 980 Hz 9 254 Hz 9 316 Hz 

Idealized – UD 3 921 Hz 3 953 Hz 6 458 Hz 8 093 Hz 8 096 Hz 

deviation +5.4 % +111.5 % +8.1 % +14.3 % +15.1 % 

Idealized – Short 4 159 Hz 4 160 Hz 6 944 Hz 9 109 Hz 9 109 Hz 

deviation -0.8 % +5.9 % +0.5 % +1.6 % +2.3 % 

Modified – Short 4 206 Hz 4 206 Hz 7 012 Hz 9 211 Hz 9 211 Hz 

deviation -1.7 % +4.7 % -0.5 % +0.5 % +1.1 % 

Reference – Glass 3 899 Hz 3 901 Hz 6 495 Hz 8 600 Hz 8 605 Hz 

Reference – Carbon 6 958 Hz 6 962 Hz 11 730 Hz 15 360 Hz 15 360 Hz 

Table 2. Values of D1 natural frequencies obtained by simulation. 

 

 1st mode 2nd mode 3rd mode 4th mode 5th mode 

Experimental 3 047 Hz 3 178 Hz 6 030 Hz 6 876 Hz 8 270 Hz 

Idealized – UD 2 769 Hz 2 788 Hz 6 110 Hz 6 863 Hz 6 867 Hz 

deviation +10.1 % +14.0 % -1.3 % +0.2 % +20.4 % 

Idealized – Short 2 990 Hz 2 990 Hz 6 241 Hz 7 294 Hz 7 294 Hz 

deviation +1.9 % +6.3 % -3.4 % -5.7 % +13.4 % 

Modified – Short 3 027 Hz 3 027 Hz 6 241 Hz 7 370 Hz 7 370 Hz 

deviation +0.7 % +5.0 % -3.4 % -6.7 % +12.2 % 

Reference – Glass 3 027 Hz 3 027 Hz 6 241 Hz 7 370 Hz 7 370 Hz 

Reference – Carbon 5 410 Hz 5 410 Hz 1 118 Hz 13 190 Hz 13 190 Hz 

Table 3. Values of D2 natural frequencies obtained by simulation. 

 

177



 

 

The idealized model is based on the actual geometry of the measured disc with 

a theoretical glass fibre volume fraction of 55 % and without voids in the epoxy resin. 

The laminate consists of 32 layers with uniform thickness and regular orientation. 

The stacking sequence is symmetric. The material is defined at the constituent level, with the 

reinforcement form (UD and short fibres) specified within the FEM software. 

The modified model includes an adjusted fibre volume fraction and void content 

according to measured data. The fibre orientation in the edge region of the disc is also 

modified. The reference geometry of disc D1 has a diameter of 80 mm and a thickness of 

8 mm. Disc D2 additionally contains a central opening with a diameter of 40 mm. The 

reference model further includes a comparison of two material variants, namely glass and 

carbon fibre reinforcement. 

5 Discussion 

The comparison of numerical and experimental results reveals a different sensitivity of 

the two geometries to the level of material model idealization. For the full disc D1, the 

idealized model with UD reinforcement shows significant deviations, for example +11.5 % 

for the 2nd mode and +15.1 % for the 5th mode. In contrast, the idealized model with short 

fibres exhibits substantially better agreement, with deviations ranging from −0.8 % to +5.9 %. 
After modification of the material parameters, further improvement is achieved and the 

deviations for D1 range between −1.7 % (1st mode) and +4.7 % (2nd mode), while for the 

higher modes they do not exceed ±1.1 %. This confirms that, for the full disc, the dynamic 

response is predominantly governed by global stiffness and mass, which can be captured with 

reasonable accuracy through appropriate model updating. 

For disc D2 with a central opening, the situation differs. The idealized UD model shows 

pronounced discrepancies, particularly for the higher modes, for example +20.4 % for the 

5th mode. Although the idealized short-fibre model improves the prediction of the 1st mode to 

+1.9 %, deviations of −5.7 % and +13.4 % remain for the 4th and 5th modes, respectively. 
The modified model, incorporating adjusted fibre volume fraction, density, and local fibre 

orientation, reduces the deviation of the 1st mode to +0.7 % and the 2nd mode to +5.0 %; 

however, for the higher modes the differences remain more pronounced (−6.7 % for the 

4th mode and +12.2 % for the 5th mode). These results indicate a higher sensitivity of the 

geometry with a central opening to local stiffness distribution and material inhomogeneities, 

which cannot be fully captured within the applied material model. 

Overall, the modified model achieves an average deviation of approximately 5 % for 

both discs, which can be considered very good agreement given the inherent variability of 

short-fibre FRP, the measured porosity (2–3 %), and manufacturing-related effects. The 

agreement in the character of the mode shapes between experiment and simulation further 

confirms that the constituent-based FE model is capable of reliably predicting the dynamic 

behaviour of both the full disc and the variant with a central opening, despite their different 

sensitivity to local stiffness variations. 

6 Conclusion 

Based on the work carried out, it can be concluded that the developed ply-based 

FE model, defined at the level of the individual composite constituents (matrix, 

reinforcement, and their volume fractions), is capable of accurately describing the dynamic 

behaviour of the composite discs of the hybrid carousel. A key step was the transition from an 

idealized approach to a modified material model reflecting the experimentally determined 
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fibre volume fraction, porosity, and local orientation of short fibres, particularly in the edge 

regions of the component. 

The updated model achieves a deviation of natural frequencies of approximately 5 % 

compared to experimental measurements, which can be considered very good and fully 

acceptable from an engineering perspective, given the inherent inhomogeneity of short-fibre 

FRP materials and the simplifications related to manufacturing effects. The agreement of the 

mode shapes between simulation and experiment further confirms the suitability of the 

proposed FE model for predicting the dynamic behaviour of hybrid composite components 

and its applicability in the design of future lightweight carousel structures for indexing 

gearboxes. 
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ON ACCELERATED CREEP TESTING OF 3D PRINTED 

ALSI7MG0.6 WITH DIC 

Filip Zogata1, Radim Halama2, Petr Dymáček3, Martin Mánek4, Martin Zatloukal5, Tomáš 

Leskovan6   

Abstract: This contribution compares a conventional incremental step-load creep test with an accelerated,  full-

field creep testing methodology utilizing digital image correlation (DIC) on tubular specimens. The comparison 

demonstrates significant benefits of the DIC-enabled technique over the standard incremental approach, 

particularly in reducing measurement scatter and yielding more consistent creep parameters. All creep tests were  

conducted on vertically built, additively manufactured AlSi7Mg0.6 alloy specimens.. 

Keywords: Creep testing; Digital Image Correlation; AlSi7Mg0.6; Selective Laser Melting 

1 Introduction 

Conventional uniaxial creep testing is traditionally demanding, delivering only a single 

strain–time curve per specimen. This motivates the adoption of data-dense methodologies like 

Digital Image Correlation (DIC) [1],[2].  

As a full-field optical technique, DIC enables the extraction of creep data from multiple 

locations on a single specimen under non-uniform stress fields, facilitating more efficient 

material screening and the validation of constitutive models where pointwise extensometers 

fails [2], [3]. Leveraging these advancements, this study applies these advancements to 3D-

printed AlSi7Mg0.6 to resolve time-dependent deformation fields and identify creep 

responses under heterogeneous states.  

2 Results 

Figure 1 illustrates the strain–time response of 3D-printed AlSi7Mg0.6 obtained from 

the incremental creep test at 150 °C. The curve captures instantaneous strain jumps followed 

by periods of time-dependent deformation, ultimately culminating in accelerated tertiary creep 

and rupture. However, the short hold durations (~2000 s) prevent the material from fully 

exhausting transient mechanisms. Consequently, measured steady-state rates are heavily 

influenced by ongoing primary creep.   
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Figure 1: Creep time-strain curve from 

incremental test at 150°C  

Figure 2: Comparison of apparent creep strain 

rates vs. stress extracted via the incremental 

method and the DIC-based full-field approach. 
 

Despite this physical limitation of the accelerated timeline, Figure 2 demonstrates the 

substantial metrological advantage of the proposed DIC-based approach. While the 

incremental creep test yields highly scattered data (R2 = 0.7977, n ≈ 13.5), the full-field DIC 

methodology provides a remarkably consistent and reliable Norton power-law fit (R2=0.996, n 

≈10.1) compared to the highly scattered incremental data, a critical limitation must be 
acknowledged. Due to the accelerated nature of the tests and relatively short hold times at 

each stress level, the material response likely does not reach a true secondary creep regime. 

As a result, the creep strain rates shown in Figure 2 for both measurement techniques 

inherently overestimate the true minimum creep rate (particularly visible in the DIC data at 

190 and 200 MPa). 

3 Conclusion 

The implementation of DIC for accelerated creep testing of 3D-printed AlSi7Mg0.6 

demonstrates superior precision and significantly reduced scatter compared to incremental 

methods. While the accelerated nature of the test means measured rates likely reflect 

unexhausted primary creep, DIC remains a robust tool for rapid comparative screening. For 

absolute calibration of long-term component behaviour, validation against conventional long-

term data remains necessary. 
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