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PREFACE

The Book of Extended Abstracts contains 76 two-page abstracts presented at the 32nd conference
Computational Mechanics 2016, which was held at the Hotel Horizont in �pi£ák, Czech
Republic, on October 31 � November 2, 2016. This annual conference, which was attended
by nearly one hundred participants from the Czech Republic, Slovakia and from abroad, was
organised by the Department of Mechanics, Faculty of Applied Sciences of the University of
West Bohemia under the auspices of

• Miroslav Lávi£ka, the Dean of the Faculty of Applied Sciences,

• Ji°í Stru£ek, the Vice-President of the Pilsen Region for Education, Sport, Culture and
Tourism,

• Czech Society for Mechanics,

• Czech National Committee of IFToMM,

• Central European Association for Computational Mechanics.

The main objective of this traditional conference is to bring together academicians, re-
searchers and industrial partners interested in relevant disciplines of mechanics including

• solid mechanics,

• dynamics of mechanical systems,

• mechatronics and vibrations,

• reliability and durability of structures,

• fracture mechanics,

• mechanics in civil engineering,

• �uid mechanics and �uid-structure interac-
tion,

• thermodynamics,

• biomechanics,

• heterogeneous media and multiscale problems,

• experimental methods in mechanics,

to create an opportunity for meeting, discussion and collaboration among the participants. As
in the previous years, the three best papers presented at this conference were awarded the Czech
Society for Mechanics Award for young researchers under 35 years of age.

To all conference participants, we o�er the possibility to publish their peer-reviewed full
papers in the international journal Applied and Computational Mechanics, which has been
published by the University of West Bohemia since 2007 (see http://www.kme.zcu.cz/acm/).

We would like to express our gratitude to all the invited speakers for their signi�cant con-
tribution to the conference and the time and e�ort they put. Considerable acknowledgement
belongs also to the members of the Organising Committee for their important work.

We strongly believe that all participants of the CM2016 enjoyed their stay in the beautiful
nature of the �umava region in a meaningful way. Finally, we want to invite you all to come to
the next conference CM2017.

Jan Vimmr

University of West Bohemia
Chairman of the Scienti�c

Committee

Vít¥zslav Adámek

University of West Bohemia
Chairman of the Organising

Committee
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Hajžman M., Buĺın R., Zavřel J., Šika Z., Polach P.: Dynamics of a parallel multilevel
mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

Havelková L., Krofta L., Sindhwani N.: Stress distribution in pelvic floor structures depending
on real fetus head molding and trajectory during vaginal delivery . . . . . . . . . . . . . . 27
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Radolf V., Horáček J., Laukkanen A. M.: Effect of a soft tissue on vocal tract acoustic
resonance properties in vocal exercises using phonation into tubes . . . . . . . . . . . . . 107

Rohan E., Cimrman R.: Modelling of wave propagation in phononic plates in frequency and
time domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
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Sváček P., Valášek J.: Numerical simulations of flow induced vocal folds vibrations . . . . 117
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Štorkán J., Vampola T.: Influence of geometric configuration of the acoustic-structural sys-
tem on deformation characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
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Calculation of the sound power in the inlet of the aero-engine
based on the analytical prediction

M. Bartošáka, J. Jurenkaa, M. Růžičkaa, K. Doubravaa
aFaculty of Mechanical Engineering, CTU in Prague, Technická 4, 166 07 Prague, Czech Republic

Tone noise radiated through the inlet of a turbofan is mainly due to rotor and stator interactions
at subsonic regimes and due to the generated shock waves at transonic fan tip speeds. The paper
is focused on the calculation of the 3D ducted acoustic field using FEM. Rotor in transonic con-
ditions is analyzed. Analytical prediction of the harmonic sound power is proposed. Method is
an alternative to a direct numerical computation and leads to a very fast calculation. Estimation
of the initial pressure jump of the shock waves in the rotor plane is based on normal shock wave
equation and is used as the acoustic loading in the FEM model. All blades are assumed to be
identical and only the blade passing frequency and its harmonics are generated.
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Fig. 1. Radial profile of sound pressure based on analytical prediction

This approach consists of the following steps. First, normal shock wave equation is used
for the calculation of the initial pressure jump just ahead of rotor [1, 2]. Radial profile of the
the sound pressure in the circular section of the duct is considered in the form of the Bessel
function. The profile for the first two blade passing frequencies is shown in Fig. 1.

Subsequently, analytical results are used as the pressure loading in the rotor section in the
finite element analysis of the ducted air. Pressure boundary condition is prescribed in the user
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subroutine. ABAQUS is selected for the numerical calculations. Sound pressure is calculated
from the transient and steady-state dynamics FEM. Primarily blade passing frequencies are
investigated. Linear acoustics equations are assumed. Calculated sound pressure for the first
blade passing frequency is shown in Fig. 2.

Fig. 2. Harmonic response analysis of sound pressure

Finally, calculated sound pressure will be subsequently used in the acoustic-structural anal-
ysis. Results will be used to design the composite duct. Proposed method is alternative to
numerical computation using RANS and it is very suitable for design calculations.
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Control synthesis of a planar multi-level manipulator 

P. Beneš a, J. Volech a, Z. Šika a, M. Hajžman b, K. Kraus a 

a Faculty of Mechanical Engineering, CTU in Prague, Technická 4,160 00 Praha 6, Czech Republic 
b Faculty of Applied Sciences, University of West Bohemia, Univerzitní 8, 306 14 Plzeň, Czech Republic 

Multi-level manipulators consist of the main movable platform and at least one superimposed 

active structure. The main platform should primarily cover large workspace while the 

superimposed one is capable to perform smaller but highly dynamic maneuvers. For that 

purposes the parallel cable manipulators are usually used at the first level. They are capable to 

cover large workspace, they are lightweight and relatively cheap and easy to build. However, 

the nature of cables limits these manipulators to the area of low frequencies. Therefore, the 

higher frequencies should be covered by the superimposed structure that provides smaller but 

rapid movements. This structure could be driven by e.g. piezo elements or voice coils. 

The simulation model is in Fig. 1. The basis is the redundant parallel cable driven 

manipulator with three degrees of freedom (DOF) controlled by four cables. Cables driven by 

linear actuators are connected to the corners of the platform. The configuration could be easily 

changed, but in order to get the best maneuverability the one in Fig. 1 was chosen. Cables are 

modelled as elastic, both linear and non-linear cable stiffness [3] has been simulated. The 

active structure connected to the platform has 3 DOFs on its own and it is driven by three 

piezo actuators. 

   
Fig. 1. Matlab visualization of the simulated multi-level manipulator 

The control synthesis deals with two main problems. The first one is the control of 

redundantly actuated basis platform using flexible cables. The second one is the splitting of 

motion between two levels of manipulator. The control of the superimposed structure itself is 

easier as it is not redundant.  

Several approaches have been applied to control redundantly actuated cable driven 

platform. The simplest one is the control of three cables with respect to position while the 
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forth one is force-controlled to ensure that all cables are under tension. The more advanced 

approach is the sliding mode control with primary objective in accurate positioning and 

secondary objective in the anti-backlash control (positive tension in cables) [4]. Another 

tested approach is based on the centralized model control [2].  

The splitting of the motion between manipulator’s levels is mainly the matter of 

frequencies. The simulated approach is based on the same strategy as so called washout-

algorithms (WA) used by driving simulators [1]. Basically the main idea is the filtration of the 

desired signal with respect to manipulator’s modal capabilities and reachable workspace of its 

particular motion levels. The best results are obtained if the desired trajectory is known in 

advance and the filtration could be non-causal, Fig. 2. 

 

   
Fig. 2. Motion splitting – comparison of different washout algorithms 

The presented planar manipulator is used just for the test of different modelling and 

control strategies. The results will be further applied to two spatial mechanisms with three and 

six DOFs that are available in CTU laboratories. 
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Dynamic properties of a turbine blade couple: Analysis of the 

contact force effects  

J. Brůha a, b, V. Zeman a, b  

a Department of Mechanics, Faculty of Applied Sciences, University of West Bohemia, Univerzitní 8, 306 14 Plzeň, Czech Republic  
b NTIS – New Technologies for the Information Society, Faculty of Applied Sciences, University of West Bohemia, Univerzitní 8, 

306 14 Plzeň, Czech Republic 

The contribution is concerned with modelling of a harmonically excited turbine blade couple 

with frictional contact of shrouds and analysing the effects of compressive normal and 

tangential friction forces on dynamic properties of the blades. The turbine twisted blades (that 

are considered to be clamped into a rotating rigid disk) are modelled by means of the finite 

element method using Rayleigh beam elements with varying cross-sectional parameters and 

six degrees of freedom in each of nodes (Fig. 1) [1, 2]. The rhomboid-shaped shrouds are 

considered to be rigid. The modelling of interactions at the contact surfaces is carried out 

using a multi-point frictional contact model [3, 4] with constant normal contact stiffness. In 

such a case, the total contact area of interacting blade shrouds is divided into a set of 

elementary contact areas and both compressive normal forces and tangential friction forces 

are distributed among them (see Fig. 1). The considered dry friction characteristic is smooth 

and includes the micro- and macro-slip phases. The presented method was tested on the 

blades of the MTD30 stage HP15 type [5]. 

 

Fig. 1. Rotating blade couple with frictional contact of shrouds 
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Fig. 2. Simulated transversal displacement of the first blade: frictionless contact of shrouds 

 

Fig. 3. Simulated transversal displacement of the first blade: frictional contact of shrouds

The developed in-house code in MATLAB computing environment is capable to analyse 

the effects of friction (as an important source of damping, see Figs. 2 and 3), compressive 

normal forces, and normal contact stiffness at the contact between the shrouds on dynamic 

response of the blade couple. 
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A dynamic instability of blades the in blade cascade caused by fluid flow, formally known as
flutter, is still a subject of interest [1, 5]. Modern turbines are designed to maximize efficiency
and power. This leads to high operational temperature and high flow rate, which can cause
the loss of blades stability. Depending on the phase angle between the vibrating blade and
aerodynamic forces acting on the blade, the two following cases can occur:

i) kinetic energy of the blade is transmitted to the flow,

ii) the energy of the flow is absorbed into the blade.

In the first case, we talk about damped vibration from the aero-elasticity point of view. In the
second case, where the flow adds the energy to blades and their amplitudes increase, we talk
about unstable excited vibration, i.e. flutter. It has been shown [7] that the critical flutter point,
i.e. the highest aero-dynamical excitation, arises for a particular inter-blade phase angle. Most
of aerodynamic studies are based on the so called travelling wave mode of vibration, where one
assumes that all blades vibrate with the same frequency, amplitude and inter-blade phase angle.

For the purpose of this study, we choose the travelling wave mode approach for the numer-
ical modelling of the unsteady flow and flutter analysis in the simplified blade cascade formed
by three flat plates, see Fig. 1 (left). Each plate performs kinematic harmonic motion in the
y-direction y = A sin(2πft+ φ) for the upper plate, y = A sin(2πft) for the middle plate and
y = A sin(2πft − φ) for the bottom plate. The amplitude and the frequency of the harmonic
motion are A = 0.003m and f = 20Hz, respectively. Thus, all flat plates in the cascade vi-
brate and their mutual movement creates the travelling waves in the cascade. The aim of this
numerical study is to determine aerodynamic forces acting on the flat plates in the cascade and
the flutter origin, when the harmonic motion with inter-blade phase angle is prescribed.

As a mathematical model, the system of Navier-Stokes equations, which describes the flow
of compressible viscouse fluid, was considered. To include the influence of turbulent fluctua-
tions on the mean flow a one-equation turbulence model of Spalart and Allmaras [8] was used.
The numerical simulation was performed using developed in-house CFD software based on the
discontinuous Galerkin finite element method [3, 4]. To capture the blade motion, the equations
were considered in ALE (Arbitrary Lagrangian-Eulerian) form [2, 6].

The numerical simulations were performed for four different inter-blade phase angles φ ={
π
2
, π

4
, −π

4
, −π

2

}
. The obtained y-components of forces acting on the middle blade were anal-

ysed for all inter-blade phase angles and the aerodynamic damping parameter

σ = − cw
π A2

,
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was determined. The variable cw denotes the work of aerodynamic force performed per one
cycle of harmonic motion. The resulting parameter σ depending on inter-blade phase angle φ is
shown in Fig. 1 (right). The positive value of parameter σ means that the kinetic energy of the
flat plate is transmitted to the flow and thus the flutter phenomena does not occur.

Fig. 1. Flat plates cascade configuration (left); parameter σ depending on the inter-blade phase
angle φ (right)
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bNTIS – New Technologies for the Information Society, Faculty of Applied Sciences, University of West Bohemia, Univerzitnı́ 8,
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Materials with different levels of porosity at different scales [1, 4] can be found in nature as
well as in technical practice . The theory of homogenization [3, 5] provides a natural way of
upscaling a lower level description to higher levels of porosities in a sense that effective ma-
terial coefficients (stiffness, permeability, Biot coefficients etc.) at a higher level are obtained
by applying homogenization to the lower level. This leads to a suitable hierarchical description
of the porous medium, where all the different porosities are taken into account [6]. However,
such a description involves solving many sub-problems in complex relationships. In the con-
tribution we discuss our method of tackling this complexity using the homogenization engine
implemented in the open source finite element package SfePy [2].

The homogenization technique, when applied to a problem, results in a set of homogenized
coefficients that can be evaluated using one or several characteristic response (aka corrector)
functions. The characteristic response functions are solutions to subproblems, related to the
original problem, solved on a periodic representative volume cell. The homogenization engine
in SfePy allows to:

• define the subproblems for the characteristic response functions;

• define the homogenized coefficients as functions of the characteristic response functions;

• express and automatically resolve the mutual dependencies among the characteristic re-
sponse functions as well as the homogenized coefficients.

The above framework can be used to compute on-demand the homogenized macroscopic mate-
rial parameters in a macroscopic domain.
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Whirl flutter optimisation-based solution of twin turboprop 

aircraft using full-span model 

J. Čečrdle a 

a Aeronautical Research and Test Institute, Beranových 130, 199 05 Praha, Czech Republic 

Whirl flutter is a specific type of flutter instability, relevant for turboprop aircraft, caused by 

the effect of rotating parts as a propeller or a gas turbine engine rotor. The instability is driven 

by motion-induced unsteady aerodynamic propeller forces and moments acting on the 

propeller plane. Whirl flutter may cause unstable vibration of a propeller mounting, or even a 

failure of an engine installation or a whole wing. The optimisation-based analytical procedure 

was prepared to make the analysis possible at an aircraft early development phase. The 

method allows determination of the whirl flutter stability margins for the speed, which is set 

by regulations as the certification speed. The solution employs gradient-based algorithm and 

includes modal-based and flutter-based design responses. Design variables are represented by 

the engine attachment stiffness parameters. 

For the purpose of aeroelastic analyses, simple dynamic beam structural models (stick 

models) are used. In the most cases, the half-span model with either symmetric or 

antisymmetric boundary conditions is sufficient. However, application of a full-span model is 

necessary in some specific cases. The typical example is the whirl flutter of the usual twin 

wing-mounted tractor engine aircraft, for which whirl flutter stability characteristics are 

influenced also by the directions of rotation of both propellers. In the case of the full-span 

model, both symmetric and antisymmetric engine vibration modes must be modelled. For this 

purpose, the special modelling pattern employing spring elements and rod elements is used.  

The solution includes four design variables: 1) effective stiffness of the engine attachment 

for symmetric pitch; 2) effective stiffness of the engine attachment for antisymmetric pitch; 3) 

effective stiffness of the engine attachment for symmetric yaw; and 4) effective stiffness of 

the engine attachment for antisymmetric yaw. These design variables are related to the spring 

constants of two grounded spring elements and to the torsional stiffness of the two pairs of 

rod elements. Three frequency ratios are defined: 1) pitch frequency ratio (VFR), 2) yaw 

frequency ratio (HFR) and, finally 3) critical frequency ratio (CFR). VFR and HFR are set 

according the ground vibration test results or are guessed. CFR is a ratio of flutter critical 

modes, i.e. those modes, whose combination causes flutter instability. The choice of the 

critical modes is mainly dependent on the mode order on the relation of directions of rotation 

of the two propellers. In the cases with the identical directions, the critical modes are 

symmetric pitch and antisymmetric yaw or antisymmetric pitch and symmetric yaw. 

However, in cases with the inverse directions, the critical modes are symmetric pitch and 

symmetric yaw or antisymmetric pitch and antisymmetric yaw.  

The first preparatory optimisation step is performed to set the initial design variables for 

the main optimisation. The design constraint includes the requirement to maintain the 

frequency of the engine mode of the highest frequency at the selected frequency value (using 

±2% band). The objective function is defined as the minimization of the frequency ratio error 

and is expressed as minimisation of sum of squares of VFR, HFR and CFR errors. 
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The main optimisation is started from the values of design variables set in the preparatory 

step. The design constraint includes the requirement to maintain the frequency ratios (VFR, 

HFR, CFR), for which the ±2% band is used. Also, the constraint of flutter stability (i.e., 

negative damping) at the selected certification speed Vcert is applied to all modes included into 

the solution. The objective function is defined as the minimization of the sum of frequencies, 

including both symmetric and antisymmetric engine pitch and yaw vibration modes. 

The output quantities include the values of design variables, for which the flutter speed is 

equal to the specified certification speed and the specified frequency ratios are equal to the 

specified target values. The described procedure is then repeated for a several CFRs to obtain 

enough points to construct a stability margin curve. The cross-orthogonality correlation 

analysis of modes before and after the each optimisation iteration is performed and mode 

re-ordering is performed in the case of the mode switching.  

The described methodology is demonstrated on a model of a twin engine commuter 

aircraft. For the purpose of demonstrating the method, the simplified model with four degrees 

of freedom representing both the symmetric and antisymmetric engine pitch and yaw 

vibrations was used. The residual structure was considered to be rigid and the control surface 

and tab actuation drives were blocked. Fig. 1 presents the resulting stability margins for the 

cases of symmetric revolution of both propellers for both identical and inverse directions. 
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Fig. 1. Whirl flutter stability margins - symmetrical revolutions, identical and inverse directions 

For the case of identical directions of propeller revolutions, two mechanisms of the whirl 

flutter appear: 1) a combination of symmetric pitch and antisymmetric yaw modes (primary 

flutter), and 2) a combination of antisymmetric pitch and symmetric yaw modes (secondary 

flutter). The required engine pitch and yaw frequency is higher for the primary flutter 

mechanism. In the case of the inverse directions of propeller revolutions, the instability is 

caused by the combination of antisymmetric pitch and antisymmetric yaw modes. Compare to 

the previous case, the required engine pitch and engine yaw frequencies are considerably 

higher. The future work will be focused on the assessment of the downwash effect, which 

represents the aerodynamic interference between propeller, nacelle and wing.   
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Vibration of turbine rotors considering foundation excitation
O. Červenáa, M. Hajžmana, J. Mrštı́ka

aVýzkumný a zkušebnı́ ústav Plzeň s.r.o., Tylova 1581/46, 301 00 Plzeň, Czech Republic

Power plants (in particular nuclear power plants) have to be carefully designed with respect to
various undesirable problems and phenomena, which also include a seismic excitation [3, 4].
This paper deals with the dynamics of large turbine rotors common in power plants including
the effects of moving foundation and stator parts. The whole turboset system [1] can be divided
into two basic parts – a foundation including all stator (non-rotating) components of a turbine
and a rotor train (see Fig. 1).

Fig. 1. General scheme of a whole turboset system

For the sake of mathematical modelling the model is divided into a rotor train (described by
vector of generalized coordinates qR) and a non-rotating foundation part (described by qF )

[
MF 0
0 MR

] [
q̈F

q̈R

]
+

([
BF +BG 0

0 BR + ω0GR

]
+BB

)[
q̇F

q̇R

]
+

+

([
KF 0
0 KR

]
+KB

)[
qF

qR

]
=

[
fF

fR + fu

]
,

(1)

where MF and MR are the mass matrices of the foundation and the rotor, BF and BR are
the material damping matrices, KF and KR are the stiffness matrices of the foundation and
the rotor, BG is the damping matrix representing the GERB elements between the foundation
and the ground, ω0GR is the matrix of gyroscopic effects, BB and KB are the damping and
the stiffness of the bearings (generally dependent on rotor angular velocity ω0), fF and fR are
the vectors of arbitrary external excitation and fu is the vector representing unbalance excitation,
which can be expressed in a complex form fu(t, ω) = f(ω)eiωt.
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In case of a seismic excitation the vectors of external excitation can be formulated as[
fF
fR

]
=

[
−mF üg(t)
−mR üg(t)

]
=

[
−MF qst üg(t)
−MR qst üg(t)

]
, (2)

where mF and mR are the vectors of mass parameters of the foundation and the rotor, ug is
the ground displacement in general direction given by unit vector ~e and qst is the vector of static
displacement of the system caused by unit ground displacement in direction ~e. Displacement
ug can be particularly considered to be a kinematic excitation defined using three orthogonal
displacements of the ground in global coordinate system uj , j = 1, 2, 3. The vectors of external
excitation can be written in the form

[
fF
fR

]
=




−
3∑

j=1

mF,j üj(t)

−
3∑

j=1

mR,j üj(t)


 , (3)

where üj(t) are accelerations of the ground in the j-th direction axes of the global coordinate
system. Illustrative seismic excitation in a chosen direction is shown in Fig. 2.
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Fig. 2. Example of seismic excitation

The created mathematical model of a rotor and a foundation including seismic excitation can
be further formulated in the condensed form [2] in order to reduce the number of the system
degrees of freedom. The model in such a form is suitable for the solution using the numerical in-
tegration. An in-house software was developed based on the proposed modelling methodology
and its performance is demonstrated by means of the particular real turbine example.
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Statics and dynamics of cable structures 

J. Dupal a 

a Faculty of Applied Sciences, University of West Bohemia, Univerzitní 8, 306 14 Plzeň, Czech Republic 

Cables became very important components of special cable robot or manipulator driving 

parts. It was ensured that lateral and longitudinal cable vibrations significantly influence 

behaviour of the end-effector of such cable appliance. The paper deals with the first stage of 

simulation-modelling and numerical simulation of strongly nonlinear vibration of one cable. 

The new mathematical model of cable takes into account dissipative effect of Kelvin-Voight 

material and air resistance during cable vibration. 

To describe the cable behaviour and obtain Eq. of motion we can use Hamilton’s principle 

in form 

   ,0
0

 dtVEW

t

KN  (1) 

where VEW KN ,,  is work of non-conservative external forces, kinetical energy and potential 

energy, respectively. Kinetical energy of cable can be written in form 

 ,
2

1

0

dsE

L

T

K  rr   (2) 

where  ts,r  is radius-vector of arbitrary cable point, dot marks time differentiation, μ is mass 

of one meter of cable, s is length cable coordinate and L is total cable length. Variation of 

kinetical energy integral can be expressed after some arrangements as 

 .
0 00

dtdsdtE

t L

T

t

K    rr    (3) 

Potential energy of cable consist of gravitational and strength part [1] 
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variation of potential energy integral after arrangements can be written in form 
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 (5) 

Individual symbols in relations (4) and (5) correspond to: e3- unit vector having direction of 

gravitation, rL and r0 -radius-vector of cable end and origin point, E-Young modulus, A-cable 

cross section area, g-gravitation constant, h{}-Heaviside unit step function. In case when the 

boundary cable points are stationary, the first two terms of (5) drop out.  
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Virtual work of external non-conservative forces includes air resistance and inner damping 

of material. Air resistance virtual work can be expressed in form 

   ,rnrn  TT

oAW   (6) 

where n is unit normal vector of cable and o  is coefficient of resistance. Normal vector can 

be expressed in form 
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Variation of integral of virtual work of viscous forces (Kelvin-Voight material) can be written 

down in form 

   

t L

v

t

KV dtdsEAdtW
0 00

,     (8) 

where v  is coefficient of viscous damping,  is speed of deformation which can be expressed 

in form 
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After substitution (9) into (8) and integrating per-partes we can write 
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Comparing terms staying at r in relations (3), (5), (6) and (10) and put it equal to zero we 

can come to the Eq. of motion of one cable in form 
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(11) 

Conclusion: This equation of motion was solved by means of Galerkin’s method leading to 

strongly non-linear system of ordinary differential equations which can be solved by some 

appropriate method e.g. Runge-Kutta continuation. 
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On the application of LU-SGS scheme for turbomachinery flows
J. Fürsta

aFaculty of Mechanical Engineering, CTU in Prague, Karlovo nám. 13, 121 35 Praha, Czech Republic

The contribution deals with the development of coupled solver for compressible flows using
the OpenFOAM package. The OpenFOAM package [4] is a widely spread open CFD source
library. The ready made CFD solvers contained in the library are mainly based on the seg-
regated pressure-based methodology which is appropriate for incompressible or weakly com-
pressible flows. In the case of transonic or supersonic flows the coupling between the pressure,
density, and temperature becomes more important and the efficiency of segregated approach
is highly impaired. The coupled (density-based) solvers based on the approximate Riemann
fluxes become much more efficient. So for the only coupled density based solver in the stan-
dard OpenFOAM distribution is rhoCentralFoam which uses an explicit central-upwind scheme
of Kurganov and Tadmor. There exist also another projects through the OpenFOAM commu-
nity (e.g. the densityBasedTurbo or aeroFoam) which use the AUSM family or Roe fluxes
combined with explicit Runge-Kutta integration in time. Nevertheless all the above mentioned
density based solvers suffer from the stability restriction and are therefore not very suitable for
the calculation of viscous turbulent flows.

The matrix-free LU-SGS (lower-upper symmetric Gauss-Seidel) implicit scheme [1] offers
a very simple implicit method with memory requirements comparable to the explicit method.
The article [3] gives detailed description of the implementation of the LU-SGS scheme for the
case of inviscid flows. We follow the same methodology and we extend the solver for the case of
viscous turbulent flows including multiple rotating frames of reference. The update step of the
LU-SGS is realized in two subsequent sweeps through the mesh in increasing and decreasing
order

Di∆W
∗
i = −Rn

i −
1

2

∑

j∈Ni,j<i

[
(∆~F ∗c )j ~Sij + rj∆W

∗
j

]
, (1)

Di∆W
n
i = Di∆W

∗
i −

1

2

∑

j∈Ni,j>i

[
(∆~F n

c )j ~Sij − rj∆W n
j

]
, (2)

where Ni is the set of neighbor cell indices, ∆W ∗
i = W ∗

i − W n
i , ∆W n

i = W n+1
i − W n

i ,
(∆~F ∗c )j = ~Fc(W

∗
j )− ~Fc(W

n
j ), (∆~F n

c )j = ~Fc(W
n+1
j )− ~Fc(W

n
j ) (here ~Fc is the convective flux

vector). The spectral radius of the flux Jacobian including viscous contribution is approximated
as (see [1])
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)
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||~xi − ~xj||

(
ν

Pr
+
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)
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3
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with ω = 1.2. The diagonal term is Di = |Ωi|/∆ti + ω
2

∑
j∈Ni

rj .
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Fig. 1. Velocity magnitude in the ERCOF-
TAC centrifugal pump

Fig. 2. Pressure distribution in the radial tur-
bine

Fig. 1 shows the distribution of velocity magnitude in the ERCOFTAC centrifugal pump,
see [2] for details. The 2D numerical simulation has been done with the above mentioned LU-
SGS method where the residual Rn

i was evaluated using AUSM+up scheme and two frames of
reference were assumed (the so called frozen rotor method). The comparison with results in [2]
shows that the LU-SGS method gives similar results as the segregated solver for incompressible
flows based on SIMPLE loop.

Fig. 2 shows the result of the calculation of 3D turbulent flow through the radial turbine.
The rotor speed is set to 90 000 rpm and the total to static pressure ratio was 1.3. The rotor
tip speed is about 250 m/s (i.e. M = 0.45) and therefore the compressibility becomes more
important. The calculation has been performed using LU-SGS scheme with HLLC fluxes and
the unstructured mesh contained approximately 8 000 000 cells.

The above mentioned cases prove that the LU-SGS scheme can be used for the solution of
compressible turbulent flows including flows in complex geometry.
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Experimental analysis of railway vehicle passing over turnout frog 

A. Hába a, J. Zelenka a, M. Kohout a 

a Jan Perner Transport Faculty, University of Pardubice, Nádražní 547, 560 02 Česká Třebová, Czech Republic 

In the course of a vehicle passing over a simple turnout, the increased dynamical response 

(especially in vertical direction) is indicated due to the crossing of the rails in the turnout frog 

area (see Fig. 1). This fact results in a quick degradation of appropriate turnout components. 

To service life maximizing of these components, there is necessary to concern to vehicle-track 

interaction in the course of passing over a turnout. 

    

Fig. 1. Diagram of the simple turnout and view of the frog area 

The experimental determination of the vertical dynamical response of a vehicle passing 

over a turnout is based on a vertical acceleration measurement on the wheelset axle box [2]. 

For the sufficient description of the vehicle dynamical response in the course of passing over 

a turnout at the speed up to 160 kmph, the minimum sampling rate of the recorded data shall 

be set to 10 kHz. With regard to the frequency of the wheel vertical motion in the course of 

passing over the turnout frog area, the measured acceleration course is then filtered by the 

bench-pass filter. The typical course of the vertical acceleration measured on the wheelset 

axle box is shown in Fig. 2 [3]. 
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Fig. 2. Typical acceleration course measured on the axle box of the first vehicle wheelset in the course of passing 

over a whole turnout (left); filtered acceleration course corresponding to passing over the frog area (right) 

The origin of the horizontal axis of both graphs in Fig. 2 is situated to the position of 

the maximum vertical deflection of the wheel, which always corresponds to the instant when 

wheel passes from the wing rail to the frog tip or conversely (according the passing  
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Fig. 3. The graphs presents (from the top): the acceleration course measured on the axle box of the first vehicle 

wheelset in the course of passing over a turnout frog area; the vertical wheel velocity obtained by the integration 

of the measured vertical acceleration; the vertical wheel deflection obtained by the integration of the vertical 

wheel velocity 

direction) [1]. This extreme of the wheel vertical deflection corresponds to the zero value of 

the vertical velocity. The courses of the wheel vertical velocity and the deflection are obtained 

by the integration of the measured vertical acceleration (see Fig. 3). 

The vehicle dynamical response in the course of passing over the turnout frog area is 

regarded by the equivalent loading, which value is determined as a total of the static wheel 

load and the dynamic response of the inertia force of the unsuspended mass per a wheel [2]. 

The Fig. 4 presents the courses of the equivalent loading of the same turnout during its 1 year 

operation. 
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Fig. 4. Courses of the equivalent loading of the same turnout during its 1 year operation 

In the course of vehicle passing over the turnout frog area, the vertical wheel deflection is 

caused not only by changes of the wheel-rail kinematical relation but also by the vertical 

deflection of the rail. By this reason, the value of the equivalent loading cannot be understood 

as an absolute value of the wheel-rail force. Although there is possibility to correct this 

assessment by the rail vertical response measurement, there is necessary to take to account 

also the impact process of passing over the turnout frog for determination of the real value of 

the wheel-rail force. 
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Damage prediction with coupled fatigue and creep mechanism 

applied on generator turbine 

J. Had a  

a  National center for research, development and testing in aerospace, a.s., Beranových 130 Praha 9, Prague, Czech Republic 

During the service of an engine, a multitude of material damage such as foreign object damage, 

erosion, high cycle fatigue, low cycle fatigue, fretting, hot corrosion/oxidation, creep, and 

thermo-mechanical fatigue is induced in these parts. The mechanical loading and effects based 

on the temperature gradient were stated as the most important factors.  

Change of both mechanical loading and temperature distribution occurs during the common 

engine service. Changing temperature during the loading cycles has influence on stress-strain 

state and therefore it causes closure problem of stress-strain hysteresis loop. Temperature 

dependent fatigue properties brings additional aspects to deal with. Moreover high temperature 

field can induces creep and it causes interaction with pure fatigue (𝜖𝑝𝑙 induced mechanism).The 

way how both mechanism can be considered is described in further paragraphs. 

Damage calculated from fatigue parameter influenced by actual temperature is proposed in 

paper [1]. Actual damage is calculated in every step of loading history. Evolution of fatigue 

damage can be calculated cheap and very quickly using widely available isothermal fatigue 

curves. Proposed concept overcame hysteresis loop closure problems. The closure problem is 

solved by identification of origin of hysteresis loop to current analyzing point. Temperature 

dependent damage is based on interpolation of experimental fatigue data for the current 

temperature. Actual fatigue damage is evaluated with SWT damage operator. Prandtl-Ishlinskii 

model of hysteresis (finite number of spring-slider models connected in series) is applied on 

interpolated iso-thermal fatigue curves for current temperature. Actual fatigue damage is get as 

the sum of elemental contributions from each individual spring-slider sub-models. 

It is known that the fatigue and creep damages depend on elasto-plastic strain and stress 

respectively. If the life prediction is based on the instantaneous values, both fatigue and creep 

damages should be overestimated for positive mean stress due to relaxation. For this purpose 

visco-plasticity strain component must be evaluated and affected final elasto-plastic strain and 

stress respectively. In order to cover viscoplasticity spring-slider model was extended to the 

nonlinear Maxwell model by adding nonlinear damper in series according to [2], see Fig. 1.  

In whole procedure stress tensor serves as a preprocessed input into the assessment. For this 

purpose elastic FEM analysis was performed and all necessary inputs are calculated from elastic 

stress tensor. In the case of low cycle fatigue, both stress and strain must be known. Elasto-

plastic stress is calculated with Neuber’s approximation from FEM elastic stress. For strain 

approximation stress-controlled Prandtl-Ishlinskii model can be used to cover elasto-plasticity. 

For stepwise stress history elasto-plastic and viscoplastic strain component are gain 

independently solving one after another. Elasto-plastic and viscoplastic strain component are 

linked together with the principle of superposition and viscoplastic component is taken into 

consideration only if actual temperature in current time step is higher than creep temperature. 

Elasto-plastic strain component is calculated from extrapolated stabilized cyclic deformation 
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curve for strain rate 𝜖̇ → ∞. Viscoplastic strain is evaluated according to law of perfect 

viscoplasticity with elastic domain with temperature dependent material parameters fitted from 

tensile creep curves. Creep and fatigue damage are calculated according to proposed method 

described in [1] and [2]. Total damage is supposed as the summation of fatigue and creep 

damage. Sequential block scheme of described approach is depicted in Fig. 3. 

 
 

Fig. 1. Model of viscoplasticity Fig. 2. Evolution of damage during the simplified loading sequence 
 

 

Fig. 3. Block scheme of consideration of both fatigue and creep damage mechanisms 

Damage operator approach was applied to fatigue assessment of generator turbine. Heat 

transport analysis was performed, at first, to solve convection and conduction of heat from gas 

to structural parts. Temperature field is assumed from previous heat analysis as a boundary 

condition in subsequent structural analysis. Stress and temperature results in crucial point as 

well as predicted damage progression are shown in Fig. 2. 

Presented paper briefly described promising approach for continuous damage calculation 

during the non-isothermal loading of generator turbine. Presented concept is computational 

cheap and very effective using only widely available material data from isothermal tests. 
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FE modelling of the influence of the lamina propria properties on
the vocal folds vibration and produced sound for specific Czech

vowels
P. Hájeka, P. Švancaraa,b, J. Horáčekb, J. G. Švecc

aInstitute of Solid Mechanics, Mechatronics and Biomechanics, Brno University of Technology, Technická 2896/2, 616 69, Brno, CZ
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Vowel production is a physical process including interaction between exhaling air (fluid), vib-
rating vocal folds (structure) and phonation (acoustics). Each environment affects one another,
e.g. moving boundary of the vocal folds (VF) represents set of acoustic sources and initiated
acoustic pressure influences the VF back. Such a mutual influence is apparent while comparing
results obtained from computational modelling of different vowels.

Presented two-dimensional (2D) finite element (FE) model of the flow-induced self-oscil-
lation of the human VF enables solving fluid-structure-acoustic interaction occurring during
phonation. The aim is to analyze the influence of stiffness of superficial lamina propria (SLP)
on VF vibrations for vocal tracts (VT) shaped for particular Czech vowels. Such a symmetrical
or unsymmetrical variation of the SLP properties accompanies diverse VF pathologies.
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Fig. 1. a) Fluid FE model of the acoustic spaces of the trachea and the VT for Czech vowel [i:]
and b) [u:] vowel, c) structural FE model of the four-layered tissue of the VF and d) example of
simulated VF displacements and flow velocity in glottis in time domain for vowel [u:]
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Similar FE model has been developed in previous work of the authors [1] with the VT
shaped for Czech vowel [a:]. This paper presents results of effect of stiffness of SLP on VF
vibration for VT shaped for Czech vowels [i:] and [u:].

The 2D FE model includes setting to phonatory position, large deformation of VF tissues
and their contact and unsteady viscous compressible airflow separated during glottal closure
described by the Navier-Stokes equations. The fluid mesh morphs according to the VF motion
(solved by Arbitrary Lagrangian-Eulerian approach). Geometric data of the VT were converted
from MRI [2] (see Fig. 1a) and b)), the VF employ Scherer’s M5 geometry [3] (see Fig. 1c)).
The airflow (36 °C) was considered in the acoustic spaces, the VF have homogenous isotropic
linear-elastic material properties. Details of FE models and algorithms could be found in [1].

Several variants of computations were performed for rising Young’s modulus of lamina
propria ESLP and for lung pressure pLu = 270 Pa. Fig. 1d) shows example of computed displa-
cement in x (lateral) direction of selected nodes in the middle of the VF and flow velocity in
selected node between VF, both obtained for vowel [u:] with default settings ESLP = 2000 Pa
and pLu = 270 Pa. There is a comparison between maximal width of glottis WGmax, vibration
frequency f, open quotient OQ and closing quotient ClQ for [i:] and [u:] vowel in Table 1.

Table 1. Computed characteristics of VF oscillation depending on ESLP for pLu = 270 Pa
Vowel [i:] Vowel [u:]

ESLP
[Pa]

pLu
[Pa]

WGmax
[mm]

f
[Hz]

OQ
[–]

ClQ
[–]

WGmax
[mm]

f
[Hz]

OQ
[–]

ClQ
[–]

2000

270

0.51 143 0.46 0.17 0.56 127 0.43 0.10
2500 0.49 141 0.46 0.14 0.49 133 0.49 0.09
3000 0.46 139 0.49 0.15 0.42 119 0.55 0.07
3500 0.35 97 0.34 0.07 0.38 99 0.62 0.07

Change of VT shape or more precisely acoustics of the VT causes variation in structu-
ral results and reveals functional fluid-structure-acoustic interaction. The stiffer lamina propria
causes a decrease of WGmax and f in most cases, similarly to the vowel [a:] as in [1]. Values of
OQ are about 0.5, which corresponds to clinical results [1]. The developed FE model could be
employed in research of vowel production with impaired VF.
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Dynamics of a parallel multilevel mechanism
M. Hajžmana, R. Bulı́na, J. Zavřelb, Z. Šikab, P. Polacha

aDepartment of Mechanics, Faculty of Applied Sciences, University of West Bohemia, Univerzitnı́ 8, 306 14 Plzeň, Czech Republic
bDepartment of Mechanics, Biomechanics and Mechatronics, Faculty of Mechanical Engineering, Czech Technical University in Prague,
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This paper describes the creation of a computational model of a cable manipulator with added
active piezo-structure (so called multilevel mechanism). Multilevel mechanisms with hierarchi-
cal motion control can be advantageously used in specific cases where several levels of various
motions have to be controlled.

Particularly the spherical redundantly actuated tilting mechanism is considered (see Fig. 1).
It is primarily actuated by four fibres and performs a spherical motion with three degrees of
freedom [4]. The four fibres lead over pulleys to sliders with servo-drives (see Fig. 2). Active
structure with six piezoactuators is integrated between the end-effector platform and auxiliary
platform suspended and moved by four fibres [2]. The piezoactuators are mounted in the cu-
bic configuration. The central spherical joint (Cardan universal joint) equipped with rotational
incremental sensors simultaneously ensures the measurement of the end-effector platform po-
sition. The large lower frequency components of motion can be controlled by the servo-drives
through the fibres, whereas the small high frequency components of motion can be controlled
by the piezoactuators.

The idea behind the hierarchical motion control of lightweight multilevel mechanisms con-
sists of the large motion level realized by cable driven parallel mechanisms [1] and the small
motion levels realized using active structures [3]. The superimposed active structures can im-

Fig. 1. Real Quadrosphere mechanism with the active piezo-structure

25



prove the positioning accuracy and operational speed of the end-effectors of recently developed
cable driven parallel mechanisms of different types.

The mechanism is composed of a rigid manipulator with three degrees of freedom, added
active structure with piezo-elements and a platform driven by four fibres (Fig. 2). The multi-
body dynamics approaches are a suitable way in order to create the mechanism model. Two
different models are presented — the MSC.ADAMS model and the in-house MATLAB model.
The fibre system was created using MSC.ADAMS/Machinery Cable module. This module of-
fers two methods for the modelling of cables — the simplified one and the discretized one.
The simplified method is the force based method (implemented also in the in-house MATLAB
model). The discretized method is based on the point-mass model and is intended for cables
with not negligible mass.

The basic model verification was done using the modal analysis of a linearized model. Var-
ious numerical simulations and result comparisons were performed.

Fig. 2. Scheme of the Quadrosphere driven by cables with the active piezo-structure
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Pelvic floor dysfunctions such as urinary/fecal incontinence or pelvic organ prolapse are very
often associated with the tissue injuries during vaginal delivery. Nevertheless, it is recognized
that the understanding of the process of pelvic floor damage is still very limited [4]. Therefore,
the sophisticated computer models represent the suitable tool how to improve that. In the lit-
erature, there are many studies focused on the computational analysis of the pelvic floor. Most
of them model the fetus head as an rigid body or as the structure with the stiff material [2].
However, during the vaginal delivery in the vertex position, the fetus head is molded into an e-
llipsoid shape caused by pressure in birth canal. This occurs because the bones are separated by
sutures and fontanelles ensuring its flexibility [4]. To our knowledge, only few studies simulate
the head as a deformable body with adjusted materials [3] or including the cranial sutures [1].
Nevertheless, in those works, the analysis is based on the first stage only or the head mold-
ing is estimated using the Lapeers index [1]. Therefore, the aim of this work was to analyze
the stress distribution in levator ani muscle (MLA) using the FE model of female pelvic floor
and the deformable fetal head respecting dynamic MRI obtained during the second stage of
labor.

The 3D virtual model was developed. The model consists of the female pelvis, the leva-
tor ani muscle (MLA), the obturator muscle and the fetal head. The geometry was based on
real MRI data of the young woman (25 years, nulliparous, height 171 cm, weight 64 kg) and
of the neonate (1 day, 3600 g), both high-resolution axial 3T MRI scans (Phillips Achieva TX
series). The initial geometric model was reconstructed using 3D Slicer (BWH, 3.0, Boston).
The final geometry was modified by HyperMesh software (Altair, 11.0, Michigan). The initial
and boundary conditions were considered to simulate the actual initial position and rotation of
all observed components and to represent the structure of surrounding support. The pelvis was
fixed for all degrees of freedom to fit the model in space. The fetal head follows the curve of
Carus respecting the anatomy of birth canal. The pelvis was modeled by rigid body. The mus-
cles were represented by hyperelastic Ogden material model enabling the huge deformations
during vaginal birth. The samples of porcine levator ani muscles were used to identify the model
parameters. Twenty levator ani muscles extracted from eight female pigs were used. The mus-
cles were removed surgically during general anesthesia. Each sample was loaded by the uniaxial
tensile test (Zwick/Roell, Ulm, Germany) to record the tensile force and elongation changes.
The material parameters were determined by the least-square minimization method using MAT-
LAB software.

The main aim was to model the deformable fetal head. The head consists of 7 bones
(parietal, frontal, occipital - each right and left, face), of sutures and fontanelles, see Fig. 1.
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The bones are modeled by rigid bodies. The sutures and fontanelles are composed of shell el-
ements represented by null material type as defined in Virtual Performance Solution (9.0, ESI
Group, Paris, France). This material is convenient and economic tool for modeling of surfaces
when internal forces and deformations are not of interest. In this model, these components
represent just the connection between the rigid bones. In reality, these objects are either very
soft cartilages or holes. The trajectories during second stage of labor are defined for each bone
separately. The motion data are based on real-time dynamic MR images recorded during vagi-
nal delivery occurring over 2 contractions [5]. And thus, the real head motion considering head
molding as well as expulsion was ensured. The dynamic MR sequence allows visualization
in the mid-sagittal plane only. Thus, only 2D dimensions of fetal head were fitted. However,
based on the assumption of a constant total volume of fetal head, the third dimension at each
time frame was also estimated.

The analysis of stress von Mises distribution in MLA during second stage of vaginal delivery
was performed using VPS, see Fig. 1. Two models were compared: (1) one with the rigid fetal
head and (2) the other with the deformable one. The results show that the deformable head leads
to reduction of almost 20% of stress. The maximal stress was found: (1) in the left attachment
to the pelvis - 54.41 MPa and (2) in lower part of MLA in the middle - 47 MPa, respectively.
Quantitative evaluation of this model showed good agreement with other studies.

Fig. 1. The deformable fetal head based on real-time dynamic MRI (left); the stress distribution
in MLA [GPa] - deformable head leaving the MLA area, maximal MLA elongation (right).

References
[1] Lapeer, R., Prager, R., Fetal head moulding: finite element analysis of a fetal skull subjected to

uterine pressure during the first stage of labour, Journal of Biomechanics 34 (2001) 1125-1133.
[2] Li, X., Kruger, J., Chung, J., Nash, M., Nielsen, P., Modelling childbirth: Comparing athlete and

non-athlete pelvic floor mechanics, Medical Image Computing and Computer-Assisted Interven-
tion 11 (2008) 750-757.

[3] Pu, F., Xu, L. Li, D., Li, S., Sun, L., Wang, L., Fan, Y., Effect of different labor forces on fetal
skull molding, Medical Engineering & Physics 33 (2011) 620-625.

[4] Silva, M.E.T., Oliveira, D.A., Roza, T.H., Brandao, S., Parente, M.P.L., Mascarenhas, T., Jorge,
R.M.N., Study on the influence of the fetus head modling on the biomechanical behavior of the
pelvic floor muscles, druing vaginal delivery, Journal of Biomechanics 48 (2015) 1600-1605.

[5] Sindhwani, N., Bamberg, C., Havelkova, L., Famaey, N., Callewaert, G., Dudenhausen, J.W.,
Teichgraber, U., Deprest, J.A., In vivo evidence of significant levator-ani muscle strech on MR
images of a live childbirth, International Urogynecology Journal 27 (Suppl. 1) (2016) 144-145.

28



Interaction of the rigid journal with incompressible fluid
M. Havláseka, F. Pochylýa
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This paper deals with the problem of identification of added effects of incompressible fluid that
impacts on the rigid journal performing translational motion. The main goal is to create math-
ematical model of squeeze film damper. Squeeze film damper is a lubricated component of
mechanical systems which provides viscous damping. The lubrication of a damper is usually
realized by magnetorheological fluids.

Presented mathematical model includes a methodology for identification of added mass,
damping and stiffness matrices based on time dependence of resultant force impacted on rigid
journal which is a result of CFD analysis.

Computational modeling is based on squeeze film damper with magnetorheological lubri-
cant. For preliminary fluid flow modeling approach is used incompressible and newtonian liquid
as the constitutive model for modeling lubricant in squeeze film damper. Physical properties of
used fluid for modeling is specified in Table 1.

Table 1. Physical properties of fluid

Density ρ = 955 kg m−3

Dynamic viscosity η = 0.3Pa s

The journal is modeled as a rigid body performing translation motion and all points have
circular orbit. It means that the motion of journal is a precessional. Trajectory of the journal
centre of gravity has centre of rotation on stator axis and radius equal to eccentricity.

The problem of performing CFD analysis of incompressible fluid that impacts on the rigid
journal performing translational motion was solved on two geometry variants. In the first vari-
ant of geometry shown in Fig. 1, there is no flow between bases of journal and stator. Second
variant of geometry (Fig. 2) allows liquid to flow also in space between bases of journal and
stator. For both variants of geometry, whole range of computations with different values of ec-
centricity were carried out. Result of computation were time dependent horizontal and vertical
components of resultant force, which were evaluated on the part of journal side situated in the
narrow gap.

Horizontal and vertical components of resultant force obtained from CFD analysis are con-
verted to its radial and tangential components. These components are not time dependent. For
every geometrical configuration (with specific eccentricity), five computations with different
angular velocities of precession were carried out. Results of these computations were used as
input data for regression analysis. The quadratic polynomial was used as regression function.
Resultant function describes either radial or tangential component of resultant force and angu-
lar velocity dependence. Added mass, damping and stiffness matrices are determined on the
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Fig. 2. Second geometrical configuration

basis of quadratic polynomials. All of them are square matrices of the second order. Described
methodology for identification of added effects is based on mathematical model of sealing gap,
presented in [1], and further on mathematical model presented in [2] and [3].

Presented methodology for identification of added effects could also be used for analysis
of added effects in other mechanical systems, e.g. journal bearings, sealing gaps etc. It could
be used for identification of added effects in cases when more general constitutive models are
considered.
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[1] Krutil, J., Pochylý, F., Fialová, S., Habán, V., The effects of a thin liquid layer on the hydro-

dynamic machine rotor, International Journal of Mechanical, Aerospace, Industrial, Mechatronic
and Manufacturing Engineering 9 (5) (2015) 948-951.

[2] Staubi, T., Bissing M., Numerically calculated rotor dynamic coefficients of a pump rotor side
space, Proceedings of the International Symposium on Stability Control of Rotating Machinery
(ISCORMA), South Lake Tahoe, U.S.A., 2001.

[3] Zagorul’ko, A., Gerasimiva, K., Altyncev, E., Numerical analysis of annular seals-bearings, Pro-
ceedings of the 12th International Scientific and Engineering Conference HERVICON 2008,
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Numerical solution of 3D flow through turbine cascade using
modified EARSM model

J. Holmana

aFaculty of Mechanical Engineering, CTU in Prague, Karlovo náměstı́ 13, 121 35 Praha 2, Czech Republic

The article deals with the numerical simulation of turbulent flow of the compressible fluid
through the TR-L-3 prismatic turbine cascade in the test section of the wind tunnel. The TR-L-3
turbine cascade is composed from prismatic extensions of rotor blade profiles (SE 1050, [1])
of the last stage of Škoda Power’s steam turbine. The flow is influenced by the tunnel walls,
where secondary flows coming from the development of the end-wall boundary layers cause
additional losses and their non-trivial distribution [1].

Turbulent flow is modeled by the system of Reynolds averaged Navier-Stokes equations
[5], which is closed by the explicit algebraic Reynolds stress model (EARSM) of Wallin and
Johansson [4]. The EARSM model is based on the Kok’s two-equation TNT1 k − ω model.
Closure model constants of the TNT model were modified especially for conjunction with the
EARSM model constitutive relations [2]. The Navier-Stokes equations together with the model
of turbulence are discretized by the finite volume method. Inviscid fluxes are approximated by
the HLLC Riemann solver with piece-wise linear WENO reconstruction. Viscous fluxes are
discretized by the central differencing with the aid of dual mesh. Resulting system of ordinary
differential equations is then solved by the explicit two-stage TVD Runge-Kutta method with
point implicit treatment of the source terms of turbulence model [2].

From Figs. 1 and 2 one can see very good qualitative agreement between 2D and 3D si-
mulations. The energy losses were evaluated to be 2.76% in the case of 2D simulation and
3.12% in the symmetry plane (z = 80 mm) of 3D simulation (see Fig. 4). Figs. 3 and 4
shows three-dimensional character of the flow field. Moreover, distribution of energy losses
is also strongly influenced by the inlet boundary conditions [1]. On Fig. 4 is clearly visible
different position and magnitude of the local maximum of energy losses. The constant inlet
velocity profile causes shift of the local maximum towards the wall and decrease of magnitude
of energy losses compared to the formed inlet velocity profile. The results obtained using the
EARSM model are in good agreement with the experiment. Furthermore, one can observe good
agreement between above described in-house finite volume method solver and freely available
software OpenFOAM which are completely different numerical solvers.
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Fig. 1. 2D simulation Fig. 2. 3D simulation, z = 80 mm

Fig. 3. 3D simulation Fig. 4. Distribution of losses along the blade
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The use of the Chebyshev interpolation
in elastodynamic problems

P. Horaa
aInstitute of Thermomechanics, Czech Academy of Sciences, Veleslavı́nova 11, 301 14 Plzeň, Czech Republic

For the analytical solution of the thick bar impact problem it is needed to evaluate a compli-
cated oscillating integrals for displacements and stresses. The integration along the dispersion
curve is generally calculated by means of trapezoid or Simpson’s rule numerical integration (i.e.
methods with equally spaced points).

This dispersion relation f(x, γa) (see Fig. 1 (left)) is defined as

(
2− x2

)2
J0 (γaA) J1 (γaB) + 4ABJ1 (γaA) J0 (γaB)− 2x2

γa
AJ1 (γaA) J1 (γaB) = 0,

where a is radius of the semi-infinite bar, γ is wavenumber, x is the ratio of the phase velocity
and the shear wave velocity, κmeans the ratio of the squares of the phase velocities for the bar’s
material, A =

√
κx2 − 1, B =

√
x2 − 1 and J is the Bessel function of the first kind.

For the purpose of the speed up calculation, the dispersion curves are precalculated in
equidistant points of γa.

The disadvantages of this process are: 1. impossibility to integrate from zero, 2. problematic
choice of γa-step.

In order to remove the first restriction, another form of the dispersion relations is used. After
making the substitution, z = xγa, the dispersion relation g(z, γa) (see Fig. 1 (right)) is defined
as (

2γa2 − z2
)2

J0 (A) J1 (B) + 4γa2ABJ1 (A) J0 (B)− 2z2AJ1 (A) J1 (B) = 0,

where A =
√
κz2 − γa2 and B =

√
z2 − γa2.

In order to remove the second restriction, the integration method with unequally spaced
points is used. For non-periodic functions, methods with unequally spaced points such as Gaus-
sian quadrature and Clenshaw-Curtis quadrature are generally far more accurate. For using of
these integration methods, the dispersion curves were approximated by the Chebyshev polyno-
mials [2].

In Table 1 the properties of Chebyshev approximation for given curves are shown (vertical
scale, total length of polynomial). For comparison, 100 curves for γa from 0.001 to 100 with
step 0.001 take the 80MB file. 100 curves for γa from 0 to 100 created by the Chebyshev
approximation take only the 1.3MB file.

While using the Gaussian or Clenshaw-Curtis quadrature, the calculation time has provided
a 100x speedup over the original.

For numerical experiments were used MATLAB’s toolbox CHEBFUN [1] and Julia’s pack-
age ApproxFun [3].
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Fig. 1. Dispersion curves: x− γa form (left) and z − γa form (right)

Table 1. The Chebyshev approximation properties for any dispersion curves

Curve # Vertical scale Length (splitting=off) Length (splitting=on)
1 93 396 168
2 100 454 218
3 100 455 209

10 100 1821 301
20 120 4226 597
30 140 6527 729
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The contribution presents results of in vitro measurements of voicing performed on originally 

developed models of the human vocal folds and vocal tract. The designed models are based 

on CT and MRI measurements of human subject during phonation. The measured phonation 

(aerodynamic, vibration and acoustic) characteristics are comparable with values found in 

humans; however, obtaining reliably some of such characteristics, like for example pulsations 

of air pressure in subglottal, intraglottal and supraglottal spaces, from in vivo measurements is 

usually very problematic or nearly impossible.  

Comparing to the previous studies [1, 2] the measurements were performed with an 

innovative three layer vocal folds model. Silicon wedge modelling a vocal fold body was 

added inside the vocal fold reducing the space of the liquid layer under the silicon cover. This 

modification substantially reduced the airflow rate of phonation onset below Q=0.1 l/s and the 

fundamental phonation frequency below F0=90 Hz. Installation of pressure transducers in the 

vocal tract cavity enabled to obtain more information on magnitudes of pressure fluctuations 

in laryngeal and oral parts of the vocal tract. Usage of the high-speed camera enabled to study 

vibration amplitudes of the vocal folds and to determine the opening and closing phases 

related to the acoustic and pressure data measured in time domain, see Figs. 1 and 2. 
 

 
 

Fig. 1. Scheme of the measurement set up 
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Fig. 2. Example of the measured pressure signals and snapshots of the vocal folds vibration (Q=0.04 l/s) 
 

Fig. 2 shows typical signals of the subglottal pressure (MicMin, Psub) recorded just below 

the vocal folds, the laryngeal pressure just above the vocal folds (Plarynx), the oral pressure in 

the mouth cavity (Poral) and sound signal outside the vocal tract together with 5 images taken 

during 1 period of the vocal folds vibration. The glottis was closed for 41% of the time period 

followed by the maximum of the glottis opening maxGO=8 mm. Maximum peaks of the 

generated sound level (Mic) appear just after the glottis closure. The pressure waveforms 

inside and outside the vocal tract (Plarynx, Poral, Mic) are similar, only slightly time shifted due 

to the limited sound propagation velocity and containing resonance frequencies (formants) of 

the vocal tract model for vowel [u:]. 

Acknowledgements 

The work has been supported by the grant project GACR No 16-01246S.  

References 

[1] Horáček, J., Bula, V., Košina, J., Radolf, V., Phonation characteristics of self-oscillating vocal folds 

replica with and without the model of the human vocal tract, Proceedings of Engineering Mechanics 2016, 

Svratka, Praha: Ústav termomechaniky AV ČR, 2016, pp. 214-217. 

[2] Horáček, J., Vampola, T., Bula, V., Radolf, V., Dušková, M, Experimental investigation of airflow, 

acoustic and vibration characteristics of a liquid filled self-oscillating vocal folds model, Flow-Induced 

Vibration & Noise, FIV 2016. Delft: TNO, 2016, pp. 23-30. 

36



Vibration analysis of visco-elastically coupled beams
S. Hračova, J. Náprsteka

aInstitute of Theoretical and Applied Mechanics, ASCR v.v.i., Prosecká 76, CZ-190 00 Praha, Czech Republic

The paper presents a dynamic analysis of two parallel beams with continuously distributed pa-
rameters that are interconnected by a massless visco-elastic layer. This system can be applicable
for suppressing the excessive vibrations of the buildings [1, 2] as well as the towers, the chim-
neys and the pipelines. It can be also used in case of dynamically sensitive details of various
industrial structures. The vibration energy of the primary beam is absorbed by an additional
system consisting of the secondary beam and the interlayer that works as a dynamic damper.
The equations of motion of the complete system can be written in the form

EJ1u
′′′′
1 + b1u̇1 + b(u̇1 − u̇2) + c(u1 − u2) + µ1ü1 = f(x, t),

kEJ EJ1u
′′′′
2 + kb b1u̇2 + b(u̇2 − u̇1) + c(u2 − u1) + kµ µ1ü2 = 0.

(1)

The beams of Euler-Bernoulli type with prismatic cross sections are assumed. The geometric
and physical parameters of the beams and the interlayer are considered constant independent on
the length coordinate. The following nomenclature in Eq. (1) is adopted: EJi - bending stiffness
of i-th beam (i = 1, 2), µi - mass/length of the adequate beam, bi, b - viscous damping/length of
adequate beam or interlayer respectively, c - normal stiffness of the interlayer/length, f(x, t) -
harmonic excitation force/length. Furthermore, the following ratios of the structural parameters
are used: kEJ = EJ2/EJ1, kb = b2/b1, kµ = µ2/µ1. The detailed study of the system (1)
regardless the boundary conditions can be found in [3]. In this paper, the main focus lies in the
analysis of the system of two coaxial cylindrical consoles, see Fig. 1.

Fig. 1. Scheme of the cantilever beam pair coupled by visco-elastic interlayer

As only stationary processes are investigated in the meaning of eigenvibration or forced
vibration due to stationary excitation in the form f(x, t) = F (x)eiωt, then space and time
coordinates in functions u1, u2 can be separated as uj(x, t) = vj(x)·eiωt, j = 1, 2. The solution
of the beam pair vibration is determined analytically for all frequency ranges of the excitation
frequency ω. The form of the solution depends on the relation of the excitation frequency ω to
frequency ω2

b = c (1 + kµ)/µ1. From the practical point of view the most important frequency
interval represents the frequencies ω > ωb. In this case, the eigenfrequencies of the system can
be determined from the characteristic equation

η
µ2
1

(EJ1)2
ω4 −

[
ρ4j(η + 1)

µ1

EJ1
+ c

µ1

(EJ1)2
(η +

1

kEJ
)
]
ω2 + ρ8j + ρ4j

c

EJ1
(1 +

1

kEJ
) = 0, (2)
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where η = kµ/kEJ and ρj is the j-th root of the equation

1 + cos ρl · coshρl = 0. (3)

Two positive real roots of the characteristic equation (2) corresponding to each ρj represent the
eigenfrequencies of the system ωj,(1,2). The eigenvectors related to this pair of eigenfrequencies
can be expressed as
∣∣∣∣
v1,j,(i)(x)
v2,j,(i)(x)

∣∣∣∣ =

∣∣∣∣
V1,j,(i)
V2,j,(i)

∣∣∣∣ ·
[
cos ρjx− coshρjx+ C(sin ρjx− sinhρjx)

]
, i = 1, 2, (4)

where C =
sin ρjl − sinhρjl
cos ρjl + coshρjl

.

The shapes of both coupled eigenvectors are similar, but the eigenvectors differ in the ratio
between the corresponding coordinates related to particular beams i.e. in the ratio between
elements of the vector V

V1,j,(i)
V2,j,(i)

= 1 +
EJ1 kEJ

c

[
ρ4j − η

µ1

EJ1
ω2
j,(i)

]
, i = 1, 2. (5)

The special combination of structural parameters, η = 1, allows to express eigenfrequen-
cies ωj,(1,2) as well as ratios (5) explicitly in the following favourable forms

ω2
j,(1) =

ρ4j EJ1

µ1

,
V1,j,(1)
V2,j,(1)

= 1, ω2
j,(2) =

ρ4j EJ1 + c (1 + 1
kEJ

)

µ1

,
V1,j,(2)
V2,j,(2)

= −kEJ . (6)

The first eigenfrequency is independent from the interlayer stiffness and identical with those
of the individual beams. The equality between elements of vector V leads to the same ampli-
tude as well as the phase of the corresponding points on both beams during the free vibration.
The second eigenfrequency is equal to the eigenfrequency of the system represented by indi-
vidual cantilever beam supported by an elastic layer, the stiffness of which is a function of the
stiffness of the interlayer and of the ratio of the stiffness of the beams. The second eigenvector
is also composed from the modes of individual beams. The phase between corresponding points
on both beams is opposite and equal to a ratio of the stiffness of the beams.

The paper also presents a detail analysis of the forced vibration. The dynamic behaviour of
the system is investigated parametrically to cover all possible effects of individual subsystems.
Damping effectiveness is also analysed for several values of viscosity of the interlayer and
damping of the particular beams. The recommendations and limitations for the application of
the system are presented and discussed.
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Search algorithm for centerlines inside complex branched 

channels 

P. Hynek a, T. Vampola a 

a Department of Mechanics, Biomechanics and Mechatronics, Faculty of Mechanical Engineering, Czech Technical University in Prague, 

Technická 4, Praha 6, Czech Republic 

This contribution concerns itself with the algorithm for 

the search of centerlines of the complex branched 

channel, which is describe with the help of a surface 

mesh. The final centerlines are used as base for the 

computational model, which can be based on the finite 

element method (FEM), or finite volume method (FVM). 

A 3D model of a human lungs, which contain lung lobes, 

trachea, bronchi and bronchioles is used illustration in 

this case. The surface mesh is obtained by magnetic 

resonance imaging (MRI) and is formed by 0,5 mil. 

elements, as shown in Fig. 1. 

The surface mesh must be formed by triangular 

elements E (total amount nE ) and a corresponding 

number of N nodes (number nn). Before starting the 

search algorithm, it is necessary to set the input parameters that may affect precision of the 

final centerlines and total calculation time. The input parameters (along with a brief 

description) can be found in Table 1. 

Table 1. Input (user) parameters for searching algorithm 

C0 Origin of the channel  (first sphere center) 

v0 Initial direction (vector) for the centerline search  

R Number of discrete points on the sphere surface [2] (Fig. 2) 

Kmax, Kmin Ratio coefficient max. a min. for new sphere radius 

Dmax The largest possible displacement of the sphere center 

αmax The largest possible angular deviation 
 

The searching algorithm is created in the MATLAB enviroment using the optimization 

toolbox functions [1]. 

At the start the positions of the center of gravity TE for each element of surface mesh  E is 

calculated and using optimization functions the maximal diameter di for the placed sphere Bi 

is found. Optimization parameters are the displacements [dx, dy, dz]  of the sphere center in 

the individual direction of the global coordinate system. The requirements for the target 

function are: 

 

Fig. 1. Surface mesh of respiratory 

tract of a human 
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On the surface of the inscribed sphere Bi  

with  the center point CiNew , the diameter di is 

created and the final number of discrete points 

determined (number R) [2] (Fig. 2) and for each 

set point a maximal sphere diametr is found. 

The largest of these represents the potential 

center of the newly placed  Bi+1 at the 

coordinates Ci+1. 

For maintaining of the fluency and direction 

of the centerline, it is necessary to control the 

angle of deviation αi between thelines drawn between the centers inscribed spheres Bi-1, Bi a 

Bi+1. This angle size can not exceed the maximal value αMax defined by the user. The size of 

the placed sphere must be controlled by two coefficients, Kmin and Kmax . Both parameters are 

dependant on the sphere diameters (the percentage of deviation) and the distance from the 

beggining of the channel.This check is advantagenous in the case, when the channel expands 

out into  free space (e.g. bronchioles to the lung lobes in our case of surface mesh). If the 

inscribed sphere does not satisfy these conditions, this leads to the termination of the search in 

the current branch and a gradual search of the branch will start. Assuming that each inscribed 

sphere can be branched only once. 

The following figures show the simply branched channel, which was used for debugging 

the searching algorithm as decribed above. The first picture shows the results of the 

branching, where the maximal distance (in defined direction ) from a specific inscribed sphere 

to the surface mesh of the channel is calculated. The second picture shows all the inscribed 

spheres and the third show the final centerline of the branched channel. 

           

Fig. 3. Principle of centerline search algorithm. Branching (left), placed sphere (center), centerline (right) 

The introduced algorithm for centerlines of branched channel searching is very robust and 

can be used on complex branched channels (e.g. human lungs, Fig. 1). In the case, when 

frequent change of the cross section and branching occurs, it is recommended to use a finer 

surface mesh. The reduction of the number of elements leads to the loss of geometrical 

information and it can lead to problems with searching the branchi location. 
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Stress – strain analysis of cranial implant 
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Nowadays society is usually in the rush. People are using bicycles, motorbikes, scooters, in-

line skates or doing adrenalin sports. It increases the number of accidents and also collisions 

with people, who are walking on the side of the roads. 

These accidents, related to cycling or in-line skating are very dangerous, because in many 

cases head injury may occur (although the person is using helmet).  

Skull consists of 28 bones and provides protection for the most important organ in the entire 

human body, brain. In some cases, when one of the bones is broken, is of vital importance to 

replace bone with implant (as shown in Fig. 1).  

Mechanical behavior of cranial implant is an 

important factor, which has an impact on its function. 

The function is influenced by external load from 

environment and by intracranial pressure. These loads 

can cause movement of implant and harm of bone 

tissue. An assessment of mechanical behavior may be 

determined either by experimental or computational 

modeling approach [2]. A computational approach is 

more effective in Biomechanics, because it provides 

us more opportunities for analysis. The most common 

method is Finite Element Method (FEM). All 

calculations were realized in software ANSYS 16.2. 

The aim of this study is to assess different thicknesses of implants made from different materials 

using different amount of fixators. 

Computational model can be divided into several models (model of geometry, materials, 

boundaries and loads) [2]. Model of geometry requires several steps. Data from Computed 

Tomography (CT) are transformed and adjusted in software STL Model Creator and saved as 

.stl format [4]. Than using CAD software, volume model is prepared and other modifications 

(e. g. hole for implant) is done. This part is done twice, for skull and for spongy part. 3 different 

thicknesses fixed by 3, 4 and 5 fixators were solved. 

Submodels of materials are defined as homogeneous isotropic linear elastic materials 

(Hook’s materials), which are defined by two parameters Young’s modulus and Poisson ratio 

[4]. 3 different materials were analyzed (PMMA, PEEK and Titanium alloy Ti6Al4V). 

Model of boundary conditions consists of loads, which interact on skull in normal condition 

and don’t cause any effect to skull (not defected one). A force (50 N) corresponds to an 

approximate weight of the head (~5 kg [4]). In addition, the bone and implant were loaded with 

an ICP (4 kPa [1]). The models were fixed at the bottom side of the skull in the region where 

the spine is assumed. 

  

Fig. 1. System Skull – implant – fixators 
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Based on FEA of this specific implant (show in Fig. 1) some features were observed: 

 the highest stress in implant is in holes for screws, which are significant stress 

concentrators; 

 the lowest equivalent (von Mises) stress is in implant, made from PMMA, the highest 

is in implant from Ti6Al4V for all thicknesses (as shown in Fig. 2); 

 higher number of fixators significantly decreases loading of a bone tissue. 

 

  

 

Fig. 2. Equivalent stress in PMMA (left) and Ti6Al4V (right) implant 

 

Fig. 3. Directional deformation for PMMA implant fixed by 3 (left) and 5 (right) fixators 

The results of the study confirm that higher stresses are in materials with higher ultimate 

tensile strength. Higher directional deformation occurs in the position of loading force while 

using more fixators, because more fixators don’t enable implant to move as a unit (maximum 

directional deformation is lower for more fixators – as shown in Fig. 3). Using more fixators 

for large implants decrease the value of HMH strain in skull under the threshold 0.003 (Frost’s 

Mechanostat hypothesis [3]). 
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This contribution corresponds with the round robin experiments which have been performed 

within European FP7 project MatISSE. The experimental programme deals with the issue of 

basic understanding and prediction of cyclic softening in tempered martensitic steels such as 

P91, which is a frequent choice for high temperature/pressure piping and heat exchangers in 

steam-based power plants [3]. This material together with steel 316L and 316L(N) are the 

main candidates for the construction of the planned research reactor concepts Myrrha, Astrid, 

Alfred and Allegro. The experiments are immensely important for validation of the models 

especially for effect of hold time on cyclic softening and hence on the damage behavior. 

The supporting test effort will be focused on strain controlled low cycle fatigue tests with 

different tension, compression and tension-compression hold times. Especially long hold 

times are targeted. The evolving change of time-dependent inelastic strains (relaxed strain) 

during these tests is related to softening and the corresponding creep behavior (strain rates) 

and creep-fatigue life is directly affected [4, 5]. 

A lot of results were presented in [1] where the study was investigated by uniaxial low 

cycle fatigue tests with no hold time and compressive/tensile hold time 1 minute, 10 minutes, 

1 hour and 3 hours at 550 °C for strain range ∆ε = 0.6% up to 1.5%. Also the batch of 

material is different as it is possible to see chemical composition in [1] and [2]. The results are 

depicted in Fig. 1. The strain rate in cycling is 6 % per minute. 

As it was describe in [2] the type of tests which are performed in laboratories of Research 

Centre Rez in Pilsen have symmetrical reversed strain i.e. strain ratio R = -1. Test matrix  
 

     

Fig. 1. Cyclic softening of P91 in LCF reference tests with strain range ∆ε = 0.6% up to 1.5%. without hold time 

and for test with ∆ε = 1.5% with tensile 1 minute, 10 minutes, 1 hour and 3 hours hold time at 550 °C 
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corresponds with strain range ∆ε = 0.5%, 0.7% and 0.9% with a tensile hold time 1 hour and 

12 hours in every cycle. The stopped condition is after 1000 cycles, max 1500 cycles, 

alternatively after 50 cycles (for 12 hours hold time) or if a failure will occur. The cycle has a 

shape of triangle and temperature for all tests is 600 °C.  

The first experiment was for strain range ∆ε = 0.5% with 1 hour tensile hold time. Test 

was performed on electromechanical creep testing machine Kappa SS-CF and it was 

interrupted in 73 cycle due to bad tuning (P I values) and the testing system became unstable. 

Reached test results are shown in Fig. 2. The experimental programme was extended for 

servohydraulic testing machine.  

 

Fig. 2. Cyclic softening of P91 in LCF with strain range ∆ε = 0.5% with tensile 1 hour hold time at 600 °C – stop 

after 73 cycles by unstable testing system 
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An extra-articular fracture of distal femur in one of the less frequent complications following 

a total knee arthroplasty (TKA). This study deals with a simple extra-articular fracture (A1 

according to Schewring and Meggitt [3]). There are several types of implants used by 

orthopedic surgeons for treatment of this type of fracture. In this study we compare a response 

under load for a distal femoral nail (DFN), a dynamic condylar screw (DCS) and an angled 

blade plate (ABP). 

The finite element mesh of the model of human femur is based on model from Hynčík and 

Křen [2]. In order to obtain more biofidelic results the compact bone is modelled by 3D mesh 

instead of its simplification by one layer of 2D mesh. A 2mm wide gap in the femur models 

the A1 fracture (Fig. 1). This gap is filled in by 3D elements that simulate a partially healed 

fracture with a callus. The models of the TKA, the nail and the plates are based on a laser 

scan. The simplified models of a screw and a spiral blade are taken from Číhalová et al. [1]. 

The femoral condyles are cut according to the TKA placement. The created models with the 

placement of the DFN, the DCS and the ABP implants are shown in Fig. 1. 

The material parameters of bones were obtained from available literature, the callus has 

material properties of a cartilage [4], the DFN is made of titanium alloy and the DCS and 

the ABP are made of steel.  

A rigid body was formed at the surface of the femoral head. A force corresponding to the 

body mass of 70 kg was applied on its centre of gravity in a direction of mechanical axis and 

all other degrees of freedom were fixed. The distal part of the femoral component was fixed 

in all degrees of freedom.  

The von Mises stress distribution in the implant and the displacement of femur in all three 

main directions were analysed for all three implants.  

In case of the DFN there is are no significant stress changes in the screws and an increased 

stress in the middle of the spiral blade where it is in contact with the nail. In the nail, there are 

three locations of higher stress values: the hole for the distal screw, the hole for the spiral 

blade and an area around the fracture. The latter one could be caused by the fact that it is also 

the narrowing of the nail. The displacement of femur in all axes shows that its mid-shaft 

bends laterally and ventrally. 

Von Mises stress in the DCS implant reaches the highest values in the areas of the plate in 

contact with the screws whereas in the ABP it is the part between the first and the sixth hole 

from the distal end of the plate. Both for the DCS and the ABP the femoral mid-shaft bends 
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laterally and the part of femur just above the fracture moves ventrally as well as the proximal 

end of the plates of the DCS and the ABP implant. The whole femur above the fracture moves 

distally, compressing the callus. 

                     

Fig. 1. The frontal (left) and lateral (right) view of the model of femur with the TKA (green), the callus in the 

area of an A1 fracture (black) and the implants: DFN (red), DCS (blue) and ABP (pink) 

The response of the femur and the DFN, the DCS and the ABP implants under load was 

assessed by simulations using a finite element model of femur with an implemented TKA and 

a partially healed A1 fracture of the distal femur with a callus. The load during standing on 

one foot was imposed on the femoral head. The results show that the DCS and the ABP differ 

mainly in the von Mises stress distribution in the plate. The most significant difference 

between the model with the DFN and the other two plate-type models is in the displacement 

in the sagittal plane. 
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Frame elements with embedded discontinuities are formulated for modelling the development 

of hinges. In these elements, damage is modelled as the development of hinges with jumps in 

the axial displacement [|u|], rotation [||], transverse displacement [|w|] or their combinations, 

as shown in Fig. 1. These finite elements were assigned with constitutive models to include 

the capacity of the flexural moment, shear force and normal force, whose formulations are 

based on damage mechanics theory and on experimental test reported in the literature, 

including the constitutive behaviour of the reinforced concrete. The finite elements and the 

constitutive models were implemented in a finite element program FEAP (Taylor 2008).  

 

 

[  ] [ w ]a) b) c)[ u ]
 

Fig. 1. Jumps in: a) axial displacement, b) rotation and c) transverse displacement 

Two show the capability of the frame elements with embedded discontinuities for modelling 

the occurrence an evolution of damage, a two story reinforced concrete frame shown in Fig. 

2a is studied. This frame has a span L = 3.5 m and story height H = 2 m, which columns are 

clamped at the bottom. The mechanical properties of the concrete are: Young´s modulus of 

Ec=28.6 GPa, Poisson ratio c=0.2, ultimate compressive strength σcu=30 MPa. The 

mechanical properties of the reinforcing steel are: Young´s modulus Es=192.5 GPa, Poisson 

ratio υs=0.3 and yield stress σy=418 MPa. Beam and columns has the same cross section, 30 x 

40 cm, and the same area of longitudinal reinforcement area; however, these sections have 

different covering, 4 and 3 cm, respectively, as shown in Fig. 2b. The beams and columns 

were discretized, as shown in Fig. 2c, with frame element with embedded discontinuities. In 

the numerical solution of this example, a continuous compression load of 700 kN are applied 

at the top of the columns, whereas a horizontal displacement was applied at the top of the 

frame. The reactions of the every applied displacements correspond to the force applied at the 

top of the frame.  
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Fig. 2. Two story reinforced concrete frame: a) geometry, b) discretization and c) cross sections 

The evolution of the occurrence of hinges is shown in Fig. 3a. First, two hinges occurred 

simultaneously at the ends of the first floor beam. Next, other two hinges occurred 

simultaneously at the ends of the second floor beam. Then, a hinge occurred at the bottom of 

the right column. Finally, a hinge occurred at the bottom of the left column. Fig. 3b shows the 

computed force vs displacement curve, which is compared with the experimental curve 

reported by Vecchio and Emara (1992) and with the numerical curved reported by Jukic 

(2013), who used beam elements with embedded discontinuities of the rotational jump. In the 

ascending part, the three curves are quite similar; however, they are different after 250kN, but 

the computed curve in this paper is closer to the experimental curve than the one computed by 

Jukic (2013).  
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Fig. 3. a) occurrence of hinges and b) force vs displacement curve 
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The flow field and the pressure drop in multiple stenoses 
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The wall of blood vessel is affected by all changes in internal pressure, flow field and wall 

shear stress [4]. These effects or mechanical damage may represent an initial factor in the 

development of atherosclerosis and therefore can lead to stenosis formation [2], [1]. Stenosis 

refers to localized narrowing of blood vessel. The severity of stenosis depends on many 

factors: length, percentage of narrowing, wall roughness and number of stenosis etc. Also, the 

development of double or multiple stenoses in a vessel can have serious consequences [3]. 

Four idealized rigid models of blood artery with stenosis were used in the experiment. All 

the models have identical geometry of narrowing, but different number and stenosis distance. 

The dimensions of the models are in Table 1. A flow field for three different regimes was 

measured for each model by PIV method (Particle Image Velocimetry). Subsequently the 

static pressure was measured for each model by special pressure sensors. The Reynolds 

number (Re) related to the tube diameter was set 210, 400 and 600for PIV measurement and 

175, 350, 438, 613, 788, 876 for static pressure measurement.  

Table 1. The dimensions and scheme of the models 

 

In the experiment the special fluid with similar dynamic viscosity to human blood was 

used. Working fluid was the mixture of distilled water, glycerol and sodium iodide. The 

weight ratio was (distilled water:glycerol:sodium iodide) 47,38:36,94:15,68. The final 

mixture viscosity was 4,6.10-3Pa.s and refractive index was 1,43. The change of refractive 

index was crucial for optical access quality of PIV method. The model was made from glass 

(refractive index 1,47). The similar refractive index of working fluid and model reduces 

optical distortion and deformation.   

Fig. 1 shows axial velocity U(m/s) in stenotic and poststenotic region for regime of 

Reynolds number 210. The flow field shows the accelerating flow in the narrowing and the jet 

created behind the narrowing. The jet influences the flow within the distance of 

approximately 200 mm (exceeds 14 diameters of the tube). 
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Fig. 1. Axial velocity U [m/s] 

Fig. 2 represents the radial velocity V(m/s) for Reynolds number 210. The elevated values 

of V are located in the constricted section and in separation area. 

 
Fig. 2. Radial velocity V [m/s] 

The graph in the Fig. 3 shows dependence of pressure drop coefficient on Reynolds 

number for all studied models. The pressure drop coefficient increases as the Reynolds 

number decreases. The lowest values of pressure drop coefficient are for the model 1 (single 

stenosis). The highest values of pressure drop coefficient are for the model 4 (three stenosis in 

series). The values of pressure drop coefficient for the model 3 and 4 show that the total 

length of multiple stenoses is also important. The model of double stenosis with longer 

distance has higher pressure drop coefficient. In our contribution we discuss the problem of 

correct pressure loss evaluation as well.  

 
Fig. 3. Dependence of pressure drop coefficient on Reynolds number for all models 
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This paper is devoted to the aeroelasticity phenomenon called “flutter” which has to be taken 

into account in the design of many industrial applications, where the self–excited oscillation 

could occur and can cause irreversible damage. This work is concentrating on developing 

the method of the quick prediction of flutter of a steam turbine blade. The work was inspired 

by a methodology which was designed by authors Kielb and Panovsky, [1], [2] and [3]. This 

method of stability prediction is based on CFD analysis of steam flow through passage of 

three neighboring turbine blades which vibrate with a range of phase angles called inter–blade 

phase angles (IPBA) between each pair of blades.  

In Fig. 1 (left) there is the 3D model of a turbine blade colored by contours of total 

deformation obtained from modal analysis as the first eigen mode. For CFD analysis was 

created a 2D section at radial coordinate of 1461.9 mm (measured from the rotor center). All 

CFD computations were provided for domain with three profiles, Fig. 1 (right). The middle 

blade is referential and its number is zero. The neighboring blades are numbered ±1.  

 
Fig. 1. 3D model of turbine blade colored by contours of total deformation, the first eigen mode (left), 

computational domain with three neighboring blade profiles (right) 

Harmonic vibration motion of each blade was based on results of modal analysis and 

defined as the combination of displacement and the rotation with axis of rotation placed in the 

center of gravity of the blade. Structural eigen modes were obtained from ANSYS 

Mechanical. Vibrating motion was prescribed as a sinusoidal time-dependent function with 

a frequency corresponding to the first eigen frequency. Numerical simulations of a two-

dimensional steam flow through the computational domain were accomplished by software 
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ANSYS Fluent for eighteen different IBPAs from interval (-180°, 180°). SST k-omega 

turbulence model was used to solve the problem. The disc rotation was included using 

a moving reference frame model. 

Aerodynamic work of fluid on the referential blade is computed as integral below, [2]  

 




Tt

t A

dtdAnvpW
 , 

where p is the unsteady pressure on the surface of the referential blade, v


is the local velocity 

vector, n


 is the outer unit normal vector, A is surface area and T is the time period of 

oscillation. Dependence of aerodynamic work on IBPA is shown in Fig. 2.  

 

Fig. 2. Aerodynamic work of fluid on the referential blade surface in dependence on inter-blade phase angle 

 

This presentation describes the methodology of the turbine blade flutter prediction based 

on 2D analysis of steam flow. Positive value of aerodynamic work means that the blade 

absorbs energy from the flow which leads to unstable blade behavior and negative work 

results in damped blade motion. According to the graph in Fig. 2, the unstable behavior could 

occur for IBPAs from interval (-120°, -30°). Since numerical results are consistent with 

results of 3D analysis for one type of blade, future efforts will be devoted to proving accuracy 

of 2D analysis of other blades because of sparing computational time. 
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Aerodynamic design of the propeller for low-speed indoor UAV
J. Klesaa
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Aerodynamic design of propellers working at low Reynolds number brings many problems.
Viscous forces have significant influence on the flow and cause high airfoil drag-to-lift ratio.
This results in relatively low propeller efficiency compared with propellers for manned aircraft.
Flow at low Reynolds numbers brings also problems with the flow stability and separation. All
these makes the task extremely challenging.

The propeller will be used for the long endurance indoor unmanned aerial vehicle (UAV)
developed at the Department of Aerospace Engineering of the Czech Technical University in
Prague. It will be used especially for the propagation of the department. The requirement
for the several hours of flight determines low flight speed. The propulsion system must be as
efficient as possible to minimize the energy consumption. Table 1 contains input parameters
for the propeller aerodynamic design. It is assumed that the aircraft weights 40g, aircraft lift
coefficient is 0.5 with lift-to-drag ratio 5. The aircraft will be powered by an electric motor with
gearbox. The unknown parameters are propeller RPM and diameter. This paper is focused on
the analysis of their influence on the propeller efficiency.

Table 1. Propeller design parameters

number of blades 2
flight speed [m/s] 3.2
required thrust [N] 0.08
design lift coefficient [-] 0.75
design lift-to-drag ratio [-] 8

Design method used is based on [3]. It uses Betz’s law [1]. More detailed description of
propeller aerodynamic models can be found in [5]. Viscous losses are included by the means of
the drag-to-lift ratio. Airfoil characteristics (i.e. airfoil drag-to-lift ratio) are based on the values
from [4] and [2]. Propeller efficiency was computed for wide range of RPM and diameter.

Computed values of the efficiency are displayed in Fig. 1. Thick black line connects points
with the maximum efficiency for given propeller diameter and thus represents optimal combi-
nations of RPM and diameter for the required propeller performance. Fig. 2 shows shows de-
pendence of efficiency on the propeller diameter for these optimal combinations. Fig. 2 shows
that the increase of propeller diameter leads to higher efficiency as expected. However, increase
of the diameter should be connected with the change of RPM. Otherwise can an increase of
diameter leads to the decrease of efficiency. This very important information can not be found
in the aerodynamic textbooks and represents the main achievement of this paper.
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Fig. 1. Dependence of the propeller efficiency on the propeller diameter and on the propeller
shaft RPM; the thick black line connects points with the maximum efficiency for given propeller
diameter

Fig. 2. Dependence of the propeller efficiency on the propeller diameter
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Dampers in the construction of rail vehicles are used for damping translational movements in 

running gears of the rail vehicle (primary and secondary suspensions - vertical, connection car 

body to bogie frame - lateral orientation). With the growth of the maximum operating speed 

on railways special types of dampers for damping rotational movement between bogie and car 

body have been developed (yaw damper - Fig. 1). These dampers are designed to prevent the 

development of unstable vehicle motion in a straight track [1] and preserve the running safety 

and low lateral force effects between the vehicle and the track. 

 

Fig. 1. Yaw damper on locomotive 

Properties of yaw dampers should allow two very different operation modes: 

 vehicle run in straight track (required high damping force at low stroke) and 

 run through transition curve and through curve (required low forces at high stroke). 

To describe the characteristics of damper in the simplest form the velocity characteristic is 

used (dependence of the damping force on damper deformation velocity). Specific 

requirements for damping of rotational movements bogie against carbody in the straight track 

at the maximum speed (stroke 2÷5 mm, frequency 3÷8 Hz) lead to a very steep velocity 

characteristic (force increase already at velocities of around 10÷30 mm/s). 

Total deformation and force of the damper is determined by the elastic deformation of the 

damper fixing elements (proportional to the rubber stiffness; doesn’t participate in movement 

damping) and the damping force of the liquid (proportional to the velocity of the piston). The 

overall behavior depends usually on the stroke and the frequency of loading (Fig. 2). 

……..  

Fig. 2. Effect of stroke and frequency on shape of measured working characteristics of yaw damper 
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With regard to the damper construction and its condition, the damper may have an extra 

shock delay in the force increase (e.g. due to air bubbles) and therefore less ability to energy 

dissipation (Fig. 3). It is necessary to know in detail the behavior under various conditions 

and the degree of wear of the damper, even if this phenomenon did not occur. 

 

Fig. 3. Example of the damper characteristic with reduced damping ability 

Damper in computational simulations can be replaced e.g. by Maxwell model, taking into 

account the stiffness of joints and inertial mass of the moving parts of the damper. Hydraulic 

dampers in railway applications is dedicated the standard EN 13802 [2], which among other 

things, defines the fundamental parameter method for determining dynamic stiffness and 

equivalent dynamic damping rate of the damper from test results. Both parameters can thus be 

defined as a function of the amplitude of the damper deformation. 

Experiments in laboratory and in operation. In order to obtain input data for the 

calculation of spare model parameters in computational simulation, the test stand was 

designed and manufactured. Simultaneously they were produced dampers with an integrated 

force sensor and sensor of deformation so that it is possible to determine the operating 

conditions and compare the behavior of the damper in a laboratory, in an operation (Fig. 4) 

and in computational simulation. 

 

Fig. 4. Example of damper behavior under operating conditions (stochastic excitation, straight track) 

Aim of work is to develop a methodology of laboratory tests in order to obtain data for the 

definition of the complex characteristic of the yaw damper and subsequent implementation of 

a suitable model into computational simulation of a rail vehicle run. 
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Design of open combustion chamber for LIF measurements 

J. Kouba a, J. Nožička a 
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One of the most ecological types of combustion engine propellant is the natural gas. 

Nowadays, the usage of the natural gas in the automotive industry is probably the most 

discussed topic. The CNG (Compressed Natural Gas) is seen in the halfway between the 

conventional propellants (gasoline, diesel) and renewable ones. The main goal of the present-

day development of the CNG engines is a more efficient way of the ignition and burning of 

the fuel mixture. In addition to the numerical simulations and measurements of the quantities 

related to the engine performance, the combustion process can also be measured by an optical 

method LIF, which could give us a deeper insight. However, due to the complex problematics 

of the LIF measurement and the problematics of combustion, an extensive knowledge across 

many fields, such as chemistry, thermodynamics, fluid mechanics, classical and quantum 

physics, is needed for a successful experiment to be carried out.That is why, before the actual 

measurement with the LIF method, there has to be a number of experiments and calculations 

and the data obtained from them are crucial for the complex measurement. Therefore, before 

measuring the closed chamber, it is far more convenient to start with an open one for many 

reasons. One of them being the lower cost. Due to the LIF’s high demands on optical entries, 

a larger amount of expensive quartz glass has to be used in the case of a closed chamber. Due 

to the lower pressure in the combustion chamber, the decreasement of the safety risks is 

another advantage of the open chamber. It can be designed only to hold the fuel mixture and 

to fix the ignition device. Because of this, the strength analysis of the combustion chamber, 

optical parts and the exhaust system is redundant. 

The design is based on the capabilities of the measuring device and by the future 

measurements. The chamber has a rectangular shape with a square base that is of size 

70x70mm. The height of the inner space is 30mm. On the sides of the chamber, there are two 

windows made of magnesium glass, which is UV transmitting, and therefore, the 

measurement with LIF is possible. The chamber has a one-way circular intake with diameter 

of 3mm for the fuel and an open output with the diameter of 30mm. 

 
 

Fig. 1. Structured mesh of open combustion chamber 
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The fuel is premixed and consists of a stoichiometric compound of methane and air. This 

mixture was chosen, because the methane volume ratio in CNG is approximately 98%. The 

stoichiometric ratio was chosen for the reference measurement and because of the ability to 

ignite. Given the pressure of 101325Pa and the temperature of 20°C, the mass of the used 

methane (m=9,3·10-3g) was calculated from the stoichiometric equation. The overall density 

of the mixture is ρ=1,1528 kg·m3, which means, due to the mixture being lighter than the air, 

that it is necessary to position the exhaust downwards. 

The calculated mass of the methane is too low to be dosed in this scale, therefore, as 

mentioned above, the mixture is prepared in a bigger scale beforehand. The movement of the 

whole mixture is important if we focus on the burning aspect. The mixed combustion can be 

seen as a compound movement that involves movement of the fuel mixture and the laminar 

burning velocity. A numerical calculation of the residual movement of the fuel mixture after 

the closing of the intake is a part of this work. This issue is important because of two reasons. 

First one being the spreading of the flame front in the combustion chamber. Because this 

process influences the efficiency, power and the whole machine, the velocity of the spreading 

and the burning of the whole mixture are the main subject of interest in the field of the 

combustion chambers. The other reason for importance is the possibility to verify the 

properties of the mixed fuel using the flame speed that is dependent on the mixture 

composition, pressure and temperature. 

The simulation was carried out on a simple structured mesh shown in Fig.1. The realisable 

k-epsilon model was used as a numerical model. The intake velocity of the fuel mixture is 

15m/s. The regime of the calculation is non-stationary with a variable setting of the time step, 

with Courant number set to 2. Results of numerical simulation are shown in Fig 2-4. 
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Fig. 2. Concentration of species 

before inlet closing closing 

    Fig. 3. Concentration at  

    t=0,45s after closing 

    Fig. 4. Concentration at 

    t=6s after closing 
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Measurement of the end point by laser tracker which is mounted 

on a slide 

F. Kovář a, M. Valášek a, J. Švéda b 

a Department of Mechanics, Biomechanics and Mechatronic, Faculty of Mechanical Engineering, CTU in Prague, Technická 4, 

160 00 Praha, Czech Republic 
bDepartment of Production Machines and Equipment, Faculty of Mechanical Engineering, CTU in Prague, Horská 3, 

128 00 Praha, Czech Republic 

Accuracy of distance measurement depends mainly on accuracy of measuring device and on 

quality of measuring method with commutating algorithm of measuring data. The quality of 

measuring method is closely linked to duration, which is mainly associated with thermal 

deformation. 

If we need to measure a long distance space, we may appropriately use the laser tracker – 

laser contactless measure device. In the case when we need measurement with higher 

accuracy, in comparison with the laser tracker, we can use a redundant method. Ordinary 

redundant methods is time consuming or needs more laser trackers, it is too expensive. 

Described method is relatively fast, cheap, and well automated. 

The basic scheme of the described method consists of a laser tracker (tracker) placed in 

the machine and set of reflectors of the laser beam (reflectors). The reflectors could be 

arbitrarily placed in the workspace on the machine frame or on the workpiece. The reflectors 

could be also placed outside the workspace, for example on the construction of a hall etc. This 

scheme is shown in Fig. 1 of the patent [2]. Fig. 1 shows us workspace – 1, spindle – 2, 

headstock – 3, machine – 4, reflectors – 5, laser beam – 6, platforms holding reflectors – 7. 

Fig. 1. Measurement scheme 

Measurement procedure starts by moving of the end-effector (corresponds to position of 

tracker) to the first position (Fig. 1 position (a)). In this position, the tracker measure the 

relative position of all reflectors (it means x, y, z of reflectors). After that the end-effector 

moves into the second position. (Fig. 1 position (b)). In this position the tracker measures all 

reflectors again. Similarly we measure the reflectors from all desired positions. From the 

measurement of reflectors in one position we obtain the relative position of all reflectors and 

one position of the tracker. With each new end point location and subsequent measurement  
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we obtain redundancy. To determine the amount of redundancy we use formula: 

               , (1) 

where E means redundancy, v means binding equations and b is number of searched 

parameters. 

Computation of measured data is based on modified Newton method, which is described 

by expressions: 

  (2) 

In equations (2) F is vector of coupling conditions, R means calibration parameters, l is 

measuring distances and J is jacobian.  The algorithm begins with input of inaccurate 

calibration parameters 𝑅0. Iterative calculation is carried out in a loop, until ‖𝑭‖≥ε or λ≥ε, 

where ε is sufficiently small number. In our method we chose the halving of step method (if it 

should occur in s + 1 iteration divergence (‖𝑭𝑠 + 1‖≥‖𝑭𝑠‖), we will decrease step from λ to half 

of λ, so long as this condition is true). 

Fig. 2. Machine Grata in TOS Varnsdorf and detail of laser tracker Leica AT901 (right) 

For experimental tests, there was chosen the machine Grata in TOS Varnsdorf (see Fig. 2 – 

left) and measuring device the laser tracker Lieca AT901 (see Fig. 2 – right). Number of 

reflectors was 17 and number of position of trackers was 32. 

There was up to six-fold improvement in measurement accuracy. 
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Investigation of aeroelastic bridge instabilities using the
multidimensional Fokker-Planck equation and wind-tunnel

experiment
R. Krála

aInstitute of Theoretical and Applied Mechanics, v.v.i., Prosecká 76, 190 00 Prague, Czech Republic

Stability of bridges and other line-like engineering structures is an important part of their overall
design. It is also still of great interest nowadays due to a higher demand on increasing the span
while maintaining an economical cost and service. During the previous decades sophisticated
methods for the aeroelastic instability prediction have evolved and successfully applied to the
real structures and many questions have been adequately answered.

The majority of the methods is based on the knowledge of the aerodynamic and aeroelastic
coefficients that can be obtained using wind-tunnel experiment or increasingly often numeri-
cally. If experimental testing is considered, a special experimental set-up designed to allow two
component independent motion (vertical and torsional response) with a linear behaviour should
be employed that enables studying both one component bridge instabilities (vortex shedding,
torsional flutter) and coupled motion instabilities (classical flutter), see e.g. [3]. The numerical
simulation treats the bridge stability effectively using various types of computational models.
For reliable description of the fluid dynamics, fluid-structure interaction with an appropriately
selected turbulent model is usually preferred, see for instance [1]. In this paper, the dynamic
bridge response is investigated using a combination of the Fokker-Planck equation and experi-
mental bridge testing that gives the solution of cross probability density function (PDF) p(x, t)
by solving the following differential system:

∂p(x, t)

∂t
= − ∂

∂xj
(κj(x, t) · p(x, t)) +

1

2

∂2

∂xj∂xk
(κjk(x, t) · p(x, t)), (1)

j = 1, ..., 2n, n – dynamic degrees of freedom.

In Eq. (1), the drift coefficients κj(x, t) represent the modal properties of the bridge including
external harmonic forces with variable frequencies, and the diffusion coefficients κjk(x, t) are
referred to intensity of the stochastic excitation of the turbulent wind flow, be considered as
a Gaussian white noise. The input values for the external forces both the deterministic and
stochastic character are determined experimentally using the wind tunnel testing.

A large number of monographs and papers have been published concerning this widely
known partial differential equation which has mostly the linear character, see for instance [5],
[4]. Besides indisputable strengths of these methods they include very unpleasant shortcomings
which consist predominantly in very limited dimensionality of FPE, configuration of boundary
conditions and problematic possibility to analyze any non-stationary problem. In the present ap-
proach, FE method as a main solution tool is accommodated involving two or four independent
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space variables depending on what aeroelastic instabilities are considered. Due to the harmonic
external force, a periodic solution of PDF arises with a time period close to the excitation fre-
quency. By averaging of PDF values over the computational time, the resulting probability
function of a response is achieved. Comprehensive description of the multidimensional FPE
solution using FEM published by present authors can be found in [2].

(a) (b)

Fig. 1. (a) View of experimental set-up with scale bridge deck; (b) power spectrum of lift force

The experimental tests are carried out on a bridge deck in the shape of a rectangular prism with
aspect ratio of 1:5, see Fig. 1a. First, aerodynamic forces in heave and torsion are acquired
separately on the nearly motionless deck at velocities ranging from 0.2m/s to 7m/s. For the
measurement purposes, ultra-sensitive dynamometer and accelerometer are used by means of
which, when assuming the measured signals and known mass/stiffness parameters, the resulting
aerodynamic forces are evaluated as a sum over all terms in the equation of motion. In Fig. 1b, a
representative power spectral density of the heave force component is presented with a dominant
peak at the Strouhal frequency. In the next experimental phase, free vibration measurements are
performed both for each degree of freedom separately and the coupled system. These records
are then used for the comparative study with the numerical FE results. In order to determine
the effect of turbulence, two types of oncoming air flow with the turbulent intensities 0.6% and
12% are examined for all the tests.
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Experimental redundantly actuated cable-driven manipulator 

K. Krausa, P. Beneša, Z. Šika a, P. Polach b 

a Faculty of Mechanical Engineering, CTU in Prague, Technická 4,160 00 Praha 6, Czech Republic 
b Faculty of Applied Sciences, University of West Bohemia,, Univerzitní 8, 306 14 Plzeň, Czech Republic 

Cable-driven manipulator, in general, offers many advantages, such as low weight of load 

components, easily variable workspace or the possibility of placing actuators (winches) 

outside the workspace. Therefore the workspace size grow is also not necessarily rapidly 

increasing the price. 

In this case cable-driven manipulator (Fig. 1) consists of higher count of cables then 

the number of DOFs is, which – if cables properly placed – removes need of the gravity force 

in order to cover the whole required workspace and also increases the range of platform 

movement in each axis. Along with that the cable mutual collision probability and the control 

system complexity increase. Since every actuator can be driven with respect to the position 

or to the applied force but never to both of those, there are few options how to manage 

the problem. First of them is simply based on kinematics, which supplies the control system 

with required position of every single actuator. But in the world of non-rigid materials and 

noisy measurements there would be no way to achieve such a state accurately and actuators 

would mutually “fight” each other [3] in order to reach their own position values. Second 

option could be a system, which controls as many actuators with respect to the position 

as the number of DOFs is. The rest of cables are then pre-loaded by predetermined forces, but 

it does not take the full advantage of optimal load distribution either. Therefore this paper 

deals with the control system, which drives all of the actuators with respect to applied force, 

and with low-cost design of such an experimental manipulator. 

 
Fig. 1. Manipulator scheme 

 
 

Fig. 2. Modular winch
 

Fig. 3. Parametrical polygon 

The whole control system is based on centralized model (Fig. 4). Although it contains 

position measurement, it does not actually use measured values to directly control actuators, 

but – in order to maintain low-cost requirement of the experimental manipulator – only gives 

information about platform position in workspace as well as would any external (e.g. laser) 

sensor do. Since there are more cables than DoFs, Newton iteration is included, which also 

averages measurement errors of each cable. 
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Fig. 4. Centralized model of control system 

The tension distribution is then provided using an approximate dynamic model 

of manipulator and kinematic model as well. The inverse dynamics [2] allows us to transform 

kinematic variables into desired global forces, which can be later redistributed among all 

of the cables using Moore-Penrose pseudoinversion while minimizing [3] applied forces. 

Since such a control system is not aware of cable nature of the mechanical system so far, it is 

necessary to provide tension forces only. That can be achieved [1] with parametrical solution 

of system of inequalities (the number of parameters is as high, as the kinematical 

redundancy is), which along with cable force limits (a range between zero and maximum 

value) can be graphically illustrated as a line segment (1-param. sol.), convex polygon 

(2-param. sol. – see Fig. 3), convex polyhedron (3-param. sol.), etc. 

The base of the experimental manipulator is a cube built from aluminium profiles. 

That allows us to easily mount modular winches into various configurations. Each winch 

is composed of a DC motor with an encoder, a winch drum and a strain gauge. The cable 

is then led through the strain gauge using a system of pulley (Fig. 2) to get a force feedback 

for the control system. 

Computational hardware consists of low-cost platforms, such as Arduino or RoboClaw 

boards and soldered circuits containing operational amplifiers (in order to measure tensions 

using bridge circuits). Main advantage of Roboclaw board is high performance in double 

DC motors control and encoders reading among other features. Arduino provides all 

necessary communication among RoboClaws, strain gauges and PC, which runs the main 

algorithm. In order to increase performance Arduino board also runs an inner loop of force 

feedback actuating. 
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Parametric CFD analyses of coolant flow in nuclear reactor 

VVER 440 
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During the phase of considering safety aspects of the nuclear power plant, one of the 

fundamental criterions rests in determination of the thermohydraulic conditions in the active 

zone of the nuclear reactor [1]. In reactor VVER440, there are 6 inlet nozzles for cold coolant 

water at the reactor pressure vessel (RPV). The paper deals with the influence of nuclear 

reactor components design on coolant mass flow and velocity distribution during nominal 

project conditions and with the influence of orifice diameter change on coolant mass flow 

distribution. The nominal project conditions are defined as isothermal and equal mass flow 

conditions of coolant in all 6 RPV inlet nozzles. The inlet nozzles of fuel assemblies and 

control rods are set up as output region of the simulation model. 

Because only downcomer of the nuclear reactor VVER 440 is investigated by CFD [2], 

only three geometry parts were created, namely reactor pressure vessel (RPV), reactor shaft 

core barrel and bottom of reactor shaft core barrel. Fig. 1 shows negative volume of geometry 

model, which represents volume of coolant in downcomer of reactor.  
 

 
 

Fig. 1. Negative volume of reactor - volume of coolant in downcomer 

In presented CFD analyses of coolant flow in downcomer of nuclear reactor VVER 440, 

nominal project conditions are considered. They can be described as follows: coolant mass 

flow through nuclear reactor: 33 383 t/hour, coolant mass flow through each of 6 inlet nozzles 

are equal with value: 1545.5 kg/s, coolant temperature in all 6 inlet nozzles: 268.0 C, coolant 

bypass of core: 6.3%, coolant output pressure: 12.25 MPa 

All boundary conditions of CFD model were set up according the nominal project 

conditions. The simulation was performed by CFD code ANSYS CFX. The goal of the CFD 

analyses is to determine the distribution of coolant velocity in downcomer, the distribution of 
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coolant mass flow at the individual inlet fuel assembly (FA) nozzles and to investigate the 

influence of orifice diameter change on mass flow distribution through individual orifices,  

when boundary conditions are set up according nominal project conditions. 

Distribution of coolant velocity in downcomer of nuclear reactor VVER 440 in two 

different vertical planes is shown in Fig. 2. 
 

 
 

Fig. 2. Distribution of coolant velocity in downcomer in two different vertical planes 

The influence of orifice diameter change on mass flow distribution through individual 

orifices was investigated in three different orifices, which also represents inlet into three 

different FA (Fig. 3 left): FA 174 - FA in the central area next to HRK (safety rod), FA 154 - 

FA in the central area between HRK, FA 167 - FA in peripheral area next to HRK. 
 

  

Fig. 7. Dependence of mass flow on diameter of selected orifices 
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Determination of velocity of propagation of Lamb waves in
aluminium plate using piezoelectric transducers

Z. Lašováa, R. Zemčı́ka
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Propagation of Lamb waves and their interaction with material damage is one of the most
promising methods in structural health monitoring (SHM). It requires a minimum of sensors
for relatively large areas and enables to inspect visually inaccessible spots of structures. On
the other hand, multimodal character and geometric dispersion of the Lamb waves complicate
interpretation of collected data.

Two types of modes of Lamb waves exist – symmetric and antisymmetric. In low frequency
range two zero-order modes dominate (denoted as S0, A0). With increasing frequency higher
modes occur. The Lamb waves are dispersive, which means their velocity depends on frequency
(or wavenumber). These dependencies are called dispersion curves. The analytical solution for
infinite plate can be obtained by a numerical solution of Lambs equations [2]. Thanks to fact that
Lamb waves are periodical both in temporal and spatial domain, two dimensional Fast Fourier
Transform (2D-FFT) can be used to obtain approximate dispersion curves [1, 3]. 2D-FFT is
defined as

H(k, f) =

∫ ∞

−∞

∫ ∞

−∞
u(x, t)e−i(kx+t)dxdt, (1)

where k is wavenumber, f is frequency, ω is angular frequency. To collect the data for 2D-FFT,
a finite element model of the plate was created. The model was a cross-section of the plate
(plain strain assumed) of thickness 2 mm, loaded at one end by Hann pulse to excite broadband
frequency response. The load was in form of time-dependent displacement with amplitudes and
direction referring to the induced wave mode. The time histories of x-displacement at 4096
positions on the surface of plate were ordered as columns of a matrix transformed by 2D-FFT
to frequency-wavenumber domain (see Fig. 1). The group velocity cg defined by ∂ω/∂k was
calculated as difference ∆ω/∆k for selected frequencies in range 100-500 kHz.

The measurement of Lamb waves velocities was performed using Acellent ScanSentry and
piezoelectric patch transducers. The patches were applied to the aluminum plate of dimensions
800×800×2 mm, one actuating the Lamb waves in the middle of the plate and a pair of sensors
placed along the investigated direction. The Lamb waves were induced by windowed 5-period
sine bursts, each having frequency between 100-500 kHz with step 50 kHz. The temporal sig-
nals were processed by wavelet transform to separate the significant (input) frequency. The
velocities of zero-order modes (S0, A0), calculated by comparison of peaks in time-frequency
domain were compared to the results of 2D-FFT, as is presented in Fig. 2. The analytic disper-
sion curves were calculated in DC Toolbox [2].

Average error of 2D-FFT method in comparison with analytic solution is 3.4% (S0) and
1.2% (A0), the precision can be further increased by refinement of finite element mesh and

67



Fig. 1. Dispersion in wavenumber/frequency domain obtained by 2D-FFT (shaded) and analytic
solution: symmetric modes (left) and antisymmetric modes (right)

Fig. 2. Dependency of group velocity on frequency of zero-order modes calculated by analytic
solution, FEM + 2D-FFT and measured

higher number of evaluated nodes. Average error of experimental results is 3.4% (S0) and 6.6%
(A0).

Acknowledgement
This publication was supported by the project LO1506 of the Czech Ministry of Education,
Youth and Sports.

References
[1] Alleyne, D.N., Cawley, P., A two-dimensional Fourier transform method for the measurement

of propagating multimode signals, Journal of the Acoustical Society of America 89 (3) (1991)
1159-1168.

[2] Hora, P., Thick plate toolbox I., Research Report No. Z13xx/02, Laboratory of Material Diagnos-
tics, Institute of Thermomechanics AS CR, v. v. i., Pilsen, 2002. (in Czech)
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Computational aspects of RBFN meta-models for reliability
problems

M. Lepša, M. Šmejkala
aCzech Technical University in Prague, Faculty of Civil Engineering, Thákurova 7, 166 29 Prague 6, Czech Republic

The reliability-based design optimization (RBDO) [1] seeks such designs that are cheap but
still reliable. Despite the growing performance of computers, evaluation of reliability measures
is still computationally expensive especially for small failure probabilities. In simulation tech-
niques often used for the computation of reliability, the largest part of the computational time
is devoted to a repeated evaluation of a performance function represented by a finite element
model (FEM). In our approach, the original FEM model is replaced by a meta-model that has
a similar response but it is faster to evaluate. Several samples still have to be evaluated with the
original model; these samples are used for the meta-model construction. Radial basis functions
(RBF) interpolation meta-models [3] are still computationally expensive since every construc-
tion sample increases a dimension of a linear system. This contribution focuses on a reduction
of the computational effort spent on the RBF model evaluation during RBDO. In comparison
to our previous versions, the resulting system of equation is factorized subsequently with the
adaptive updating of the meta-model leading to substantial computational time reduction.

Radial basis functions is a special type of a neural network (NN) that is designed to sim-
ulate a black-box function f(x) by its interpolation F (x) given by the sum of basis functions
multiplied by appropriate weights:

f(x) ≈ F (x) =
N∑

i=1

bi(x)wi , (1)

where x is a vector of unknowns, bi(x) is a basis function of the i-th neuron, wi is a weight
of the i-th neuron and N is the total number of neurons creating the neural net. We have best
experiences with “Gaussian” shape basis functions given by

bi(x) = e−‖x−ci‖
2/r2 , (2)

where ci is a vector of coordinates of the center for the i-th basis function and r is a norm.
Normalization ensures that basis functions will produce similar values for different scales in
multidimensional spaces. The selection of the norm r is not crucial and therefore the most
common form is used:

r =
dmax

dim
√
dimN

, (3)

where dmax is a maximal distance within the domain, dim is the number of dimensions and N
is the number of neurons. The weights w = [w1, w2, . . . , wN ] are obtained from the equality
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between function values of a black-box function y = [y1, y2, . . . , yN ] and its NN approximation
in the function basis centers:

[A]N w = y . (4)

This is a system of linear equations and if no other assumption is applied the matrix [A]N is
generally a full matrix. Note that for some given norm r and given positions of basis functions’
centres the resulting system of linear equations is always the same.

However, the starting positions of RBF centres are rarely sufficient for the accuracy of RBF
approximation. Therefore, more sampling points must be added as new centres to add more
information to the system [2]. Thus the system of equations is growing with the added points:

[
A A∗ij
A∗Tij A∗

]

N+N∗

{ w
w∗

}
=
{ y

y∗

}
, (5)

where terms with asterisk ∗ are the added new terms. Since the original part, i.e. the matrix [A]
and the vector y does not change if the norm r remains the same, the factorization of the
matrix [A] can save a lot of time if the updating procedure is repeated several times.

To show a potential of the proposed procedure, the scenario obtained during a commercial
project has been simulated. The starting set contains 200 uniformly spaced centres in a 10D
space, the updating procedure adds at each iteration another 200 random samples up to the
total number of 2000 points. A simple LU factorization algorithm in Matlab is used. This new
version is compared to the algorithm which factorizes the whole system of equations after each
update. The starting times are the same for both versions, however, to solve the last update with
2000 points (the matrix [A] contains 4 millions entries), the proposed procedure is five times
faster than the original one.

Of course, there is “no free lunch” and hence the proposed procedure has several limitations.
The most important one is that the matrix [A] must be same for all updates and, therefore the
norm r must be same for all updates. Note that in our previous version, this parameter was
changing to reflect the increased number of points through the number N in Eq. (3).
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[2] Pospı́šilová, A., Lepš, M., Multi-objective reliability-based design optimization utilizing an adap-

tively updated surrogate model, Proceedings of the 4th International Conference on Soft Com-
puting Technology in Civil, Structural and Environmental Engineering, Prague, Czech Technical
University, 2015, doi: 10.4203/ccp.109.8.

[3] Waszczyszyn, Z., Ziemianski, L., Neural networks in the identification analysis of structural me-
chanics problems, In: Z. Mróz, G. E. Stavroulakis (eds.), Parameter identification of materials and
structures, Springer, 2005, pp. 265-340.

70



Numerical simulation of a human body in aircraft crash scenarios
L. Lindstedta, J. Vychytilb, T. Dziewonskia, L. Hynčı́kb
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Certification of seats for use in aircrafts includes their dynamic testing under conditions of
emergency landing. In this work, we focus on tests prescribed by Federal Aviation Regulations
(FAR), Part 23.562 and 25.562 [1]. The first one applies for normal, utility, acrobatic and
commuter airplanes, while the latter one applies for transport airplanes. The test conditions in
both regulations are generally similar. They simulate the aircraft crash with ground with the
airplane’s longitudinal axis canted downward 30◦ with respect to the horizontal plane. Since
horizontal sleds are used in experimental setting, the seat/restraint system must be oriented in
such a way, that the horizontal plane of the airplane is pitched up 60◦, see Fig. 1. Acceleration
pulse corresponding to the emergency landing is prescribed on the sled. In case of 23.562 test,
the peak acceleration is 19g, while in the 25.562 test, the peak acceleration is 14g. The tests
are performed using anthropometric test device (ATD) representing human body. For succesfull
certification of seats, mechanical response of ATD has to satisfy certain conditions. Namely,
spinal compression load, head injury criterion, femur compressive load and safety belts load
shall not exceed defined limit values.

It is allowed to use computer modeling analytical techniques validated by dynamic tests
to provide all pass/fail criteria identified above. Therefore, we perform numerical simulations
using VIRTHUMAN model as a human body representative. Its skeleton is formed of rigid
bodies interconnected via joints into a multi-body structure. Its surface is formed of deformable
segments to account for deformations of soft tissues. Extensive validation has been performed
concerning individual body parts as well as whole-body tests to ensure biofidelity of the model
[3]. That is, mechanical response of the VIRTHUMAN model represents the response of a real
human body. Calculation of standard injury criteria, as demanded for these particular tests, is
possible via an automatic algorithm embedded in the model.

The model is seated in the sled with the pitch 60◦. For both tests, rigid seat is considered.
In addition, 14g test is performed also with cushioned seat, see Fig. 1. Two-pionts safety belt
is used in accordance with experimental settings. Acceleration pulse is prescribed in horizontal
direction, see Fig. 2. Results of the simulations in terms mechanical response of the VIRTHU-
MAN model are compared to experimental data provided in literature [2]. In this case, we
focus on the overall kinematics of the human body and maximum spinal compression load in
the lumbar area. Concerning 14g test with the rigid seat, simulation suggests less rotation of the
body compared to experiments with ATD. However, maximum value of the lumbar compressive
load is in a good agreement with experiments as the relative difference is approximately 4.2 %.
In case of 19g test with rigid seat, maximum rotation of the VIRTHUMAN model is signifi-
cantly lower than the ATD in experiment. The shape and phase of the lumbar force time-history
is in correlation with experiment. However, the magnitude predicted by simulation is lower
compared to experiment with the difference of approximately 31.5 %. Finally, 14g test with
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Fig. 1. Initial position of VIRTHUMAN
model seated in a horizontal sled

Fig. 2. Acceleration pulse prescribed for
14g test

the cushioned seat results in a clear difference between the rotation of VIRTHUMAN model
and the ATD. This might be a result of the different seating procedure. On the other hand,
time history of the lumbar compression is in a good correlation with experiment in both shape
and phase. Good agreement is obtained also for magnitude; the difference of maximum values
predicted by simulation in comparison with experiment is approximately 8.3 %.

An interesting result of the simulations is the increase of lumbar spine force for the cush-
ioned sead in comparison with rigid one. However, such prediction is in correlation with ex-
perimental results. There is an experimental evidence proving the increase of force affecting
the lumbar spine when the cushion is used. Hence, numerical simulations suggest VIRTHU-
MAN as a suitable tool for investigation of chosen aircraft crash scenario including the effect
of lumbar force increase.
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aNTIS, Faculty of Applied Sciences, University of West Bohemia, Univerzitnı́ 8, 306 14 Plzeň, Czech Republic
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Experimental investigation of real casting processes is challenging as the casting process often
involves free surface flow of hot molten material inside a solid mold. Furthermore, heat transfer
between the liquid and the mold and solidification of the cast material plays an important role.
Nevertheless, it is possible to perform in situ measurements of casting flow patterns using e.g.
X-ray radiography and to analyse heat transfer using e.g. thermocouple wires. In situ analysis
of aluminium casting may be found e.g. in [3, 4], where a mass flow and heat transfer is studied
in a simplified planar mold as suggested at 7th Conference on Modelling of Casting, Welding
and Advanced Solidification Processes in 1995.

In order to provide an extensive data set measured under well controlled laboratory condi-
tions, a water analogue model is often applied, such as in [1, 2]. In such cases, the mold can
be made of transparent polymethylmethacrylate (PMMA) which allows for an application of
standard optical measurements methods.

Within this study, a dedicated experimental test setup which enables execution of well-
controlled benchmark tests is designed. These tests are then used for validation of an in-house
developed gravity casting computational model.

Three benchmark tests are considered, two of them are focused on a gravity flow in a ver-
tical labyrinth and the third one captures the flow in a long horizontal channel. One of the
vertical labyrinth setups is displayed in Fig. 1 (left) and corresponding results of the in-house
implemented computational software are shown in Fig. 1 (right).

Both vertical labyrinths as well as the horizontal channel are milled in transparent PMMA
sheets. The tested fluid is originally at rest in the reservoir which is attached to the channel. The
reservoir and the channel are separated by a removable gate. That is abrubtly removed at time
zero (the removal time is less than 0.03 s and the fluid is free to move within the rigid channel.
The vertical labyrinth in Fig. 1 is designed so that the gate slides in a horizontal direction and
the fluid experiences a free fall initially. The labyrinth channel cross-section is 10× 10mm2 in
general. At the end, the channel opens to a 30×30mm2 large chamber. The outer dimensions of
the labyrinth and reservoir fit within the 110× 100mm2 box. The vertical labyrinth is designed
so that an air does not get entrapped in the channel, except for the large bubbles in the free-fall
area on the left.

The second vertical labyrinth (not depicted in this abstract) is designed so that the gate
obstructs a horizontal channel and slides in vertical direction. Thus there is no free fall of
the surge front and the fluid initially starts to move along the horizontal channel. This second
labyrinth consists of channels of various cross-sections ranging from 3×10mm2 to 10×10mm2.

The horizontal labyrinth is also designed so that the fluid moves along the horizontal channel
immediately after the gate removal. The horizontal channel winds in a 1 160mm long spiral.
The invariant channel cross-section is 3× 10mm2, where 3mm is the height of the channel.
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Fig. 1. Experimental (left) and computational (right) solution of gravity casting flow in a rigid
vertical labyrinth

The benchmark tests are performed for viscous fluids at standard room temperature. A
special attention is paid to propagation of the fluid through the channel and to the free surface
shape evolution. Heat transfer as well as solidification are not considered. Physical properties
(viscosity, surface tension, density) of the tested fluid are precisely assessed. Viscosity and
surface tension are measured for both a fresh unused sample and a sample that was used for
gravity casting inside the labyrinth.

For each labyrinth geometry, a serie of 10 gravity casting experiments is conducted. After
each run, the physical properties of the tested fluid are examined. The results of fluid propaga-
tion are consistent within the test serie and show little variation. The largest deviations in results
are achieved for the vertical labyrinth with initial free fall (Fig. 1). They may be attributed to
variations of the initial free surface shape that is strongly influenced by the gate removal time.

The recorded data clearly show a sensitivity of the flow propagation on the value of fluid
viscosity. In the narrow channels, an influence of surface tension is pronounced. The recorded
evolution of the surge front profile and all results of the experimental analysis provide an exten-
sive data set for benchmarking of the in-house developed computational software.
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Some results of simulations of flows
with internal permeable walls
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The work deals with the numerical modeling of compressible flow in a domain containing per-
meable walls in its interior, i.e. submerged in the fluid. The aim is to exclude direct simulation
and find a model approximating the flow through a permeable plate driven by the static pressure
difference between the sides of the wall.

The wind tunnel facility of the Institute of Thermomechanics AS CR is used in investigation
of various types of blade cascades in transonic regimes. Different outlet angles, blade dimen-
sion and numbers lead to the use of perforated plates located inside the tunnel with the purpose
of stream-lining the flow near model cascade boundaries, diminishing both shock wave reflec-
tions from tunnel walls and shear layers and expansion waves, formed on concave boundaries,
penetrating the measured area [3, 5]. The plates are formed of sheet metal with staggered rows
of holes with diameter comparable to their thickness. In 2D simulation, obviously a model of
the plate is needed.

As a first attempt the model of Bohning/Doerffer [1] is used to compute the local flow rate
through perforated plate from known pressure difference ∆p. The flow rate is expressed as

ṁ = Saeroρhvh , (1)

where ρh is density of fluid in the holes and vh velocity in the holes related to Mach number
Mh which is obtained from implicit relation for pressure difference The model parameter for
the tyoe of porosity is Saero which reached maximum of 25 % in the original study. It should
be noted that the model has been calibrated on surfaces with holes of small diameter compared
to length of the hole and with low density of holes. The application to present perforated plates
is therefore more a numerical experiment because no experimental calibration for Saero nor the
model itself exists.

The numerical simulation is based on Favre-averaged Navier-Stokes equations with the SST
turbulence model [4]. The domain boundary approximates part of the wind tunnel with model
cascade. The system is solved by cell-centered finite volume method with implicit discretization
in time. The grid is of multi-block type with quadrilateral finete volumes. The insviscid flux
is computed by AUSMPW+ scheme [2] and higher accuracy achieved by linear interpolation
with van Leer limiter. The linear system is solved by a combination of direct block tri-diagonal
solver and over-relaxation method.

As an example of numerical results, Fig. 1 shows computed schlieren images for 3 configu-
rations with tip profile cascade in wind tunnel. In the case without internal walls the flow behind
the cascade is disturbed by shock waves reflected on the shear layer from the end of bottom in-
let channel boundary. Moreover expansion waves spread from this corner. In measurements,
perforated plate is appended to the trailing edge of the second blade from below, and another
plate prolongates the top inlet channel wall. The simulation where the plates are modelled as
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(a) no internal walls

(b) solid internal walls

(c) perforated internal walls

Fig. 1. Tip profile cascade in wind tunnel, outlet Mach number M2is ≈ 1.88

impermeable (solid) walls changes the angle of reflected shock waves. The permeable bottom
wall shows weaker reflexions and little improved periodicity of the middle 3 blade channels.
The Saero has been set 0.5 here.

The numerical experiments so far enable to understand better forming of parasitic wave
structures in the measuring section of the wind tunnel. The model of permeable wall needs
further verification.
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Semi-automatic finite element mesh generation using medical
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The patient specific computational modeling based on the finite element method requires tools
for generating geometrical models of body organs using data acquired from computed tomog-
raphy (CT), magnetic resonance imaging (MRI) or positron emission tomography (PET) scans.
The medical imaging data are stored as a series of DICOM files which contain body scans in
parallel planes. This multi-frame image set has to be processed by a segmentation algorithm to
obtain 3D volumetric data that are further used for generation of finite element meshes. We use
a semi-automatic segmentation approach based on the graph-cut method, see [2] and [1], which
combines advantages of region and edge segmentation algorithms.

The segmentation process results in a 3D voxel array that can be directly transformed into
a stair-step shaped FE mesh. It is the fast and easiest way of generating FE meshes but the
usage is usually limited only for testing purposes or as a quick preview of tissue geometry. The
marching cubes algorithm [4] is used to generate a smooth triangular surface meshes of the
segmented body part. To improve the quality of the resulting meshes the Taubin smoothing
filter [6, 7] can be applied. This filter is able to preserve the total volume of the segmented
tissue represented by the mesh. This feature is essential for the credibility of the FE model and
its results.

A volumetric FE mesh is obtained by applying a tetrahedral (or hexahedral, if the geometry
is suitable for that) meshing function to the generated surface mesh. We use the meshing tool
called gmsh [3], it is a open source 3D finite element grid generator which allows to control
meshing process by a wide set of parameters.

We demonstrate the segmentation process and mesh generation on the liver parenchyma,
see Fig. 1 and [5]. In general, the automatic liver segmentation is a complex task due to a low
density contrast to adjacent organs like the stomach or hearth. The way from medical scans to
a FE mesh is more straightforward in the case of bones or well distinguishable body parts.
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Fig. 1. Finite element meshes of the liver parenchyma generated by the ”voxel based” generator
and marching cubes algorithm
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The computation of surface sensitivities is an essential step of the shape optimization pro-
cess since they are correlated with the normal displacements of the geometry boundary [2].
Here we apply the continuous adjoint method [1] to incompressible flows around turbine blades
[3]. The constrained optimization problem, which consists of minimizing the cost function
J = J(β, v, p) subject to the constrains R(β, v, p) = 0 , is tackled by introducing a Lagrange
function L

L := J +

∫

Ω

(u, q)RdΩ , (1)

where β represents the design variables, v and p are the velocity and pressure, respectively,
and u and q the Lagrange multipliers, also called adjoint variables. The constrains R denote
the state problem; in our case, the incompressible, steady-state Navier-Stokes equations in the
flow domain Ω with appropriated boundary conditions on ∂Ω which consists of five parts: inlet,
outlet, blade wall and periodic boundaries. For computing the sensitivity of the cost function,
we have to compute the total variation of L; δL = δβL+ δvL+ δpL. If, moreover, the Lagrange
variables are chosen such that

δvL+ δpL = 0 , (2)

then, the total variation of L reduces to

δL = δβL = δβJ +

∫

Ω

(u, q)δβRdΩ . (3)

The condition (2), i.e. the vanishing of the variation of L w.r.t. the state variables, leads to a
system of equations, the adjoint problem, which fixes the solution (u, p). On the other hand,
if the cost function J is formulated as integrals over inlet and/or outlet (and do no contain a
contribution from the domain interior nor do not involve the flow quantities on the blade wall)
the local contribution of (3) at some specific point on the blade wall is given by

swall = −ν(n.∇)u.(n.∇)v . (4)

Both the primal and the adjoint problems are solved using the open-source OpenFOAM toolbox,
and the sensitivities (4) are evaluated in a post-processing step using an user-defined utility. The
cost function is commonly chosen as the the dissipated power,

J := −
∫

Γinlet∪Γoutlet

(
p+

1

2
v2

)
v.n dΓ , (5)

and two different blade geometries are tested. As a result, the distribution of adjoint velocity in
the flow domain and the distribution of sensitivities over the blade wall are shown in Fig. 1.
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Fig. 1. Adjoint velocity magnitude |u| in flow domain Ω and surface sensitivity over blade wall
for two selected geometries (normalized values in range from 0 to 1)
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Nowadays, a standard tool for simulations of dynamic response or impact-contact problem of
bodies and structures is the explicit Finite Element Analysis [3]. Generally, explicit time inte-
gration is only conditionally stable. For the central difference method in time, the stable/critical
time step size is limited by the highest eigenfrequency of the system of interest. Since the criti-
cal time step size is inversely proportional to this maximum eigenfrequency, as ∆tcr = 2/ωmax,
a task of stable determining of time step size leads to numerical solving of a maximum eigen-
value. Several global methods for accurate computation of the highest eigenfrequency exist,
for examples, Power iterations, methods based on Rayleigh quotient, Lanczos algorithm, etc.
But these methods are extremely computationally expensive and practically it is not possible to
use them in real computations. For that reason, a set of cheaper local estimators (e.g. Courant–
Friedrichs–Lewy condition, based on the Gerschgorin theorem, etc.) have been proposed. These
estimators of stable time step size use only nodal or elemental data.

As it is shown in this contribution, global and local estimates for regular meshes with lumped
mass matrix give the same time step sizes. However, this is not true for irregular finite element
(FE) meshes or significantly distorted elements. In this contribution, the main attention is paid to
comparison of these mentioned methods for estimations of time step size for explicit integration
in one-dimensional FEM computations on different meshes with/without boundary conditions.

Numerical tests for five different meshes (see Table 1) were performed on a truss with the
following parameters: length of the truss L = 10 m, cross section area A = 0.1 m2, mass
density ρ = 7850 kg/m3, Young’s modulus E = 210 GPa. Two cases of boundary conditions
were taken into account: a free-free truss and a fixed-free truss, 2-node elements were used.

Table 1. Partition of a truss; numbers mean finite element lengths

Regular mesh 1.667 1.667 1.667 1.667 1.667 1.667
Irregular mesh 1 1.68 1.65 1.67 1.65 1.67 1.68
Irregular mesh 2 1 0.5 3 1.5 2 2
Irregular mesh 3 0.5 1 1.5 2 2 3
Irregular mesh 4 3 2 2 1.5 1 0.5

For computation of the exact maximum eigen-value, the solving of generalized eigen-value
problem respecting boundary conditions was used. However, one can substitute this strategy,
for e.g., the Power iterations method [5] or Rayleigh quotient [1], which numerically solve only
the maximum eigen-value. One of often used local method is based on Courant number [2] and
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it estimates maximum eigen-value of one-dimensional linear FE with the lumped matrix matrix
[3] from ωe

max = 2c/le, where c =
√
E/ρ is the wave speed in a truss and le is the element

length (in 1D). Another approach is a method based on the Gerschgorin’s theorem [4]. This
leads to nodal estimation

ωGer
max ≤ max

i

√∑n
j=1 |Kij|
Mii

,

where K is stiffness matrix, M is lumped mass matrix and n is number of degrees of freedom
of the problem of interest. This strategy can be performed both on local and global level.

All the results are normalized with respect to exact maximum eigenfrequency given by
”Eig”. Results of time step size estimation are presented in Table 2, where ”Ger.” stands for
the Gerschgorin’s theorem based method, ”w/o BC” and ”w BC” means ”without” and ”with
boundary conditions”, respectively. Based on the numerical tests, we can say than the global
Gerschgorin’s theorem based method produces stable time step size for each tested FE mesh.

Table 2. Normalized estimations ωmax with respect to the exact value ”Eig”

Local Global w/o BC Local Global w BC
Mesh max 2c

le
Ger. Eig Ger. Eig max 2c

le
Ger. Eig Ger. Eig

Regular 1.000 1.000 1.000 1.000 1.000 1.009 1.009 1.009 1.009 1.000
Irregular 1 1.010 1.010 1.010 1.038 1.000 1.019 1.019 1.019 1.013 1.000
Irregular 2 1.706 1.706 1.706 1.207 1.000 1.814 1.814 1.814 1.171 1.000
Irregular 3 1.202 1.202 1.202 1.202 1.000 1.916 1.916 1.916 1.106 1.000
Irregular 4 1.202 1.202 1.202 1.202 1.000 1.202 1.202 1.202 1.202 1.000
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Non-uniform torsion modal analysis of thin-walled open cross-

sections with effect of axial force 

J. Murína, M. Aminbaghaib, J. Hrabovskýa 
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In this contribution, the paper [1] is extended on uniform and non-uniform torsionalanalysis 

of the beams with longitudinal continuously varying axial force. The differential equation of 

beam with longitudinally variation of axial forcesare formulated for Saint-Venant and non-

uniform torsional deformations including the inertial line moments. In non-uniform torsion, 

the part of the bicurvature caused by the bimoment is taken into account as the warping 

degree of freedom, and the Secondary Torsional Moment Deformation Effect (STMDE) is 

also considered. A general semi-analytical solution of the differential equation is presented 

and the transfer matrix relation is established, from which the finite element equations of the 

two nodal straight beam finite element are derived. Omitting the external load the FEM 

equation for torsional natural free vibration are obtained. The torsional modal analysis of the 

thin walled beams with open I cross-section (Fig. 1) is done. Our results are compared with 

the ones obtained by commercial FEM code.The effect of axial force is evaluated.  

 

Fig. 1. Cantilever beam with an I cross-section: a) system,axial force, torsional moment, b) cross-section  

Table 1 shows the comparison of the results for the eigenfrequencies obtained by proposed 

method and with corresponding results obtained by ANSYS [2] with 3D solid finite 

elements(16080 of SOLID168 elements) for a cantilever beam with an I cross-section and 

varying axial force
II  ( ) ( )xx xN n L  ,   xn  [ ]  ,3000 3000 , kN/m. 

As shown in Table1, an excellent agreement of our non-uniform torsion results with the 

benchmark ANSYS solution is obtained. As expected, the Saint-Venant solution produces 

incorrect eigenfrequencies. The main novelty of this contribution is: 

- inclusion of the varying axial forceand the STMDE into the differential equation for non- 
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Table 1. Comparison of the results for the eigenfrequencies for a cantilever beam with an I cross-section and 

varying axial force 
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f3 72.88 --- 543.14 550.76 88.41 --- 544.33 551.55 
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f1 19.14 --- 44.28 42.63 21.50 --- 45.21 43.26 23.55 --- 46.12 43.83 

f2 59.24 --- 219.12 214.49 64.51 --- 220.16 215.24 69.07 --- 221.19 215.72 

f3 98.96 --- 545.52 552.34 107.51 --- 546.70 553.49 114.90 --- 547.88 553.91 
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f1 25.38 --- 47.02 44.42 27.06 --- 47.89 44.96 

f2 73.16 --- 222.22 216.33 76.89 --- 223.24 216.93 

f3 121.51 --- 549.05 554.70 127.54 --- 550.22 555.48 

uniform torsion of thin walled beams with open and closed cross-sections according to 

the second order torsional warping theory; 

- formulation of the transfer matrix method and the finite element method equations for 

elastic and modal analysis of non-uniformly twisted beams according the second order 

torsional warping theory. 
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Structural dynamic modification of the vibrating beam structures 

M. Naďa 

a Faculty of Materials Science and Technology in Trnava, Slovak University of Technology in Bratislava, J. Bottu 25, 

917 24 Trnava, Slovak Republic 

Structural dynamic modification (SDM) has become one of the popular and perspective tool 

applied in the design, resp. modification of the structure to achieve the required dynamic 

properties. The main objective of SDM, the modification so-called spatial properties (mass, 

stiffness, damping) of computational model of the mechanical system by means of changes in 

the structural design parameters are expected. As a result of spatial properties modification is 

a change in the modal properties of the structures. 

The general equation of motion of the vibrating damped mechanical system with a finite 

number of degrees of freedom n, which is in the original structural state, i.e. in the state 

before the structural modification, has the form 

 fvKvBvM  000  , (1) 

where 0M , 0B , 0K  are coefficient matrices of the system before its structural modification. 

Using the modal matrix 0, determined from the eigenvalue problem solution for equation 

(1), the modal transformation from physical space to the so-called modal space is made by 

 00qΦv  , (2) 

and  

 fΦqΛqΓq
T
000000   , (3) 

where 0Γ  is matrix of modal damping coefficients, 0Λ  is spectral matrix and 0q  ( 0q  ,resp. 

0q ) is the vector of generalized coordinates (velocities, resp. accelerations). 

If the vibrating mechanical system does not have the required dynamic properties, the 

change of selected structural parameters is needed. The changes in structural parameters cause 

changes of coefficient matrices, i.e. changes in the mass matrix, damping matrix and stiffness 

matrix. These structural changes can be characterized by the new coefficient matrices of 

modified vibrating system, which are expressed by 

 MM 00 MMM  , (4a) 

 MM 00 BBB  , (4b) 

 MM 00 KKK  , (4c) 

where M0M  is the modifying mass matrix, B0M is the modifying damping matrix, K0M the 

modifying stiffness matrix. These matrices represent the change in vibrating mechanical 

system from initial state 0 into the modified state of M. 
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Then the equation of motion of the modified system has the following form 

 fvKvBvM  MMM   (5) 

and using the new modal transformation 

 MMMM qΦqΦΦqΦv  0000 , (6) 

the equation of motion of the modified system is transformed into the following form 

 fΦΦqΛqΓq
TT

MMMMMM 00  , (7) 

where M is modified modal damping coefficients matrix and M is modified spectral matrix. 

 

Fig. 1. Process of SDM of vibrating mechanical systems 

Since the beam is a fundamental structural component of different structures and technical 

equipment, many practical ways, which lead to the modification of the modal properties of 

beam structures can be carried out. 
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Subcritical micro-crack growth in particulate ceramic composite 

with residual stresses 

L. Náhlík a,b, K. Štegnerová a,b, Z. Majer b, P. Hutař a 

a Institute of Physics of Materials, Czech Academy of Sciences, Žižkova 22,616 62 Brno, Czech Republicb 
c Faculty of Mechanical Engineering, Technická 2, 616 69 Brno, Czech Republic 

In ceramic based materials, typically in glass-ceramic composites filled by alumina particles, 

can the existing cracks propagate under an applied stress with stress intensity factor KI lower 

than the fracture toughness KIc value [1, 4, 6, 7]. This phenomenon is generally called 

subcritical crack growth (SCCG) and it is related to fatigue or stress corrosion [9]. The stress 

corrosion manifests by a hydrolysis reaction occurring between the composite material in the 

crack tip and the water in the environment [5]. This degradation mechanism is described in 

many publication [2, 3, 8]. 

Nowadays, the composite materials are often used in engineering applications. For 

example in the microelectronics, low temperature co-fired ceramics (LTCC) consisting of 

ceramic grains (alumina) embedded in a glass matrix (borosilicate glass) are used as substrate 

material for production of printed circuit boards. The main advantage of LTCC is low 

sintering temperature (ca 850°C), which is possible due to use of the glass matrix with a low 

melting point. 

Generally, the mechanical behavior of composite is associated with particle size and 

properties, matrix properties, volume filler fraction, etc. Moreover, the manufacturing 

process, where both phases (matrix and particles) are sintered at relatively high temperature, 

leads to the presence of the residual stresses due to mismatch of coefficients of thermal 

expansion. Note that several effects taking place in this kind of composites have been studied 

individually in the works.  

The present paper is focused on the role of residual stresses in crack propagation process 

in dependence on used shape of particles. A two-dimensional finite element model was 

developed in software ANSYS to analyze the crack growth in LTCC composites. The used 

material data were published in [1]. Several geometric configurations (particle size and shape, 

position of initial crack, etc. were varied) were numerically analyzed. Two basic states, 

composite with and without consideration of residual stresses was studied, and corresponding 

conclusions were formulated. 

Finite element (FE) method and commercial system ANSYS were chosen for the 

numerical modelling of crack propagation. Numerical model of LTCC assumes that alumina 

particles are homogenously distributed in the glass matrix. The diameter of the spherical 

particles is 1 µm and the volume filler fraction (VFF) is 25%. The initial crack is modelled at 

certain interval from the center line. The initial length ai was set to 0.05 µm. The stress 

intensity factors (KI and KII) are numerically calculated and the direction of next crack 

propagation (ϕ) is evaluated in each step of the simulations. The crack increment Δa = 0.05 

µm is considered in all calculations. Fine mesh is created around the crack tip to obtain 

accurate results. All calculations are performed under condition of plane strain. The model 

contains from 80 000 to 200 000 PLANE 183 elements in dependence on model geometry. 
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The influence of residual stresses on crack propagation in ceramic particulate composite is 

evaluated using numerical modelling. Two-dimensional computational model loaded by 

applied remote stress is developed. Material characteristics of low temperature co-fired 

ceramics are considered. To determine the influence of residual stresses two states (with and 

without residual stresses) are considered and crack propagation under both of them is 

simulated.  

The results can be summarized to following points: i) the presence of residual stresses 

significantly reduces values of stress intensity factors (up to 30% in the studied case, see Figs. 

1 and 2), i.e. significantly influence the crack behavior in particulate composite and the crack 

propagation rate, ii) shielding effect of residual stresses contributes to the crack deflection 

close to the particle – crack propagates only in the matrix without direct interaction with 

particles, iii) the shape of the particles influences the reduction effect of residual stresses. 

Results obtained contribute to a better understanding of the role of residual stress in the 

micro-crack propagation in particulate ceramic composite under both unstable and stable 

crack extensions. 
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Fig. 1. Dependence of stress intensity factor on the 

crack length for different particle shapes (VFF = 25%, 

c/b = 0.4) 

 
Fig. 2. Reduction of stress intensity factors due to 

residual stresses in dependence on the crack length 

for different particle shapes (VFF = 25%, c/b = 0.4) 
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Computational simulation of additional effects in the sealing gap 

N. Nováková a, V. Habán a, M. Hudec a 

a Faculty of Mechanical Engineering, Brno University of Technology, Technická 2896/2,616069 Brno, Czech Republic 

Sealing gaps are important components of many mechanical machines. Additional effects in 

these sealing gaps may cause a destruction of the machine when sealing gaps are designed 

inaccurately. Experimental measurements were performed at the Department of Fluid 

Engineering Victor Kaplan at BUT in Brno. There were observed additional effects in the 

sealing gaps. From these measurements were obtained boundary conditions, which were used 

for simulating of sealing gap in ANSYS Fluent. [2], [3]. 

 

  

                     Fig. 1. Velocity in sealing gap         Fig. 2. Total pressure in sealing gap 

 

Fig. 3. The test equipment with the sealing gap [2] 
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The size of the sealing gap was 0.25 mm. It was simulated in 2D with the movement of 

the rotor in the vertical direction. The rotor was placed eccentrically. Medium flowing 

through the sealing gap was water. The forces from water were acting to the wall of stator. 

The aim of calculation was to obtain a force depending on the time. The calculation was 

performed for several frequencies. The additional weight was calculated from the acquired 

forces and then was compared with experimentally obtained value. [1], [4]. 
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Experimental analysis of steering shaft with focus on the strength 

of the bonded joint 

Z. Padovec a, M. Zbojovský a 
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Presented article deals with the description of experimental evaluation of steering shaft loaded 

with torque with focus on strength of the bonded joint. Steering shaft which will be part of the 

car for E-Force Fee Prague Formula was designed from composite tube (carbon fiber/epoxy 

matrix). This tube was bonded to the steering rack through aluminum insert for transmission 

of torque from the driving wheel to the front axle.  

First goal of this work is the measurement of torque which is depicted in Fig. 1. Brake 

pedal of the car was pressed and mass was added at the end of the beam until the observable 

deflection was achieved. Then the torque was calculated - Mk = 10,73 Nm. 

     

Fig. 1. Torque measurement and its diagram 

Next step is the choice of the suitable adhesive. Adhesives from Spabond and Loctite 

manufacturers were chosen and experiment for shear stress and shear modulus determination 

was done. Other goal of presented work was the influence of curing process on the bonded 

joint (long time on lower temperature vs. short time on higher temperature). Experiment was 

based on ČSN EN 14 65 standard (see [3] for details) and it was done on Tira 2300 universal 

testing machine. Description of specimens, their number, average shear modulus (see [2] for 

details) and strength obtained from experiment can be seen in Table 1 (S stands for Spabond, 

L for Loctite). From the results can be seen that there is almost no influence of curing process 

and both adhesives achieve similar results in shear strength and shear modulus. 

Table 1. Results from the experiment 

Curing process Number of specimens Average shear modulus 

[MPa] 

Average shear strength 

[MPa] 

S 5 hours on 70°C 4 1,08±0,056 15,13±0,78 

S 24 hours on 21°C + 16 

hours on 50°C 

5 0,99±0,074 15,13±1,1 

L 1 hour on 80°C 3 0,97±0,06 16,74±0,77 

L 24 hours on 23°C 5 1,03±0,05 15,41±1,4 
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The last step was the safe design of the tubular joint. Average shear stress in tubular lap 

joint loaded with torque can be computed as 
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from which we can see that the crucial parameters are length and thickness of the bonded 

joint. This value remains constant over the entire length of the joint. Next equation (see [1] for 

details) determines relationship between shear stress in bonded joint and relative length z/Ll of 

the bonded joint, where z = 0 is the edge of the tube and z = Ll is the edge of the insert  
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Coefficients α and ψ are computed from material and geometric parameters of the tube, insert 

and adhesive. Torque load for computation was chosen Mk = 60 Nm (almost 6 times higher 

than measured) for including dynamic and fatigue effects during driving, which were not 

simulated during torque measurement. Loctite 9466 adhesive was chosen, thickness of the 

designed joint was chosen 0,2 mm, length of the joint was chosen 25 mm. Safety factor 

computed as a ratio between evaluated shear stress of the adhesive and average shear stress in 

adhesive layer is 3,5, which was found sufficient for the safe operation of investigated 

application. Graph from the experiment and shear stresses obtained from (1) and (2) can be 

seen in Fig. 2. 

 

Fig. 1. Graph from experiment and computed shear stress in adhesive layer 

Acknowledgements 

This work has been supported by the Grant Agency of the Czech Technical University in 

Prague, grant No. SGS15/188/OHK2/3T/12.  

References 

[1] Adams, R.D., Peppiatt, N.A., Stress analysis of adhesive bonded tubular lap joints, Journal of Adhesion 9 

(1977) 1-18. 

[2] Renton, J.W., Vinson, J.R., On the behavior of bonded joints in composite material structures, Engineering 

Fracture Mechanics 7 (1975) 41-60. 

[3] ČSN EN 14 65, Determination of shear strength in tension of rigid adherends on lap joints. (in Czech) 

92



 

Single core model in VPS with respect to non-linear static, 

crashworthiness and internal acoustic 

M. Pašek a, J. Šašek a 

a MECAS ESI s.r.o., Brojova 2113/16, 326 00 Plzeň, Czech Republic 

 

The presentation will be focus to single core and modular input approach in Virtual 

Performance Solution (VPS). The software package is industrially used to solve wide range of 

mechanical applications like linear and non-linear static, crashworthiness, fluid structure 

interaction or internal and also external acoustic. The VPS contains different numerical 

methods which are integrated to one single environment. The main advantage of this 

integration is to have one common solver language to build single core model which can be 

used for multiple simulation domains. The single core model can be easily combined with 

modular input which significantly save time for numerical model building. Two application 

examples will be discussed to show VPS state of art with respect to single core mode 

approach.  

First example is focused to numerical simulations of rail vehicles which are required by 

various regulations and homologation procedures. One of the requirement defines the crash 

test procedure for passenger coach. The crash scenario is defined by using of single core 

model approach, which allows to use same data structure for other load cases like static and 

dynamic analysis, and modular input. The modular input is used to define the model structure 

of the coach body, bogies, crash elements and other components. User can easily modify any 

parts in the modular structure and reflect to other modules (coaches). This modern method of 

model assembly improves model quality, prevent user errors and brings significant benefits in 

speed up of model building. 

Second example is related to modeling of low-frequency vibro-acoustic. A response at a 

certain location may have been caused by a remote vibration source. This phenomenon is hard 

to analyze in complicated structures (with various subassemblies like cars). The energy from a 

car engine is transmitted into the passenger cavity by a number of different routes (e.g. from 

engine mounts, wheel suspensions, the exhaust components, drive shafts…). Transfer path 

analysis offers a methodology to evaluate the contribution along each transfer path from the 

source to the receiver. The presentation demonstrates usage of TPA tool with VPS 2016. The 

TPA tool is available as add on to VPS and Visual Environment and can be customized 

according the user needs. 
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Simple parallel implementation of an implicit CFD solver using
the Schwarz domain decomposition method

A. Peckaa, O. Bublı́ka, J. Vimmra
aNTIS – New Technologies for the Information Society, Faculty of Applied Sciences, University of West Bohemia,

Univerzitnı́ 8, 306 14 Plzeň, Czech Republic

One way of decreasing the computational time required to solve a large scale problem is to
spread the boundary-value problem over a computer network and solve the problem in parallel.
The target of this contribution is to present a simple parallel implementation of an implicit CFD
solver for 2D compressible Navier-Stokes equations. The employed CFD solver is based on
the discontinuous Galerkin method and the time integration is carried out by the BDF scheme.
Note however that the parallel implementation is independent of the particular CFD solver.

In order to distribute the CFD computation onto nodes of a computer network we first con-
vert the boundary-value problem into subproblems. Following the Schwarz method [1, 2, 3]
we decompose the domain into a set of overlapping subdomains. We require that the Dirichlet
boundary condition is satisfied at the newly created boundary of each subdomain. The resulting
subproblems are independent of each other, hence each subproblem can be solved by a differ-
ent node in the computer network. In order for the unified solution of the subproblems to be
equivalent to the solution of the original problem some form of coordination between adjacent
subdomains is required. In case of Schwarz method this is achieved by iteratively solving the
subproblems and swapping the data from overlap regions between adjacent subdomains until
the steady state is reached. Note that the iterating process needs to be performed at each time
step. We also analysed the effect of the number of iterations on the solution since increasing
number of iterations decreases the efficiency of parallelization. The result of this analysis will
be given in the upcoming presentation.

We test the developed parallel implicit CFD solver on a several benchmarks one of which
we present in this annotation. Let us consider a transonic flow around the NACA 0012 aerofoil
with the angle of attack α = 5◦, the Reynolds number Re = 10000 and the free stream boundary
condition with Mach number Minf = 0.8. In this benchmark we execute two iterations of the
Schwarz method at each time step. We use a triangular mesh of 99 077 elements, see Fig. 1,
and quadratic basis polynomials, which correspond to 2 377 848 DOFs. We split the domain
with the aid of the software tool METIS, which creates non-overlapping subdomains each with
a similar number of elements. The output of METIS for 16 subdomains is displayed in Fig. 1
in the vicinity of the aerofoil. To each subdomain ω, we add k layers of elements that surround
ω, thus creating a set of overlapping subdomains. The chosen integer k determines the size
of the overlap. The Mach contour of the steady flow in the vicinity of the aerofoil is shown
in Fig. 2. This benchmark was designed to analyse the scalability of the solver, i.e. how the
elapsed time decreases with increasing number of nodes. The results of the benchmark along
with the speedup and efficiency is listed in Table 1. Here the CPU time corresponds to 200 time
steps, that means the steady state was not reached during the simulations in order to make the
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Figure 1. Mesh and domain decomposition Figure 2. Mach contour of the steady flow

Table 1. CPU time that corresponds to 200 time steps along with speedup and efficiency for
various number of nodes (each node was using four cores)

# of nodes # of cores CPU [s] transfer [s] speedup [1] efficiency [%]
2 8 6166 23 1.0 100
4 16 3855 37 1.6 80
8 32 1666 17 3.7 92

16 64 905 53 6.8 85

benchmark less time-consuming. The column labelled transfer in Table 1 refers to the accu-
mulated time that takes to transfer data between corresponding nodes after each iteration. The
benchmark was performed on a heterogeneous network of computers consisting of 16 nodes,
each of which exploited four physical cores. Note that the number of subdomains was cho-
sen according to the number of nodes rather than the number of cores. The synchronization and
data transfer among nodes is implemented in the Java programming language, which is platform
independent and has plenty of simple networking tools available.

As expected with increasing number of nodes the CPU time decreases hence speedup grows.
The efficiency varies from 80% to 92%. For more thorough analysis of the dependency of
speedup on the number of nodes, more test cases are needed, which will be given in the upcom-
ing presentation.
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The couple key-groove in the lower part of the reactor pressure vessel reactors WWER 440 

and WWER 1000MW, see Fig 1 is in normal operation conditions loaded by the force 𝐹𝑁  of 

the order of kN. Relative vertical motion induced by pressure pulsations generated by main 

circulation pumps result in fretting wear of the surfaces in the contact. The design value of the  

gap between the key and the groove range from 0.05 to 0.17 m. Due to supposed fretting wear 

the potential for increasing the gap exist and finally the impacts in the direction of acting 

force may be induced. The loss of the mass of the sliding surfaces may be predicted using 

well known Zeman equation [2] 

 ∆𝑚 =  𝜇
𝑓(𝜔)

𝑓0
𝑊

𝑡𝑜

𝑇
 [𝑔] , (1) 

where   ∆𝑚 [g]...............loss of the mass in grams, 

𝜇 [g/J]................fretting wear coefficient, 

𝑓0.......................design value of the friction coefficient, 

𝑓(𝜔)..................value of the frictin coefficient as the function of the frequency, 

W [J]..................work of the friction force per one cycle, 

t [s].....................time of the operation, 

T [s]....................period of the pressure pulsation. 

The values of the 𝜇 and the 𝑓(𝜔) must be experimentally verified. The values of the friction 

coefficient will be in the next presented. 

 

                    Fig. 1. The couple key-groove                                          Fig. 2. Experimental Device 
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Experimental device is illustrated in the Fig.2. Consist of two servocylinders INOVA 

AH 63, maximal force 63kN and AH 10, maximal force 10kN. For the evaluation of the 

friction coefficient the following relation has been used 

 𝑓 =  
𝐹𝑒𝑥𝑝

𝐹𝑁
+  

𝑚𝑋𝜔2

𝐹𝑁
sin 𝜔𝑡 − 

2𝑓𝑝𝑟𝑝

𝑙
 , (2) 

where   𝑓𝑝.......coefficient of the pin friction, 

𝑟𝑝........radii of the pin, 

l..........length of the pin, 

𝐹𝑒𝑥𝑝....measured force, 

𝐹𝑁.......pushing force, 

m........accelerated mass, 

X........amplitude of the horizontal movement, 

𝜔........frequency of the horizontal movement. 

First set of the experiments has been performed with frequency 25Hz, X=3mm and pushing 

force 3kN. Total length of the friction movement was 5000m. 

Results of the experiments: Coefficient of the friction as the function of the time is 

illustrated in Fig. 3. It is evident that typical values which influence the fretting wear range 

from f=1.0 to f=1.3. Higher values of (1.5:2.) represent cases of the seizure which was 

observed during the experiment. 

 
Fig. 3. Results of the experiments 

Conclusions: The couple key-groove in the lower part of the WWER reactors pressure 

vessel is possible to consider as unlubricated. The possible types of the interactions may be 

according [1] divided into the following three mechanical categories: 

 seizure or very high friction, the friction coefficients range from f=3.0 to f=10, 

 strong adhesion, where friction coefficient is equal approximately about 1, 

 weak adhesion, where friction coefficient is about f´0.4 or lesser. 

Results of our experiments confirm this theory. The nature of this one is based on the fact that 

the pushing force was 3kN. It represents strong adhesion. Only some cases of the seizure were 

observed. The values of the fretting wear coefficient are under evaluation. Next year these 

experiments will continue but with another types of materials. We suppose that the obtained 

results will be similar. 
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The main objective of this study is the demonstration of the use of a simple three-equation 

model for calculation of complex free surface compressible flows. An in-house computational 

software written in Matlab was developed for the solution of the aforementioned problem. This 

numerical code was tested for the dambreak problem. 

The three-equation model was derived from a seven-equation Baer-Nunziato model for 

compressible two-phase flows, which was originally designed for solving detonation waves [1]. 

Amount of tracked fluid per volume is defined by the volume fraction α determined from 

advection equation. The described model is not suitable for solving dispersed flow, 

sedimentation, thermodynamics problems etc. due to its characteristics. The approach is 

applicable for the solution of fluid flow with fee surface, wherein the second phase is negligible 

(vacuum or fluid with significantly lower density). Consequently its foundation could be used 

also for vacuum casting problems. 

The original Baer-Nunziato model contains conservation equations of mass, momentum and 

energy for both phases and an advection equation of volume fraction. This model was reduced 

following various simplifications proposed by Dumbser [2]. As suggested above – the second 

phase is neglected, therefore all the corresponding evolution equations are omitted. The 

interface pressure is kept on atmospheric pressure (pI = p2 = pATM = 0 Pa), when choosing that 

all pressures value are relative to the atmospheric one. The interface velocity that corresponds 

to the rate of advection of the volume fraction is set to be equal to the velocity of the primary 

phase. In other words the interface propagates along with the primary fluid. The system was 

closed by a simple Tait equation of state, see [3], for the primary phase 

 𝑝 = 𝐾((𝜌/𝜌0)𝛾 − 1), (1) 

which directly relates pressure p and density ρ. K, γ are constants affecting compressibility and 

speed of sound a of the fluid and ρ0 is the density at reference pressure. The density is calculated 

directly from evolution equations and afterwards pressure is determined from the equation of 

state. Therefore there is no need for the energy equation. The final mathematical model can be 

written in one dimension as 

 
𝜕

𝜕𝑡
(𝛼𝜌) +

𝜕

𝜕𝑥
(𝛼𝜌𝑢) = 0, (2) 

 
𝜕

𝜕𝑡
(𝛼𝜌𝑢) +  

𝜕

𝜕𝑥
(𝛼(𝜌𝑢2 + 𝑝))  =  𝛼𝜌𝑔, (3) 

 
𝜕

𝜕𝑡
𝛼 + 𝑢 

𝜕𝛼

𝜕𝑥
= 0,  (4) 

where u denotes the velocity component. The source term on the right hand side represents 

gravitational force per unit volume with acceleration g. The system is hyperbolic with 

eigenvalues u-a, u, u+a, if the total pressure is positive and the volume fraction is 0 < α < 1. 
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The equation (4) was reformulated into a new shape 

 
𝜕

𝜕𝑡
𝛼 +  

𝜕

𝜕𝑥
(𝛼𝑢)  −  𝛼

𝜕𝑢

𝜕𝑥
= 0, (5) 

where the second term is basically a conservative convective flux of volume fraction and the 

third term a non-conservative source term. The form is utilized by the in-house code. The finite 

volume method was used for the spatial discretization of Eq. (2, 3, 5) and entire coupled system 

was time-iterated by an explicit Euler scheme. The conservative convective numerical flux was 

approximated by the first order scheme in order to damp instabilities of the two-phase flow 

model. Specifically AUSM scheme was used due to its simplicity, efficiency and accuracy, for 

more information see [4]. The AUSM scheme does not require the Jacobian. This is a great 

advantage for two-phase flow simulations in general. The non-conservative term was 

discretized in the spirit of AUSM scheme due to consistency. 

The developed numerical code was verified on the two-dimensional dambreak problem and 

obtained results were compared with the numerical results published in [2], namely dambreak 

with bottom step into a wet bed area. Computational domain was Ω = ([-5; 5] × [0; 3]) \ ([0; 

5] × [0; 0.2]) m, the domain covered by fluid was ΩL
0 = ([-5; 0] × [0; 1.46]) \ ([0; 5] × [0.2; 

0.51]) m. Gravity acceleration was �⃗� = [0; -9.81] m/s2 and parameters of Tait equation were 

artificially set as γ = 1, ρ0 = 1000 kg/m3, K = 0.637 MPa to improve the convergence of the 

solution. Initial velocities were u = v = 0 m/s, pressure was set to be in hydrostatic condition 

with zero pressure level at h = 1.46 m. The following figures compare the results of performed 

simulation in Fig.1 and original work shown 

in Fig.2. 

The obtained results demonstrate the applicability of three-equation model solved by FVM 

with the use of the AUSM scheme on free surface flow problems. In comparison with the results 

using DGFEM higher artificial viscosity is evident. On the other hand more realistic shape of 

initial breaking wave is observed compare to the results of the Shallow water equations model. 

More details and numerical results will be shown in the conference presentation. 
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Fig. 1. Dambreak with wet step at the time T = 1 s, 

developed numerical code based on FVM 

Fig. 2. Dambreak with wet step at the time T = 1 s, 

DGFEM (field) and comparison with SWE (dashed) 
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Polymer pipes made of materials like polyethylene or polypropylene are put to use quite 

frequently nowadays. Polymer materials are very durable, so the predicted lifetimes of plastic 

pipes are usually quite high, especially in the case of modern polyethylene pipe grades with 

enhanced mechanical properties. These pipes are predicted to last for more than 100 years in 

operation. Testing pipe’s lifetime is usually done by the hydrostatic pressure test, where pieces 

of pipes are loaded with internal pressure and times to failure are measured. The predicted 

lifetime can be estimated by extrapolation of these measured times. However, these tests take 

very long time to produce satisfactory results. Instead of hydrostatic pressure test, an 

accelerated method of testing can be used. Accelerated methods are focused on the so-called 

slow crack growth (SCG), which is the most frequent mechanism of pipe failure in operation. 

The accelerated tests are carried out by loading notched specimens and measuring the slow 

crack growth kinetics. These results can be used to calculate an estimation of the lifetime by 

integrating a modified Paris-Erdogan equation. This method can be used because the plastic 

deformation during SCG is very small and so the conditions of linear elastic fracture mechanics 

are met. [2,4,5] 

One of the most effective ways to accelerate the slow crack growth without significantly 

changing its character is to use cyclic loading instead of static loading. The test that uses cyclic 

loading is the cracked round bar (CRB) test (see Fig. 1), which uses specimen in the shape of 

round bars with an initial notch in the middle. During the CRB test the crack growth rate da/dt 

is measured for different R-ratios of stress intensity factors (R = Kmin/Kmax). However, the 

requested result is to obtain the crack growth rate for static loading, which means for R = 1. 

This is achieved by extrapolation of the results for cyclic loading. [1,3] 

 

Fig. 1. Scheme of the CRB specimen (a) and the fracture surface after a finished CRB test (b) 
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Taking a look at the fracture surface of a CRB specimen after a finished test, three distinct 

regions can be distinguished. At first there is a smooth surface of the initial notch, followed by 

the slow crack growth fracture surface, described as brittle. The last region is the surface of the 

final ductile fracture. The whole character of the fracture surface is asymmetrical. The cause if 

this asymmetry is unknown.  

In this contribution, the problem of the asymmetrical fracture surface of the CRB specimen 

is investigated. Since the CRB specimen are made by cutting the desired shape directly out of 

the wall of the plastic pipe, one of the causes of the asymmetry could be the residual stress. The 

residual stress is present in the pipe wall as a result of uneven cooling during the pipe 

manufacture process. As the specimen is cut out of the pipe, the residual stress releases, causing 

the cut-out shape to bend. The bent specimen has to be straightened back when finishing it on 

a lathe and when loading it in the testing device. 

A finite element method was employed to 

investigate this hypothesis. A model of the 

polyethylene CRB specimen was created (see Fig. 2) 

with an initial crack front. Using the INISTATE 

command in ANSYS, the residual stress was 

included in the model (see [6] for details about 

residual stress in PE pipes). The model was then 

loaded with a typical CRB specimen load (10 MPa). 

Stress intensity factors were calculated in several 

places along the crack front and a new shape of the 

crack front was established based on these values. 

This procedure was repeated and the change of the 

crack front was recorded and then compared to the 

photograph of the fracture surface. 

It was found that the calculated asymmetry was 

much more pronounced than the one observed on real 

specimens. This lead to a conclusion that the residual 

stress included in the model was too high, compared 

to the residual stress that actually remains in the CRB 

specimen and also that other effects are probably 

influencing the asymmetry. 
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Fig. 2. The FEM model of the CRB specimen 

with boundary conditions 
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The paper summarizes the possible approaches suitable for the modelling of cable and fibre 

dynamics in the framework of various mechanical systems. Force representation of a cable, a 

point-mass model and an absolute nodal coordinate formulation are introduced in more detail. 

The motivation is the development of a cable model, which could be efficient for the 

usage in a mechatronic model of a manipulator consisting of cables and an end-effector, 

whose motion is driven by cables – particularly for the usage in the model of QuadroSphere 

(see Fig. 1; e.g. [1]). The QuadroSphere is a tilting mechanism with a spherical motion of 

a platform and an accurate measurement of its position. The platform position is controlled by 

four fibres; each fibre is guided by a pulley from linear guidance to the platform. The 

numerical model of QuadroSphere will serve for the investigation of different possible 

strategies of the control of this active structure superimposed to the end-effector of the 

cable-driven mechanism in order to improve the end-effector positioning accuracy and the 

operational speed. 

The cable and fibre modelling should be based on considering the fibre flexibility and the 

suitable approaches can be based on the flexible multibody dynamics (see e.g. [5]). Many 

industrial applications can be solved using the proposed flexible multibody dynamics 

approaches. The studied problems are characterized by general large motion of interconnected 

rigid and flexible bodies with the possible presence of various nonlinear forces and torques. 

There are many approaches to 

the modelling of flexible bodies in 

the framework of multibody 

systems. 

The simplest way how to 

incorporate cables in the equations 

of motion of a mechanism is the 

force representation of a cable (e.g. 

[2]). It is supposed that the mass of 

cables is small to such an extent 

comparing to the other moving 

parts that the inertia of cables is 

negligible. The cable is represented 

by the force dependent on the cable 

deformation and its stiffness and 

damping properties. A variable 

length of the cable due to wiring Fig. 1. The QuadroSphere tilting mechanism 
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can be easily described using the force approach. This way of the cable modelling is probably 

the most frequently used in the cable-driven robot dynamics and control. 

A more accurate approach is based on the representation of the cable using a point-mass 

model (e.g. [4]). It has the advantage of a lumped point-mass model. Point masses can be 

connected by forces or constraints. Wiring of a cable can be also simulated and a detailed 

model of a wiring mechanism can be observed. In the case of the manipulator mechatronic 

model consisting of cables and an end-effector, whose motion is driven by cables (e.g. in the 

case of the QuadroSphere model [1]) utilization of the point-mass model of a cable proved to 

be very prospective. 

A very promising approach usable for the cable modelling is so called absolute nodal 

coordinate formulation (ANCF), which is based on the discretization of a cable or a fibre to 

nonlinear finite elements [5]. Absolute nodal positions and slopes are considered to be nodal 

coordinates of the ANCF elements. The formulation leads to a constant mass matrix and 

a highly nonlinear stiffness matrix. The model can be efficiently used for the investigation of 

various contact problems related to cables or fibres. 

In order to represent bending behaviour of cables their discretization using the finite 

segment method or so called rigid finite elements is possible [5]. Other more complex 

approaches can utilize nonlinear three-dimensional finite elements. 

Another approach used for the creation of a general model involving cables with 

distributed mass and time-varying length is based on Hamilton’s principle, which serves for 

achieving the system of partial differential equations describing the cable dynamics [3]. 

To solve the system of dynamic equations, the Ritz-mode method with polynomial shape 

functions is employed and the system of partial differential equations is converted into 

ordinary differential equations. The accuracy of the cable model depends on the order of the 

used polynomial mode functions. This approach is suitable for the modelling of the 

cable-driven manipulators with distributed mass flexible cables. 

Future work will be focused on the implementation of the point-mass model of the cable 

and the modelling of its interaction with the pulley (advantage of this approach is supposed to 

be in a precise physical interpretation of the problem and in a short computational time). 
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Analysis of planetary gearings is of basic importance for reduction of noise and vibrations of
these very-often used transmission systems. The planetary gearboxes are always included into
a set of aggregates – usually driving motor on the input wheel side and working (braking)
aggregate on output wheel side. These I/O subsystems are in the next analysis modelled by one
DOF torsional mass-spring elements. Presented paper is oriented on the modelling and solution
of spectral and modal properties of the plane type of gearing with four planetary subsystems
and with fixed planet carrier.

The scheme of investigated type of gearings is shown in Fig. 1. The axes of central sun
wheel and of outer ring wheel are stiff, but the shaft connecting sun wheel Θ1 (ring wheel Θ3)
with driving aggregate Θ0 (braking aggregate Θ4) is elastic with torsion stiffness k0 (k4). Planet
wheels 2 are pivoted on elastic pins (stiffness k3), which enable the tangential motion.

a) b)

Fig. 1. Four planetary gearbox with I/O aggregates

All the wheels have helical gearings. As this kind of gearings has an essential smaller
variation of contact stiffness against the spur gearings, this stiffness variability is not taken into
account and teeth contact stiffness is supposed to be constant. Using expressions for kinetic and
potential energy and introducing them into Lagrange equations, we get 12 differential equations
of motion:

Θ0ϕ̈0 + k0(ϕ0 − ϕ1) = 0,

Θ1ϕ̈1 + k0(ϕ1 − ϕ0) + k1r1[4r1ϕ1 − r2(1ϕ2 +2ϕ2 +3ϕ2 +4ϕ2)−1x2 −2y2 +3x2 +4y2] = 0,

m2
1ẍ2 − k1r1ϕ1 + (k1 − k2)r2 1ϕ2 + (k1 + k2 + kc)

1x2 + k2r3ϕ3 = 0,

Θ2
1ϕ̈2 − k1r2r1ϕ1 + (k1 + k2)r2

1ϕ2 + (−k2 + k1)r2
1x2 − k2r2r3ϕ3 = 0,

m2
2ÿ2 − k1r1ϕ1 + (k1 − k2)r2 2ϕ1 + (k1 + k2 + kc)

2y2 + k2r3ϕ3 = 0,

Θ2
2ϕ̈2 − k1r2r1ϕ1 + (k1 + k2)r2

2ϕ2 + (−k2 + k1)r2
2y2 − k2r2r3ϕ3 = 0,

m2
3ẍ2 + k1r1ϕ1 − (k1 − k2)r2 3ϕ2 + (k1 + k2 + kc)

3x2 − k2r3ϕ3 = 0,
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Θ2
3ϕ̈2 − k1r2r1ϕ1 + (k1 + k2)r2

3ϕ2 + (k2 − k1)r2 3x2 − k2r2r3ϕ3 = 0,

m2
4ÿ2 + k1r1ϕ1 + (−k1 + k2)r2

4ϕ2 + (k1 + k2 + kc)
4y2 − k2r3ϕ3 = 0,

Θ2
4ϕ̈2 − k1r2r1ϕ1 + (k1 + k2)r2

4ϕ2 + (−k1 + k2)r2
4y2 − k2r2r3ϕ3 = 0,

Θ3ϕ̈3 + k4(ϕ3 − ϕ4) + k2r3[4r3ϕ3 − r2(1ϕ2 +2ϕ2 +3ϕ2 +4ϕ2) +1x2 +2y2 −3x2 −4y2] = 0,

Θ4ϕ̈4 + k4(ϕ4 − ϕ3) = 0.

Eigen-frequencies of investigated planetary gearbox is given by the roots of characteris-
tic determinant | − Ω2M + K| = 0. The program ”eig” in system Matlab determines the
eigenfrequencies of planetary gearing connected with the driving (input) and braking (output)
aggregates. The main parameters of following example of planetary gearbox are:
– mesh stiffness of gearings contacts and planet pin: k1 = k2 = 4×109N/m, k3 = 5×109 N/m,
– radiuses of gear-wheels: r1 = 0.06 m, r2 = 0.12 m, r3 = 0.3 m,
– torsion stiffness of I/O shafts: k0 = 1× 107 Nm/rad, k4 = 3× 107 Nm/rad,
– moments of inertia of gear-wheels: Θ1 = 0.05 kg.m2, Θ2 = 0.5 kg.m2, Θ3 = 200 kg.m2,
– moments of inertia of I/O wheels: Θ0 = 1 kg.m2, Θ4 = 3 kg.m2.
Influence of external I/O shafts torsion stiffness k0, k4 on change of all angular velocities Ω
is shown in Fig. 2, where the range of this stiffness is k0 = 1 × 104 Nm/rad up to k0 =
1× 108 Nm/rad (3k0 = k4).

Fig. 2. Dependence of eigenfrequency on
I/O stiffness

Fig. 3. Mode of vibration at 8693 rad/s

The external torsional stiffness of input and output (I/O) aggregates influences only some
of eigenfrequencies of gearing train, but some groups of them (e.g. triple frequencies Ω5, Ω6,
Ω7 and Ω9, Ω10, Ω11) are independent on the increase of I/O shafts stiffness. The simple eigen-
frequencies Ω2, Ω3, Ω4, Ω8, Ω12 are approximately constant up to k0 = 100 000 Nm/rad and at
higher stiffness they rapidly increase. A mode of free vibration of investigated planetary gear-
ings with external torsional stiffness of input shaft k0 = 1×107 Nm/rad is shown as an example
in Fig. 3.

Results of developed modal analysis will be used for evaluation of measurements data
gained on the new gearing box prototypes. More detailed description of modal properties of
planetary gearing will be given at presentation.
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Effect of a soft tissue on vocal tract acoustic resonance properties 

in vocal exercises using phonation into tubes 

V. Radolf a, J. Horáček a, A. M. Laukkanen b 

a Institute of Thermomechanics AS CR, v. v. i., Dolejškova 1402/5, 182 00 Prague, Czech Republic 
b Speech and Voice Research Laboratory, School of Education, Åkerlundink. 5, University of Tampere, 33100 Tampere, Finland 

In this contribution a mathematical model is introduced to clarify the influence of the vocal 

tract soft tissues on the acoustic resonance (formant) frequencies. The influence is studied in 

the context of voice therapy technique that uses phonation into tubes. Strong acoustic-

structural interaction is demonstrated to take place in the vocal tract when it is prolonged by a 

tube with the distal end in air or submerged 2 cm and 10 cm in water. The numerical results 

from the model (Fig. 1) are compared with the resonance frequencies measured in humans.  

 

 
Fig. 1. Scheme of the vocal tract model for vowel phonation through a tube connected to the lips. The inner end 

of the VT is closed by a yielding wall at the position of the vocal folds. The yielding wall is modeled by a 

damped dynamic mechanical system with one degree of freedom coupled with the VT tract model. The radiation 

losses ZRAD are considered at the distal tube end 

 

The transfer function between the output pressure p(x=L1+L2) and the external force FEX 

loading the mass mw by the harmonic excitation can be derived as 

   2
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out RAD

EX 1 w
w w RAD RAD

1

p Z

F S k
b j m A C Z B D Z

S j





 

        
 

,  (1) 

where A, B, C, D are components of the transfer matrix of the complete acoustical system (VT 

+ tube), which was divided into 30 acoustic elements (29 conical acoustic elements for VT 

and 1 cylindrical element for the tube), see [2]. The geometrical parameters considered for a 

glass ‘resonance tube‘ were: L2 = 26.4 cm and S2 = 0.36 cm2, which corresponds to the inner 

diameter 6.8 mm, and for a silicon ‘Lax-vox tube‘: L2 = 35 cm and S2 = 0.785 cm2 for the 

inner diameter 1 cm. The following parameters for the mechanical system were recalculated 

from the data published by Liljencrants [1 - Table 4.1]: the eigenfrequency 2 . 66w   rad/s, 

the damping ratio of the yielding wall w = 0.99 and the mass 
21400 0.2w 1m S   gram. 
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Considering the mechanical resonance Fm of vocal tract to be 66 Hz, as previously 

estimated from measurements of a closed vocal tract [1], then according to the mathematical 

model for the vocal tract prolonged by a rigid glass tube, this frequency drops to 26 Hz, see 

the thin line in Fig. 2. When the tube is considered to be submerged in water, Fm drops further 

to Fm=8 Hz and to about Fm=10 Hz for a silicon Lax-vox tube (longer and wider), see thick 

lines in Fig. 2. This shows that the mechanical resonance can be near the measured water 

bubbling frequency Fb=11-11.5 Hz. The result, thus, supports the hypothesis of a coalescence 

of the low frequency mechanical resonance of the human vocal tract and the frequency of 

water bubbling during phonation into a tube with the other end submerged in water. This 

could potentially enhance the positive effects of the water therapy procedure, i.e. to intensify a 

massage like effect that may potentially relax the muscles and improve liquid circulation in 

the tissue. On the other hand, this coalescence may result in unpleasantly intensive vibrations 

of the laryngeal tissues which may even cause some vocal fold impairment. 

  

 
(a)                                                                                       (b) 

Fig. 2. Computed absolute values of the transfer functions  1/out EXp F S  of the VT model for vowel /u:/ 

prolonged by the resonance tube in air and in water and by the Lax–vox tube in water, with the detail in the 

frequency range of the first resonance (right) 

 

The first computed acoustic resonance frequency decreased from F1=195 Hz for the tube 

end in air down to about F1=168 Hz for the tube end in water, which roughly agrees with the 

first formant frequency ca 179 Hz found experimentally for a human male vocal tract. In these 

experiments a male subject phonated on [u:] at comfortable pitch and loudness into the 

resonance tube with the outer end of the tube submerged 2 cm and 10 cm under the water. 

According to the experiments, the oral pressure variation does not depend on the depth of 

submersion of the tube with the distal end in water. 
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Modelling of wave propagation in phononic plates in frequency
and time domain

E. Rohana, R. Cimrmanb

aEuropean Centre of Excellence NTIS – New Technologies for the Information Society, Faculty of Applied Sciences,
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The phononic plates are periodic structures made of elastic components with large differences
in their elastic coefficients, the soft phase being distributed in a form of inclusions embedded
in a stiff matrix. The homogenization approach of such elastic structures occupying domain
Ω with the “dual porosity” type of the scaling ansatz applied in the inclusions [1] leads to the
following model

−ω2IM(ω2)q + IKq = f(ω2) in Ω , (1)

where ω ∈ R is a fixed frequency, q(x) ∈ Rd is the generalized displacements IM : Rd 7→ Rd

is the mass tensor (real symmetric, but possibly indefinite, depending on ω ∈ R+) and IK is
the 2nd order (elliptic) differential operator, the stiffness. For the 3D elasticity problem (with
q = u = (ui), i = 1, 2, 3) IK attains the form (IK)ij = −∂kDikjl∂j with Dikjl being the usual
symmetric positive definite elasticity tensor.

Wave equation (1) can be transformed using the spectral decomposition of IM, see [2],

−ω2 〈Λξ, ζ〉Ω + aΩ (ξ, ζ) =
〈
b(ω2), ζ

〉
Ω

for all ζ ∈ W0(Ω) , (2)

where aΩ (, ) is an elliptic bilinear form and Λ = Λ+ + Λ− is the diagonal spectral matrix
associated with IM, decomposed into the positive and the negative parts. This is the basis
for introducing two subspaces by solving eigenvalue problems which depend on the imposed
frequency. Projections of (2) into these bases yield a system which allows us to resolve the
propagating and evanescent modes (when Λ− 6= 0).

The homogenization of the phononic Reissner-Mindlin plate [3] leads to a model which
attains the same form (1), although q involves plate deflections and rotations and the IK and IM
have a more complex structure. The phononic Timoshenko beam (deflection w, rotation θ) is
described in the frequency domain by the following equations, where x ∈]0, L[, (M,N ,G,D
are the homogenized coefficients, h is the thickness),

−ω2h
3

3
M(ω2)θ − h3

3
Dθ′′ − hG(w′ − θ) = 0 , −ω2hN (ω2)w − hG(w′′ − θ′) = 0 . (3)

The beam is clamped at x = 0, whereas a kinematic excitation of deflections at x = L is
considered, thus w(0) = 0, w(L) = w, θ(0) = 0, and θ′(L) = 0. In Fig. 1, the distributions
of deflections and rotations are depicted for the frequency modulation to illustrate qualitative
difference of the response for the “pass” and the “stop” bands. Model (3) transformed to the
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rotation deflection

Fig. 1. Modulation between 9.690 and 9.790 kHz (lower bound of band gap is 9.698 kHz)

time domain yields
h3

3

∫ t

0

M(t− s)θ̈(s)ds− h3

3
(Dθ′)′ − hG(w′ − θ) = 0 ,

h

∫ t

0

N (t− s)ẅ(s)ds− hG(w′ − θ)′ = 0 .

(4)

In the conference paper, the spectral decomposition approach to the wave dispersion analysis
in the phononic media is compared with other methods of modelling the wave propagation in
homogenized periodic structures. Numerical solutions of the dynamic problem of the type (4)
involving the convolutions in the time is discussed.
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Contribution to the analysis of higher dimensional dynamical 

systems 
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a Faculty of Applied Sciences, University of West Bohemia, Univerzitní 8, 306 14 Plzeň, Czech Republic 
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In the modelling of mechanical and mainly biomechanical problems we have to deal with 

dynamical systems having the number of degree of freedom DOF > 3. The analysis of these 

systems is much more difficult in comparison to problems with DOF £ 3. In this work we are 

dealing with the model of the Cajal-like interstitial cell which plays an important role in the 

bladder wall. This system has five DOFs. It’s important to know all the attractors in the 

physiological range of main parameters. 

The model used in this work is developed in [3], where the usage of perpetual points 

according to [2] was described. While the method of perpetual points is still not verified we 

tried to develop another simple method allowing to obtain all the attractors. The software 

developed in Matlab allows to study even systems with higher DOFs. The inspiration was the 

code written by S. Kolukula and presented in [1]. We compared also the proposed method 

with the method making the use of the perpetual points [2]. The proposed method involves the 

following steps: 

1. Using the knowledge of some attractors either fixed points (FPs), limit cycles (LCs) or 

chaotic attractors, we use their coordinates as input to a main control function. In the case 

of chaotic attractors it is necessary to use three or more arbitrary points of this attractor. 

2. We choose the number of grid points and the intervals of coordinates where the basins of 

attraction should be searched in. 

3. The right hand sides of ODEs describing the dynamical system is defined in a separate 

Matlab function. 

4. The basins of attraction are calculated as a set of grid points from which the attractors 

defined in Step 1 are reached. The basins are then coloured with respect to the type of 

attractor. The rest of the whole phase space corresponds either to new basins of attraction 

of not yet known attractors or to the points running to infinity. 

5. Starting from this new region we eventually obtain new attractors and the process can be 

repeated.  

The perpetual points are computed in parallel to this procedure. It can be seen that they are 

lying on the found basins of attraction and that they can probably be used for the finding of 

hidden attractors. To show this property more deeply some results for the system of Nose-

Hoover oscillator with the lower number of DOFs (DOF = 3) are demonstrated.  

As an example of a system with DOF = 5, the model of the interstitial cell of Cajal 

mentioned previously was used. The result is shown in Fig. 1.  We see that starting from the 

unstable FP the LC is reached (self-excited attractor) although this FP is of saddle type. It 

means that starting from the red basins of attraction we reach even this FP! In Fig. 2 the 

trajectories starting from different basins of attraction are shown. 
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Fig. 1. Basins of attractions for physiological ranges of variables with perpetual point (square) and the unstable 

fixed point (circle) (left) and the enlarged phase space (right). Blue is the basin of attraction for stable FP, green 

for limit cycle and red for unstable FP of saddle type  

 

 
Fig. 2. Trajectories starting from different basins of attraction in the phase space. Colours, FP and PP correspond 

to the Fig. 1 
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Numerical and experimental study of induction bending of large 

diameter pipes 

M. Sága a, M. Handrik a, P. Kopas a, M. Vaško a, M. Tropp a 

a Faculty of Mechanical Engineering, University of Žilina, Univerzitná 1, 010 26 Žilina, Slovakia 

Our paper presents FEM application for numerical analysis of the bending process of large 

scale gas pipes using induction heating. The goal of this study was to obtain relevant 

information about stress and strain distribution and mainly about ovalization changes. 

Numerical results were compared with real experiment focused on measuring of the radial 

thickness change applying ultrasonic method [3]. 

Induction bending as a technique is relatively quick and cheap (Fig.1), but produces 

unwanted changes in geometry such as wall thinning at the extrados, wall thickening and 

wrinkling at the intrados, and steep transitions in wall thickness between tangent and bend. 

These problems increase in severity as the bend radius is reduced. However, there are a lot 

of another problems, such as springback and cross-section ovality when bending thinwall pipe 

with a large diameter. The fundamental tasks which had to be solved we can summarized 

as follows: material characteristics identification, kinematic analysis of the process, 

implementation of material characteristics into computational model, finite element modelling 

(geometry, definition of thermal contact problem, thermo-plasticity and large strain analysis), 

stress, strain, displacement analysis, computational ovality prediction and comparison [1,3]. 

 

 

 

 

 

 

  

 

 
 

    Fig. 1. Bending process of the pipe using induction heating                     Fig. 2. FE model of the pipe 

 

Modelling of technological processes of hot tube bending is a complex task involving 

constrained physical fields, and the following types of subtasks are to be addressed [1]: 

- analysis of the state of stress and strain for flexible bodies – modelling the pipe deformation, 

- temperature field modelling – modelling of heat propagation in the pipe and its surroundings. 

Constraints related to individual physical fields are as follows [1, 2]: 

- Analysis of the state of stress and strain vs. temperature fields modelling – changing the 

material temperature will significantly change the material mechanical properties, and the stress 

analysis should allow to reflect this change. 

- Temperature field modelling vs. electromagnetic fields modelling, heating was modelled by 

contact with heat transfer in the location of electromagnetic inductor. 
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- Temperature field modelling vs. fluid dynamics modelling, coolling was modelled by contact 

with heat transfer in the location of water spray. 

Computational models that would include solving all the above-mentioned physical fields and 

their mutual constraints are extremely challenging in terms of compiling a corresponding 

mathematical model, and it is also very difficult to solve. When compiling a physical model, we 

must take into account the fact that all physical fields need to be addressed as dynamic problems 

involving a change in the tube shape during the bending process. When compiling a 

computational model, it is appropriate to carry out modifications, namely by simplifying the 

physical model through reducing the modelled physical fields and their mutual interactions 

[2, 3]. In terms of modelling the technological process of pipe bending using induction heating, 

dominant is to preserve the analysis of the state of stress and strain interlinked with the 

temperature field analysis. The computational model allows us to obtain the following 

information: nodal points displacements that allow us to display the pipe shape after bending – 

using the mesh nodal points position at control points we can determine the pipe wall thickness 

and ovality after bending, stress and strain field distribution including the residual ones, as well 

as temperature field distribution. 

In verifying the created computational model we 

utilised comparison of the basic geometrical characteristic 

– pipe wall thickness after bending, found out in 

experimental measurement using ultrasound [3]. We 

compared the change in the pipe wall thickness in the 

middle of the bend where the thickness change is settled, 

therefore there is a relatively small possibility of error due 

to incorrect positioning of experimental measurements and 

the thickness reading site on the computational model. 

Figure 3 shows the course of the pipe wall thickness 

changes in the middle of the bend, namely in the radial 

direction. Maximum difference between the experimentally 

measured value and the value obtained through numerical 

computation was found at the inner side of the bend, with 

the following results: the experimentally measured value 

was 21.63 mm, and the value determined by numerical 

computation was 21.022 mm. Thus, the maximum error of 

the tube wall thickness is 1.81 %. 
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Modelling vibration sources of rotating device using 

MSC.ADAMS 

A. Sapietova a, V. Dekys a, P. Sulka a 

a University of Žilina, Faculty of Mechanical Engineering, Univerzitná 1, 010 26 Žilina, Slovakia 

Correct operation of machinery inevitably requires alignment of machine geometry in 

hundredths of millimeters (depending on the shaft speed). Shaft misalignment results in 

increased reactions, which the bearings must absorb, it induces mechanical looseness, 

damages to seals, allows fluids and impurities to enter the bearings, which considerably 

decreases the machine operating life and, consequently, the operating life of the whole 

machinery [4]. Carrying out purposeful maintenance of machines requires a correct 

interpretation of malfunction causes. In general, there is a lack of correlation between causes 

and consequences of malfunctions [2].  

One of non-destructive methods allowing identifying and consequently eliminating the 

problem is vibration diagnostics of rotating machinery. It uses vibrations, which are generated 

by machines in operation, as a source of information about the way of its working. Using this 

tool, maintenance of machines is planned according to the actual state, and, therefore, many 

useless preventive revisions are eliminated, which leads to important savings of spare parts 

and time for machinery repair [1]. It gives information about regularly monitored machines, 

by which we can prolong the planned periods of shutdowns or prepare in advance for the 

repair of specific monitored machine node etc. [2, 3, 5]. 

However, the above is diagnostics of malfunction caused by experimental method right in 

the operation. In the recent decades many software products solving dynamic problems of 

rotating machines were developed, therefore, computer simulation and building of virtual 

prototypes (VP) is nowadays an essential part of every technical solution [4]. Often, there is a 

question how to create a VP so that the results of its mathematical solution correspond to 

physical values or values acquired by experimental measurement. 

The paper presents the creation of a virtual prototype of gearing, and this prototype is used 

to generate and analyze dynamic effects measurable in the place of rotary links between the 

shaft and the frame. These effects are registered as vibration velocity. We then use the 

generated courses of vibration velocity to obtain velocity spectrum, and this spectrum will be 

compared with the spectra from diagnostic measurements. In this way we can verify the 

created virtual model, adjust its appropriate variables to select a suitable solver in 

MSC.ADAMS software.  

The state of the evaluated transmission system can be determined by observing the 

properties that are specific for this system configuration. These specific properties are time 

and frequency spectra of vibration velocities obtained from the time courses of vibration on 

the shaft bearing housings.  

Fig. 1 shows the FFT (fast Fourier transform) frequency spectrum corresponding to the 

above presented course of velocities in the radial direction. The course shows a dominant first 

tooth frequency. The spectrum also includes its harmonic multiples with insignificant 

sidebands. 

115



 
Fig. 1. FFT velocities in the radial direction on the output bearing 

Fig. 2 shows a normal spectrum of vibration velocity on the output shaft of a 3-speed 

gearbox of a cement mill. The spectrum includes lower, but significant multiples of fZUB3 

(40.4Hz, 120Hz, 160.4Hz, output gear), two dominant peaks at multiples of fZUB2 (130.4Hz, 

259.7Hz), and significant multiples of the tooth frequency fZUB3 (513.3Hz and 1026.6Hz, 

input gear). This measurement clearly shows a decrease of amplitudes of harmonic tooth 

frequencies for individual gear speeds. 
 

 
Fig. 2. Normal FFT spectrum of a raw mill gearbox, characterised by decrease in higher multiples of tooth 

frequencies 

 

In the created VP, the courses of kinematic parameters and FFT spectra were qualitatively 

identical to the predicted and practically measured ones. This created VP of a gearing may 

further serve to modelling failure states in the gearing, such as misalignment, damage to teeth, 

etc. This will allow analysing and mutually comparing, for example, the manifestations of 

undamaged and damaged gearboxes. 
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Numerical simulations of flow induced vocal folds vibrations
P. Sváčeka, J. Valášeka

aDepartment of Technical Mathematics, Faculty of Mechanical Engineering, Czech Technical University in Prague,
Karlovo nám. 13, 121 35 Praha, Czech Republic

This paper is focused on modelling of fluid-structure interaction problem involved in biome-
chanics of human voice, see [4]. The mathematical models can be used to provide important
information about the voice production. This is why simplified computational models are used
using simple mass-spring models coupled with a quasi–1D airflow, see e.g. [1]). However, the
simplified flow models do not describe the details of the glottal airflow. In order to address
the flow problem more accurately the 2D Navier–Stokes equations can be used, see e.g. [3] or
[2]. However, these model describe the flow in the glottal part more precisely, but the other
important details of the complex problem of the voice creation are not address (e.g. glottal gap
closing or the presence of the contact problem).

In this paper the artificial inlet/outlet boundary conditions are discussed in the context of the
closure of the channel due to the vocal folds vibrations. The mathematical model describing
the fluid structure interaction problem is given. The choice of boundary conditions and its
implementation is discussed. Numerical results are presented.

First, the flow of an incompressible viscous fluid in the domain Ωf
t is described by the

system of the incompressible Navier-Stokes equations written in the ALE form

ρ
DAv

Dt
+ ρ((v −wD) · ∇)v = div τ f ,∇ · v = 0.

Here v = (v1, v2) is the fluid velocity vector, ρ is the constant fluid density, and τ f = (τ fij) is
the fluid stress tensor given by τ f = −pI + 2µD(v), where D(v) = 1

2
(∇v + (∇v)T ), p is the

pressure and µ > 0 is the constant fluid viscosity. For the system (1) an initial condition and the
appropriate boundary conditions are prescribed. The boundary ∂Ωf

t is assumed to be formed by
mutually disjoint parts ΓI - inlet, ΓO - outlet, ΓWt - wall whose part (vocal fold surface) may be
displaced in time. Here, only the boundary conditions prescribed on the inlet and on the outlet
part of the boundary are discussed. Particularly, at the inlet the following two types of boundary
condition

a) v = vI on ΓI , a’) − n · τ f +
1

2
ρ(v · n)−v = pIn on ΓI (1)

are considered,where n denotes the unit outward normal vector to ∂Ωt, vI is the inlet velocity,
pI is a reference inlet pressure value. At the outlet the modified do-nothing boundary condition
in the form of (1) is used with different pressure value. The boundary condition allows the
inflow of the fluid at the boundary ΓO. Let us mention here, that the practical realization of
particulary the Dirichlet boundary condition (inlet velocity) can differ. The velocity v can be
either expected to approximately satisfy boundary condition 1a) or a penalization concept can
be introduced.
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Fig. 1. Numerical results of flow around the vocal fold model: on the left computational domain with
flow velocity magnitude, and details of flow velocity magnitude and pressure distribution, on the right
the displacement θ1 and θ2 in dependence on time t

Further, the vocal folds are assumed to be an elastic structure. For the small displacements
its motion can be described by equation

ρs
∂2u

∂t2
− divτ s = f (2)

in a bounded open set representing the vocal fold denoted by Ωs ⊂ R2. Here, u is the
displacement of the structure, f = (f1, f2) is the density of the volume force, ρs denotes
the density of the structure and τs is the stress tensor dependent on the small strain tensor
e(u) = 1

2
(∇u+ (∇u)T ).

For the computations a simplified aeroelastic two degrees of freedom model is used. The
motion of ΓWt is governed by the displacements θ1(t) and θ2(t) (upward positive) of the two
masses m1 and m2. The displacement vector θ = (θ1, θ2)

T is obtained by the solution of the
following equations (see [1] for details)

Mθ̈ + Bθ̇ +Kθ = −F , (3)

where M is the mass matrix, K is the diagonal stifness matrix with spring constants c1, c2 on its
diagonal and B is the matrix of the proportional structural damping. The numerical results for
a test case from [3] is shown in Fig. 1 in terms of typical flow velocity magnitude distribution
and the aeroelastic response.
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[2] Link, G., Kaltenbacher, M., Breuer, M., Döllinger, M., A 2D finite element scheme for fluid-solid-
acoustic interactions and its application to human phonation, Computation Methods in Applied
Mechanical Engineering 198 (2009) 3321-3334.
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The concept of Wang tiling [3] has been used in various fields of interests, e.g. the 

computational graphics or the biomechanical engineering. The main idea of the Wang tiling is 

to stack large aperiodic areas with a relative small set of tiles in order to reduce computational 

efforts for an analysis of the composed domain. The similar tasks can be found within 

problems of heterogeneous material engineering. For this discipline is not necessary to have 

strictly aperiodic areas, therefore CSHD [1] algorithm for stochastic tiling is used. 

The generation of tile sets are provided via several approaches based on optimization 

methods, patches or molecular dynamics. The last mentioned technique exhibits potential for 

material models of large volume fraction without unwanted overlapping particles. In this 

contribution is presented a modification of the dynamic model for generation of Wang tiles 

which solves problems with inappropriate copying of tile areas and corner problems of tiling. 

The modelled material domain consists of hard circular particles of arbitrary radii within 

a matrix. In general, a set of Wang tiles is visually represented with squares of coloured 

edges. Considering two different information on vertical and horizontal edges we get minimal 

set of 8 tiles for stochastic tiling. 

Wang tiling doesn´t take into account diagonal tile during stacking of a final domain. This 

issue called corner problem is solved in general with corner tiling [2]. Nevertheless such 

approach is not sufficient for molecular dynamics in terms of possible particle overlapping, 

see Fig. 1a. Another problems that cause artificial periodicity are existence and dimensions of 

border areas copied to edges of tiles with the same information, see Fig. 1b. 

              

(a)  Fig. 1. Corner problem (a) and problem with periodicity (b)  (b) 

The contribution presents upgrade of the dynamic algorithm based on adaptation of tile 

edges according to moving particles with respect to the rules of stochastic tiling. At the 

beginning particle centres with random velocity vectors are thrown into tiles related to the 

required volume fraction of composed material. Each particle during the process grow, 

bounce of the wall and collide with each other until a stopping criterion is reached. 

The tile set consists of eight tiles. Each tile is surrounded with all possible neighbour tiles 

in terms of stochastic tiling. When particle contour leaves the Master tile, appropriate edges 

designated with the same colour (information) copies this contour. The particle rebounds 
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when the particle centre reach the original edge. The similar process runs when a particle 

reach two edges of a Master tile or interferes diagonal tile. The Master tile than manage 

adaptation of edges on all Slave tiles via three steps. Within the first step the shape of all 

edges designated with the same colour as modified Master tile boundaries are unified. In 

the next step a corner deformation of diagonal tile (in tiling) is copied to all tiles. The most 

critical issue for proper modification of boundaries is to find all possible neighbour tilling of 

the Master tile. In the last step corner deformation is copied to opposite side of each tile 

(either horizontal or vertical but the same for all tiles). This modification reduces inter alia 

dead spaces. The tiling then represents a puzzle system. 

 

 

Fig. 2. Generated tiles and tilings a) Tile areas b) Adaptive Edges 

For a comparison of previous and modified algorithm was chosen a tiled model with 5x5 

tiles, see Fig 2. In here is obvious the periodicity problem of previous algorithm and corner 

problem of tiling in general. The situation becomes critical with higher volume fraction and 

with particle radii/tile diameter ratio. The tiling with adaptive boundaries solves these 

problems. It should be noted that for simplicity and clear representation all tiles of adaptive 

boundaries approach have just one large particle, therefore these particles follow grid of tiling. 

Nevertheless each tile of set could have different number of particles in order to reduce grid 

artefacts but the overall representative elements should follow required volume fraction. 

Despites improvement in field of tiling problems the concept of adaptive boundaries has 

larger computer demands that will be resolved within future work. 
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Distributed control is currently a very promising direction of research in mechatronics [4], 

[3], thanks to the new possibilities of cheap and miniature hardware implementation and 

request of efficient applications in industry which requires high scalability and reliability of 

development procedure. The final target is the concept of easily tunable, scalable, active 

vibration suppression control laws, defined by a limited number of independent parameters 

and optimized dominantly based on the local dynamical properties of the compact actuator-

sensor-matrices and only finally tuned taking into account the particular global mechanical 

configurations of the final product (shape; boundary conditions; ...).   

The topic of the paper is investigation of the decentralized controllers consisting of simple 

proportional velocity-feedback loops applied for each collocated sensor/actuator pair [1], 

[5]. Several variants with different densities of collocated pairs (Fig. 1 a)) have been tested. 

The considered planar mass-spring system is generally nonlinear, control law optimization is 

done for the linearized variant (Fig. 2) and then tested also for the original nonlinear one (Fig. 

3). The simplest conceivable variant comprising the same gain for all pairs isn’t optimal. The 

damping is not improved ”uniformly”, many of the lower modes become overdamped as the 

proportional gain is raised to meaningful values to affect the higher modes also. This means 

that the resulting time-domain responses are sluggish and power consumption is unnecessarily 

high at the same time. 

          
    a)  Different densities of sensor/actuator pairs           b)  Parameterization of pole placement 

Fig. 1. Conditions of control law optimization 

The better results can be achieved e.g. by optimization of the gains of particular collocated 

sensor/actuator pairs. Two basic versions of optimization formulation have been tested, 

minimization of maximum gain and maximization of angle  of pole placement region 

(Fig. 1 b)). The optimization parameters can be (for both mentioned versions of objective 

function) either directly the gains of all pairs or coefficients of formulas (linear, bilinear, 

quadratic, etc.) for gain dependency based on the spatial position of sensor/actuator pair. The 

further important constraint condition of optimization has been the ratio of number of real 
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   a)  Pole placement of controlled system         b) Control law gains for x direction 

Fig. 2. Example of results of optimization of gains of collocated sensor/actuator pairs 
 

   
  a)  Velocity without active damping [m/s]         b)  Velocity with active damping [m/s] 

Fig. 3. Example of chirp (0,1 Hz to 50 Hz) disturbation response – velocity of reference point 

poles with respect to the total number of poles (Fig. 2 a)) in order to prevent the above 

mentioned overdamping of the structure. The „distance” ε (Fig. 1 b)) was also constrained. 

The optimization results show, that the proposed strategies are capable to tune above 

mentioned objective functions taken into account the several conditions using relatively small 

number of optimization parameters. The ongoing research is devoted especially to the 

distributed control with the nearest neighbor feedback and the combination of the simple 

controllers with the more complex design methods like LQG, H-infinity [2], mu-synthesis and 

others. Also the detailed modelling of different variants of piezoactuators and sensors is under 

intensive development.  
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Numerical analysis of a pedestrian to car collision: Effect of
variations in walk

J. Špičkaa, J. Vychytila, L. Hynčı́ka, J. Maňasb
aNew Technologies – Research Centre, University of West Bohemia, Univerzitnı́ 8, 306 14 Plzeň, Czech Republic

bMECAS ESI s.r.o., Brojova 16, 326 00 Plzeň, Czech Republic

Purpose of this paper is an investigation of virtual performance in the modelling of the pedes-
trian to car crash scenario and variation of the pedestrian’s initial conditions with respect to the
car. This work is focused on the modelling of frontal car to pedestrian crash scenario. Fully val-
idated virtual hybrid human body model VIRTHUMAN [5] as well as simplified model of the
car chassis were modelled under Virtual Performance Solution software. The car was simplified
onto a model of the car chassis only, which is based on the real geometry data [3]. Main idea of
this work is investigation and sensitivity analysis of various initial conditions of the pedestrian
during frontal car crash scenario, i.e. position of the extremities due to different step phases and
turning angle of the pedestrian around the own axis. Real experimental data of the human gait
[2] are used for the sensitivity analysis. The effect of various initial conditions of the pedestrian
(positions, translational and angular velocities) on the injuries was monitored. One human step
was divided into 9 phases to capture effect of the walk while pedestrian crosses the road, see
Fig. 1. Consequently, the influence of different initial conditions on the kinematics and dynam-
ics of the collision together with injury prediction of pedestrian was discussed. The probability
of the pedestrian injury for the various body segments was evaluated based on the EuroNCAP
injury rating [1].

Fig. 1. Human gait phases

The effect of the walk was taking into account within translational velocities of the full
human body and rotational velocities of the extremities. The aim of this paper was to assess
the effect of the pedestrian motion on crash injury sustained by pedestrian. The results of
the injuries for the static cases (zero initial translational velocity of the full human body) and
dynamics (non-zero initial velocity) were compared together. Finally, for the considering more
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realistic human locomotion, the initial angular velocities of the extremities were defined for the
particular human joints.

The car of mass 1200 kg is moving forward with the initial velocity equalling to 45 km/h
and impacts the pedestrian from his left side, see Fig. 2. The geometry of the front part of the
car is defined based on Kerrigan [3] and modelled within the multibody principle, where 4 rigid
elements representing external surface of the chassis are connected to a basic tree structure with
the virtual springs and dampers. The specified pedestrian for this analysis is 18 years average
(50% percentile) male with weight equalling to 72 kg and height equalling to 178 cm. This
selection is based on the statistical analysis [4].

Fig. 2. Crash configuration for the reference
step phase and zero turning angle

The human gait can be partitioned and mod-
elled within two ways:

• Translational motion (velocity) of the
pedestrian as a complex unit. The ini-
tial velocity of the full body equalling
0 km/h, 4 km/h and 6 km/h was applied
here.

• Rotational (angular) motion of the ex-
tremities. The initial rotational velocity
was set up based on experimental mea-
surement [2].

Kinematics and dynamics of the selected car-to-pedestrian crash scenario were monitored
here. The main idea of this work is to study the trend, not the absolute values, of the injury
for the various body’s segments, while varying the initial conditions. Based on the achieved
results, the importance or redundancy of modelling locomotion and consideration of different
step phases in the car-pedestrian accident can be examined.
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of injury risk in pedestrian accidents using virtual human model VIRTHUMAN: Real case and
parametric study (No. 2016-01-1511), SAE Technical Paper, 2016.
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Simulations of terminal ballistics phenomena 

S. Špirk a 

a Faculty of Mechanical Engineering, University of West Bohemia, Univerzitní 8, 306 14 Plzeň, Czech Republic  

The goal was to carry out computer simulations of ballistics impacts on steel target plates. 

The problem was formulated using the PAM-SHOCK software and the explicit integration 

scheme. The 3D geometry model was developed using the NX 9.0 program, based on a 

longitudinal section through the bullet. In this section, all relevant dimensions, including the 

jacket thickness, were measured. In contrast to the manufacturer data, the weight of the entire 

bullet was found to be 12.3 g. This includes the lead core and the bronze jacket. Densities of 

these materials were found in literature and corrected according to the real specimen. 

The bullet velocity was determined from empirical relationships based on the amount of 

gunpowder and the distance travelled by the bullet. It was verified using a bullet velocity 

calculator available on the manufacturer’s website [5]. The impact velocity is taken as 779 

m/s. The bullet spin was derived from the parameters of the barrel. The twist rate of the 308-

calibre Winchester rifle is 1:12". Hence, the bullet completes one full revolution in a path of 

304.8 mm. At the above velocity, the bullet completes 2.56 revolutions in a millisecond, 

making a rotation speed of 16.08 rad/ms.  

The pressure-volume behavior was defined by a polynomial equation of state. In the 

equation, the pressure p was a function of the parameter μ. 

   iECCCCCCCp  2
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Here, μ=ρ/(ρ0-1), C0..C6 are material constants, Ei is internal energy and the coefficient α 

is equal to zero when μ < 0. Some of the material constants can be derived from fundamental 

properties of the material, such as volume compressibility, whereas others can be modeled on 

equivalent terms of the relevant shock equation of state [3]. A comparison between the shock 

and polynomial equations of state is given in paper [4] as one of its topics.  

The plastic behavior is defined by the Johnson-Cook model [2]. The stress equation is as 

follows. 

      CM

C

C

PBAy TCCC N  1ln1    . (2) 

Here, T = (T-Troom)/(Tmelt-Troom), Troom denotes ambient temperature, Tmelt is the melting 

temperature, εp is the equivalent plastic strain, ε denotes dimensionless plastic strain, and CA, 

CB, CN, CC and CM are the Johnson-Cook model coefficients for the particular material, which 

are available in literature [1]. 

The first failure criterion used was the maximum plastic strain criterion for element 

elimination. When the limit value is exceeded, the particular element is practically eliminated 

by reducing its modulus of elasticity to a negligible value. The limit value is determined by 

the properties of the material. The second failure criterion involved the deviatoric stress 
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tensor. This criterion does not affect the volumetric dependence of stress on strain. The total 

stress is found from the following equation. 

    opd   1 . (3) 

Here, 𝜎 is the damage full stress tensor, d(εp) denotes the isotropic scalar damage function, 

and εp represents plastic strain. 

The results of simulations was compared with experiments. The plates made of steel S355 

and Hardox 500 with different thickness (8, 10 and 12 mm) was used. The bullet penetration 

through the plate made of steel S355 with thickness 10 mm is shown (see Fig. 1). One of the 

advantage of simulations is the possibility to get results, which are difficult to measure (see 

Fig. 2). The significant advantage of simulations is the repeatability. The experiments are 

expensive and it is complicated to finding optimal plate thickness or slope. 

 

     
 

Fig. 1. The bullet penetrating the plate made of 

steel S355 (thickness 10 mm ) in time 0.11 ms 

 

Fig. 2. The contact force magnitude for the plate 

made of steel Hardox 500 (plate at an angle of 45°)
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One of the sources excite of mechanical vibrations can be the acoustic pressure fields. 

Mechanical vibrations are typically unwanted and it need to minimalize their size. One of 

possible solution is to use active mechatronics method. Passive solutions of this problem 

usually do not give as good results, but they are simple, reliable and inexpensive. 

In the paper is analyzed the influence of the geometrical configuration to the size of 

vibration of undamped system exited by acoustic pressure. Examinee system consists of 2D 

solid continuum, which interact with the acoustic continuum. This system is a model of the 

cover of oscillating device. The model is solved by finite element method and has been 

compiled in program Abaqus CAE. 

The structural part of the model is a steel plate with a length of 1 [m], a width of 0.75 [m] 

and a thickness of 0.001 [m]. It was modelled as a shell structure and discretized by four-

nodal S4R shell-elements with six degrees of freedom in each node. For calculation was used 

isotropic material model with a Young Modulus E=2.1E+11 [Pa] and Poisson’s ratio ν=0.3. 

Acoustic medium was air defined by density ρ=1.2 [kgm-3] and bulk modulus K=1.4E+5 [Pa]. 

Column of air under the structural part of the model was 1 [m] and was discretized by eight-

nodal acoustic hexahedrons AC3D8. The structural part is restricted around the circuit on the 

joints and torsion spring to the frame. Rigidly of the torsion springs was chosen kt=1E+8 

[Nm] [1]. The model was excited by pressure boundary condition. Excitation was located in 

the middle opposite sides of the structural part of the model. 

 

Fig. 1. Structural part of the model is curved in both axes by 0.1 [m] in the variant without and with 2 and 4 ribs 

First was performed modal analysis of the structural part of model. It watched the 

dependence of the first eigenfrequency on the geometric configuration of the system. First it 

was analysed planar geometry of the structure. Further the structure was with defined 

curvature. All variations of curvature were created in variants without and with ribs as shown 

in Fig 1. Fig. 2 shows the dependence of the first eigenfrequency on the deflection for all 

variants. Furthermore, the figure shows the dependence of the first eigenfrequency based on 1 

[kg] weight of model. The fastest growing eigenfrequency with the deflection in both axes. 
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Ribs increase eigenfrequency by only 30-100 [Hz], deflection increase by hundreds of Hz, 

while less increases the weight of the system. 

 

Fig. 2. Dependence of the firs eigenfrequency and norm first eigenfrequency on the deflection 

With regard to the results of the modal analysis was performed numerical simulation in the 

time domain for the curvature variant in both axes with deflection 0 [m] and 0.05 [m] without 

ribs. The simulation was performed for the time interval <0,1> [s]. The model was excited by 

harmonic acoustic pressure with frequency equal the first eigenfrequency of planar structure 

and 100 [Pa] amplitude. Fig. 3 shows the displacement of centre of the structural part. It is 

seen that displacement for the curved structure is almost 5E+3 times smaller. 

  
Fig. 3 Course displacement of centre of the structure for the planar and curved structure 

FE model interaction of acoustic medium with 2D structure representing the cover of 

engine of vehicle was created. First was observed influence of changes the geometry of a 2D 

structure on the first eigenfrequency. The structure was curving independently in different 

directions and it was completed with a two and four ribs. The value of first eigenfrequency is 

most influenced by the curvature. Model with a planar structure and a curved structure 

without ribs was simulated in the time domain. Model was excited by acoustic pressure. 

Curving reduce the size of the excited displacement of about 5E+3 times. It was shown that 

the influence of geometry structure on excited vibrations is significant and only minimally 

increases the weight of the structure and is very easy to design and manufacturing. 
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The aim of this contribution is to provide practical examples on quantification of inner 

structures of biological tissue samples and biomaterials. Biological tissues are three-

dimensional composite materials produced by biological organisms. The tissues are made of 

cells and extracellular matrix. The matrix is composed of fibrillar proteins, such as elastin and 

various types of collagen, and ground substance, which contains mostly highly hydrophilic 

glycosaminoglycans. Moreover, most of the tissues contain blood microvessels, namely 

arterioles, metarterioles, precapillaries, capillaries, and postcapillary venules. Although the 

theoretical resolution of optical microscopy is approx. 200 nm, routine examination of 

biological tissues can provide morphometric data on structures ranging typically between 1-

10,000 µm. 

Biomaterials are engineered substances manufactured to interact with biological cells, 

tissues and organs to provide mechanical support, to accelerate healing, to release drugs or to 

serve a diagnostic purpose [10]. Both structural and mechanical properties of biological 

tissues and supporting biomaterials are often evaluated together.  

A number of stereological methods [1,2,11,12] are available for statistical determination 

of the geometric properties of the evaluated structures and objects, using various test probes 

applied to tissue sections. Using stereology, structural parameters may be quantified as shown 

in Table 1. 

Table 1. Geometric probes used for quantitative estimates of structural features; the sum of the probe dimensions 

and the structural features is always equal to three 

Dimensions of the 

geometric probe (-) 

Dimensions of the 

structural feature (-) 

Example of morphometric parameter 

estimated 

Point (0)  Volume (3) 

Volume fraction of collagen, elastin and 

smooth muscle within arterial wall [7, 

13,14] 

Line (1)  Surface (2) 

Surface density of the trabecular 

myocardium during systolic and diastolic 

phase of cardiac cycle [6] 

Plane (2) Length (1) 

Length density of the laminal junction of 

the equine hoof [3,9] 

Volume (3) Number (0) 

Numerical density of cells within tissue 

reference volume [8] 
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Apart from these first-order stereological characteristics, fibrillar components of 

biological tissues require assessment of isotropy. Spatial orientation and preferential 

directions of connective tissue fibres and blood microvessels can be assessed in series of 

sections [5]. 

The inner structure of biological tissues and biomaterials can be also quantified using high 

resolution X-ray microtomography (micro-CT). Whereas the resolution of micro-CT is 

nowadays comparable with light microscopy, noninvasive scanning provides three-

dimensional data that can be evaluated using the same stereological methods as in histological 

studies. Should a sufficient contrast be provided, a semiautomated and high-throughput 

evaluation can be performed [4].  
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Simulation model of seat with implemented pneumatic spring 

with consideration of variable pressure in air reservoir 

T. Tran Xuana, D. Cirkla 
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The passenger in moving car is exposed to a certain level of vibrational load what may 

decrease his comfort. This article deals with description of simulation model of electro-

pneumatic mechanical system intended for enhancing vibration isolation capability of car 

seat. Mechanical part of the system comprises pneumatic spring inserted into seat cushioning 

what allows to change its hardness in accordance with patented solution [1]. Electro-

pneumatic part consists of compressor, 

reservoir of compressed air, controlled 

analog and digital pneumatic valves and 

PID controller. Presented simulation 

model is based on work done in [2] and 

describes dynamic behaviour of the 

system and calculates the displacement 

and acceleration of mass, pressure inside 

pneumatic spring, flow rate in controlled 

solenoid pneumatic valves and needed 

coil current in case of kinematic 

excitation of the seat. Consideration of 

variable pressure of compressed air in 

reservoir supplied by compressor in this 

refined version of model allows to 

perform simulations under conditions 

which are closer to reality. 

Pneumatic circuit comprises two kinds of pneumatic valves. The proportional valves 

denoted V1 and V2 are characterized by dependence of flow rate on pressure difference p 

between input and output pressure, p1 and p2, respectively, and by input coil current i.  

2 2 3 2 2 3

00 10 01 20 11 02 30 21 12 03. . . . . . . . . . . . (1)sjq k k i p k p k i k i p k p k i k i p k i p k p                 . (1) 

In the pneumatic circuit there are also implemented two digital valves V3 and V4. According 

with [3], the formulas for the calculation of their flow rate qsj are: 
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Fig. 1. The scheme of seat with implemented pneumatic 

spring 
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The total air flow qs is then given by addition of flow rates of all individual valves qsj as it is 

expressed by equation: 

 
1 2 3 4 (4)s s s s sq q q q q    . (4) 

For the control of coil current of proportional valves the PID algorithm is used in form:  
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    ,  where   e(t)=ps(t) – pd(t). (6) 

Model of mechanical part of the system is a simplified representation of seat cushioning 

with implemented pneumatic spring loaded by mass m. It is possible to set up the equation of 

motion of mass m in form (7). Pneumatic spring is in a simplified way represented by closed 

air cylinder with internal pressure ps. Value of pressure inside the cylinder is given by 

differential equations (8-9). Mechanical properties of material of flexible cushioning are 

described by restoring force given by nonlinear progressive function (10) and linear damping 

force (11). The force in closed air cylinder is given by equation (12). 
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Pressure inside the reservoir pin is a parameter which changes in time and influences the 

system dynamics. According with [2], pin is limited by range [pmin, pmax] what makes the 

compressor work just in case of pin< pmin  and stop in case of pin> pmax. 

The system of equations derived above make up the mathematical model of combined 

electro-pneumatic mechanical system of the seat. The simulations are performed in Matlab 

software for two modes of seat operation, the first in the mode of constant stiffness and the 

second in the mode of constant pressure. The transmission of acceleration is calculated under 

consideration of harmonic excitation for different setup of desired pressure inside pneumatic 

spring.  

This model allows to investigate the response of the system to kinematic excitation or the 

change of the desired pressure inside pneumatic spring which is able to set to constant value 

or defined by deterministic course. Pressure in resevoir is calculated on the basis of real 

compressor characteristics so it allows to calculate needed compressor capacity to keep 

desired dynamic behaviour of the system. The analysis of the response helps to find suitable 

model parameters which represent properties of real parts used for seat construction. 

Furthermore, the model will be used for evaluation of vibration isolation effect of the system 

which is possible to represent e.g. in form of curves of transmission of acceleration. 
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Modeling of ionic transport is an issue which offen arises in building various models in biome-
chanics, such as modeling cortical bone tissue, or in geoscience. In this paper we focus on
simulating the electrokinetics and hydrodynamics in bone tissue, more specificaly, its porous
structure on the microscopic scale.

On a smaller scale, the cortical bone consist of a tissue carrying surface charges and a
system of pores saturated by the bone fluid and interconnected on multiple scale levels. The
major focus of this study is devoted to description of the ion transport on the scale of pores with
characteristic size of a few hundred nanometers, where the porosity is caused by canaliculo-
lacunar network. This means that the bone fluid flow takes place in the electric double layer
which is formed by an interaction between charged solid-fluid interface and an ionized solution.
Our aim is to model the flow of an electrolyte in the presence of an electric field through small
pores in the deformable solid matrix.

The porous medium occupies domain Ω and is composed of a fluid filled pore space Ωf and
a solid matrix Ωs = Ω\Ω̄f with a solid-fluid interface Γ = ∂Ωf ∩∂Ωs. The system of equations
describing deformable porous medium saturated by the incompressible symmetric electrolyte
with uniform charge on the solid-fluid interface was introduced in [4] and later also used in [1].
It reads as follows:

Elasticity equation for the elastic displacement us:

− div(Ae(us)) = ρsf in Ωs , (1)

where e(us) = 1/2 (∇us + (∇us)∗) is the strain tensor, f is the external body force andAijkl =
2µδikδjl +λδklδij is the elasticity coefficient with Lamé moduli µ and λ. Density of solid matrix
is denoted by ρs.

Poisson equation for the electrostatic potential Ψ:

E∆Ψ = −e
N∑

j=1

zjnj in Ωf , E∇Ψ · ν = −Σ on Γ, (2)

where E is the dielectric constant of the solvent, e is the elementary charge and Σ is assumed to
be the surface charge given at the boundary Γ. The valency and the concentration of i-th ionic
species is denoted by zi and ni.

Stokes equation for the fluid velocity v and the pressure p:

∇p− η∆v = ρff − e
N∑

j=1

zjnj∇Ψ in Ωf , div v = 0 in Ωf , (3)
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where ρf > 0 is the fluid density and η is the fluid viscosity.
Convection-diffusion equation for the i-th ionic species:

∂ni

∂t
+ div(wni)− div

(
niD

0
i

kBT
(∇µi + zie∇Ψ)

)
= 0 in Ωf ,

niD
0
i

kBT
(∇µi + zie∇Ψ) · ν = 0 on Γ, (4)

where µi is the chemical potential, D0
i is the diffusion coefficient, kB is the Boltzmann constant

and T is the absolute temperature. The convective velocity w is defined by the fluid velocity v
and by an extension of solid velocity to the fluid part, so that w = v − ∂us

∂t
.

We followed the upscaling method proposed by [1]. Firstly, we wrote a system of equa-
tions in dimensionless form and we performed linearization. Secondly, the homogenization
of electrokinetic system is treated separately, yielding the same results as in the case of the
rigid porous medium, studied in [2]. Deformation of the porous medium is considered to be
weakly coupled to the electrokinetic flow, thus the homogenization is split in three separate
steps: the homogenization of decoupled electrokinetic system, the homogenization of perturba-
tion of potential δψε and the homogenization of perturbation of displacement δuε. Each step of
the homogenization introduces its own set of local problems which can be solved on the local
periodic cell Y composed of the solid part Ys and the fluid part Yf . These local cell problems
yield the so-called corrector functions which are necessary for the evaluation of the effective
coefficients. The macroscopic homogenized problem is then assembled from the previously
obtained decoupled limit equations.

The homogenized model is implemented in the FEM based software SfePy [3]. We study
the influence of microstructure geometry on both the effective coefficients and the macroscopic
solution. In order to observe the behavior on the lower scale, we reconstruct the microscopic
variables from the macroscopic solutions.

This approach can be used not only for modeling of the electro-chemo-mechanical coupling
in the cortical bone tissue, but also for the modelig of the swelling clays and other tissues.
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Stability of a 2D flow-field generated under 2D boundary conditions will be analyzed using 

various methods. The most practical cases of such flows are found to be highly instable and 

thus unphysical. The presented paper analyses the situation with help of experiments and 

mathematical modelling from literature defining an interesting areas for future experimental 

research, which could extend the published experimental studies and/or verify some recent 

results of mathematical modelling. 

In both external and internal fluid dynamics the flow conditions of practical cases are 

characterized by 2D boundary conditions very often. Typical examples could be the cross-flow 

around a prismatic body or flow in channel of circular cross section. The first case could be 

considered as a plane flow, invariant along the body span (excluding the ends), the second case 

is rotary symmetrical, invariant variable is the angle.  

Such cases are also mathematically modelled as 2D flows, taking into account only a single 

section, supposing the same flow picture for any value of the invariant parameter (i.e. span 

position or rotation angle). This approach could provide relevant results only for perfectly stable 

flows, when no destabilizing factor is present.  

Destabilizing factors are namely presence of shear region within viscous fluid and adverse 

pressure gradient (i.e. positive derivative in flow direction). In flow of real, viscose fluids, the 

first destabilizing factor is always present. So all real cases of flow-fields have tendency to 

instability, at least in some extend. 

Elementary stability theory relies on harmonic disturbances in the form of waves, which are 

2D from definition. As a result this theory gives unrealistic high critical Reynolds numbers, in 

some cases indicate even always stable flow. The advanced stability theory relies on so-called 

“optimal perturbation”, which is defined as an initial conditions which yield greatest growth of 

the total disturbance energy. Such structure is always 3D, well located in space and it is in the 

form of specific vortices or bundles of vortices very often. To predict such structures the 

complicated and time exhausting numerical simulation procedure should be applied. However, 

there are numerous experimental verifications of existence of such structures, see, e.g. [3]. 

An argument that the 2D approach is sufficient to capture the time-mean flow structure is 

not relevant. It is known, that the flow structure, which is developed under the instability 

process, plays fundamental role in the force interaction with submerged bodies and surfaces. 

Classical example could be cross-flow around prismatic circular cylinder. The classical theory 

of inviscid, rotation-free flow (so called potential flow) relies on 2D flow-field structure. Those 

non-physical conditions result in non-physical effect – zero force interaction, known as 

d’Alembert paradox. The reason of this non-physical behavior is considered vanishing 

viscosity, which does not allow development of boundary layers on the surfaces. Hoffman and 

Johnson have demonstrated, that the true reason of the potential theory failure is implicit two-

dimensionality of the potential flow-field due to ignoring stability properties of such flow in 
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reality. In [1, 2] they present the mathematical simulation of the inviscid case of flow around 

the circular cylinder characterized by 2D boundary conditions, but resolved in 3D space. 

Distinct streamwise structures, particularly streamwise vortices arise in the body wake, which 

are of 3D nature and could be by no way captured in any 2D model. The surface pressure 

distribution gives realistic values of integral forces. The 3D nature of wake behind a circular 

cylinder is studied in detail in [8], the 2D structure of the wake is shown to be a very special 

case. Typically, the wake structure is highly 3D, at least on instantaneous basis. 

The generation of streamwise vortices and low- and high- velocity streaky structures is 

studied in [4, 5, 6, 7] in the case of both bluff and streamlined bodies. The preliminary 

experiments suggest existence of dynamical structures of 3D topology, which are changing 

considerably both in space and time. The methods based on time-mean flow structure (typically 

RANS in mathematical modelling or point experimental methods) could not reveal such 

structures, however their existence play fundamental role in the structure-flow interaction, wake 

structure and generation of forces exerted on the body. 
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Generally, the analysis of bending of beams on an elastic foundation is developed on the 

assumption that the reaction forces of the foundation are proportional at every point to the 

deflection of the beam at that point. The vertical deformation characteristics of the foundation 

are defined by means of identical, independent, closely spaced, discrete and linearly elastic 

springs. The constant of proportionality of these springs is known as the modulus of subgrade 

reaction, ks. This simple and relatively crude mechanical representation of soil foundation 

was firstly introduced by Winkler, in 1867. The Winkler model, which has been originally 

developed for the analysis of railroad tracks, is very simple but does not accurately represents 

the characteristics of many practical foundations. One of the most important deficiencies of 

the Winkler model is that a displacement discontinuity appears between the loaded and the 

unloaded part of the foundation surface. In reality, the soil surface does not show any 

discontinuity (Fig. 1).  

 

 

Fig. 1. Deflections of elastic foundations under uniform pressure p; (a) Winkler Foundation; (b) Elastic solid 

This work takes into account the impact of random effects on gas pipelines. All effects 

such as pipe thickness, Young modulus, Poison ratio, Yield point, gas pressure, density, 

foundation, temperature, and many other factors have an impact on the safety factor. 

Randomly increased value of any of these effects should not normally result in an accident. 

The present paper deals with the calculation of stresses and critical points for the pipe 

system embedded on a flexible substrate using ANSYS program and subsequent statistical 

evaluation using method SBRA. The work focuses mainly on the parts of the pipeline, which 

have to be excavated and then backfilled thereby changing the underlying properties. 

This work deals with the repairs of the piping system, in which the piping should be 

excavated. In the subsequent execution of the repair and re-burying the pipeline, there is a 

change in the deposit, because the background material under the pipeline cannot sufficiently 

compact to the state before the repair. 
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Fig. 2. Schematic pipes with landslides 

In resolving the pipeline (beam) on flexible foundation, the change in the properties of the 

background materials should be also considered. These changes may have the adverse effect 

on its voltage state. Under these changes we can consider the size of the excavated pipes, air 

bubbles in the background materials, insufficient reinforcement etc. 

Using the Simulation-Based Reliability Assessment (SBRA) Method (i.e. an application 

of the Monte Carlo probabilistic approach), the probability of failure is obtained mainly by 

analyzing the reliability function RF=RV–S, where RV is the reference value and S is a 

variable representing the load effect combination. The probability of failure is the probability 

that S exceeds RV: p(RV–

which include the real (natural) variability of the variables. Application of the SBRA method 

is a modern and innovative trend in mechanics. 
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Velopharyngeal insufficiency (VPI) is an insufficient closing of nasal cavity (nasopharynx) 

and its airproof separation from the oral cavity (oropharynx). VPI leads to open nasality 

(rhinolalia aperta) affecting all oral speech sounds that should not be nasal. Small defects of 

the velopharyngeal closure become evident first by a different timber of the voice, bigger 

defects influence formant structure of vowels. According to the literature [1], [3], the VPI 

influence in particular the production of vowels /i:/ and on the other hand its influence on the 

production of vowel /a:/ is smaller. Several types of nasal speech are not easily diagnosed 

even specialized physicians are often not fully aware of the differences. Acoustic analysis of 

VPI are oriented mainly on differences in voice timbre because the resonant changes are the 

most essential.  

The more precise 3D FE models of adult female vocal tract developed from computer 

tomography (CT) images for vowels /a:/ and /i:/ were used for the study. The interconnections 

between the oral and nasal cavities were created according to the anatomical literature. The 

connecting channels between oral and nasal cavities have got the diameters 3[mm].  

  

Fig. 1. The first oral mode of the human vocal fold – vowel /a:/ without nasal cavities (left, 586 [Hz]) and with 

nasal cavities (right, 625 [Hz])  

The acoustic frequency - modal characteristics of the FE models were studied by the 

modal analysis considering air density ρ0 = 1.2 kgm−3, sound speed c0=353 ms−1, coefficient 

of the boundary admittance µ = r/ρ0c0 = 0.0, where r is the real component of the specific 

acoustic impedance (see [2]) and the pressure p = 0 Pa at the lips and nose.  
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Table 1. Vowel /a:/ (ON-oral-nasal frequency, O-oral frequency, N-nasal frequency) 

 F1 [Hz] F2 [Hz] F3 [Hz] 

Without nasal 

cavities 

586 1310 1675 

With nasal 

cavities 

ON 

402 

1240 

O 

625 

N 

1096 

 

O 

1326 

N 

1479 

O 

1675 

N 

2016 

2488 

Table 2. Vowel /i:/ 

 F1 [Hz] F2 [Hz] F3 [Hz] 

Without nasal 

cavities 

244 1157 2423 

With nasal 

cavities 

ON 

306 

435 

O 

- 

N 

1093 

 

ON 

1240 

2408 

O 

1164 

N 

1477 

O 

2425 

 

Due to the velopharyngeal insufficiency the oro-nasal frequencies fnaso for vowels /a:/ 

appear below the first formant (fnaso <F1) and between the first and second formants 

(F1< fnaso <F2) of the FE model for a healthy subject. The first pure oral frequency is shifted 

to second formant. 

For the vowel /i:/, two oro-nasal frequencies appear between the first and second formants 

(F1< fnaso <F2) of the normal voice and between the second and third formants 

(F2< fnaso <F3). The first pure oral frequency disappeared.  

The results for numerically simulated sound response of the human vocal tract for vowels 

/i:/ show considerable influence of VPI connecting the acoustic spaces of the vocal and nasal 

tracts of the FE models on phonation. In contrary, the influence of VPI on the acoustic 

pressure response for vowel /a:/ is smaller. This is in the qualitative agreement with the 

clinical acoustic data on velopharyngeal insufficiency. From presented results can be 

concluded, that for prediction of the voice quality is necessary correctly model the nasal 

cavities. 
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The paper presents the analysis of stress concentration nearby the graphite particles in cast 

iron with globular graphite. The quantity and shape of the created graphite particles can be 

regulated in the production of cast iron with globular graphite. Graphic particle can be 

considered as random with specific shape and position. The position and shape of graphite 

particles is randomly generated with predefined properties for the purpose of FEM analyses. 

Supporting frames of machines are made from this type of cast iron. Detailed knowledge 

of the properties and parameters plays an important role in understanding the transmission of 

forces and vibrations into the concrete basement of construction. A large number of factors 

(defects, nonmetallic inclusions, notches, etc.) have affect to the characteristics of the 

materials [5]. The deformation is directly proportional to the stress at the steel under tensile 

load in the sphere of elastic deformation. The validity of this relationship is not unequivocal 

in graphite cast iron. It is expected that the modulus of elasticity E is dependent on the stress 

and it is affected by the presence of graphite. Graphite particles reduce the cross-section of the 

body (by up to 15 %) and they cause internal notch effect. 

In the calculation of stress gradient in the vicinity of graphitic particles is assumed that 

due to the internal notch effect of graphite grains arise the local stress concentration and 

multiaxial state of stress [3]. The stress concentration factor 

 
n

max




  , 

where σmax is maximum component of the stress, σn is nominal stress. 

Theoretical calculations of the stress concentration are derived for homogeneous, isotropic 

and perfectly elastic materials and for single notch with exactly defined shape. In this case the 

value of the stress concentration factor for the spherical cavity is α = 3. But graphite grains in 

the graphite cast iron have an irregular shape and rugged surface [4]. The value of the stress 

concentration factor can therefore have a different value. The Finite Element Method (FEM) 

was used for its calculation [1]. Linear elastic material (E = 1.69105 MPa) was chosen for the 

simplification to determine the notch effect of inhomogeneity. In terms of the formulation of 

FEM the geometrically linear model was chosen for analysis. Sensitivity analysis of the size 

of model elements had to be done to determine the proper density of the finite element mesh. 

The same boundary conditions for the sensitivity analysis and for the stress concentration 

calculation were chosen. The square area (0.350.35 mm) was solved and the double 

symmetry with unit load in the direction of the y-axis was considered. Size of elements was 

chosen based on the results of this analysis, its value was determined to 0.0005 mm. 

Algorithms in the Octave software were created for the purpose of the model preparation. 

These algorithms allow generate random models with the following parameters: 

- number of inhomogeneities: 200-350 pcs/mm2, 

141



- diameter of inhomogeneity: 0.015-0.08 mm, 

- roundness tolerance: 0-0.0075 mm, 

- number of nibs: 10-15, 

- minimum thickness of the material between inhomogeneities: 0.02 mm. 

Twenty areas with inhomogeneities of different sizes and shapes of graphite were 

generated for the purpose of analysis. Stress analysis was performed on the basis of the 

proposed algorithm [2]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Stress distribution of yy in the y-axis (left) and zz in the z-axis (right) 

The similarity of experimentally obtained values of stress concentration in the vicinity of 

graphite particles with an idealized circular shape has been confirmed based on the analysis. 

The high numbers of graphite particles per unit surface area (mm2) were included in the 

analysis on the basis of knowledge of the cast iron structure. This caused a change in the 

value of stress concentration factor α – from α = 3.2 (4 % of graphite) to α = 3.57 (12 % of 

graphite). A greater number of graphite particles in the matrix also relates with the rise of 

stress fields in the vicinity of neighboring graphite particles. 

Different values of stress concentration factor calculated for the equivalent stress (von 

Mises theory) can be explained by the presence of non-zero components of the stress tensor in 

the vicinity of graphitic particles. It confirms the assumption of multiaxial stress state in the 

vicinity of the particles. Performed analyses confirm that the size and the mutual location of 

inclusions will have a greater effect to the stress concentration as their shape. 
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Calculation of locomotive traction force
in transient rolling contact

P. Voltra
aJan Perner Transport Faculty, University of Pardubice, Studentská 95, 532 10 Pardubice, Czech Republic

In numerical simulations of railway vehicle dynamics, wheel–rail contact models are employed
to calculate the tangential forces acting between wheels and rails (creep forces). Commonly
used creep force algorithms involve the Kalker’s simplified theory (Fastsim) [1] or the Polách’s
model [2]. Each model makes use of some simplifications to shorten the computation time.

A common property of all these models is that they assume steady rolling which, as opposed
to transient rolling, means rolling with constant creepage (as well as other parameters which
influence the creep force mechanism). This is acceptable in many cases, since the duration of a
transient rolling phenomenon is comparable with the time in which the rolling wheel advances
by the length of the contact area; for 40 km/h and 15 mm contact length, this is 1.4 ms. For
very low vehicle speed, however, the transition is longer and a steady rolling model might result
in inaccuracy. In the moment of first motion of the wheel from zero speed, steady rolling is
wholly unacceptable. As a consequence, a simulation with a steady rolling model does not
allow arbitrarily variable vehicle speed.

x

τ 

Δx

γ1 γ2

traction bound τm

Δτ

contact length 2a

traction τ

direction of rolling

τ m
0

Fig. 1. Evolution of distribution of tangential stress τ in contact area for transient rolling contact
– a sketch based on the simplified theory, longitudinal section

To deal with this problem, one might use the algoritm Contact based on the exact theory of
Kalker [1]; this would increase the computation time significantly. Also, a simplified model of
transient rolling (STR) was proposed and used in locomotive traction simulations [3]. This is
basically similar to Fastsim but the program keeps in memory the whole distribution of tangen-
tial traction in wheel–rail contact and integrates it without the assumption of steady rolling. The
calculation is not slow but reqiures a lot of programming, and we ask whether this is necessary
for simple applications of locomotive traction studies.

As an answer, we propose a simple algorithm of “quasi-transient rolling” that overcomes
the inadequacy of steady rolling approach in very low vehicle speed. The design of the method
is based on observation of creep force after a step change of creepage in transient rolling: its
evolution resembles the behaviour of an exponential smoothing filter which can be expressed as

x
(i)
f = F · x(i) + (1 − F ) · x(i−1)

f ,
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where x is any quantity, xf the same after filtering, i is the time step index. This formula also
is not altogether deficient in physical meaning for the transient rolling, because the creep force
is a result of tangential stress in the contact area, and there is a part of it (F ) that developed
during the current calculation step, and the rest (1 − F ) that is connected with the particles
which were present in the contact before. This is illustrated in Fig. 1 where the original steady
rolling traction distribution is described by the angle γ1, proportional to creepage s1. During
the transition, this distribution is replaced by a new one with the angle γ2 for higher creepage.

Having accepted this approach, one has to decide about two points: firstly, which of the
quantities describing the creep force mechanism will be subjected to the filtering; secondly,
what will be the formulation of the factor F .

After testing several algorithms and comparing their outputs with STR, we conclude that the
filtered quantity should be the creep force T or coefficient of adhesion (COA) µ. The smoothing
factor F depends on the distance ∆x by which the contact advances during the calculation step:
with ∆x small, F is also small because only a small part of the contact area is filled with new
traction distribution. F must, however, depend also on the traction increase ∆τ .

input

wheel motion

creepage

creep force
output

input

wheel motion

creepage

creep force

filter parameters

previous step

creep force filtered
output

a) b)

Fig. 2. Creep force calculation: a) steady rolling, e.g. with the model of Polách, b) modification
with the proposed method for “quasi-transient rolling”

As a result, we obtain a method of calculation of the creep force in transient wheel–rail con-
tact, the principle of which is given in Fig. 2. The method is approximative in nature and is not
intended for the study of transient rolling phenomena. It is, however, fast and readily available
to include in simulation code. Testing in simulation of a quite extreme case of locomotive trac-
tion (interrupted sliding, change of rolling direction) shows absence of undesirable numerical
effects and little difference from the more complex calculation algorithm STR.

Acknowledgements
The research was supported by Competence Center of Rail Vehicles, project No. TE01020038,
Technology Agency of the Czech Republic.

References
[1] Kalker, J. J., Three-dimensional elastic bodies in rolling contact, Kluwer Academic Publishers,

Dordrecht, 1990.
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Modeling of drive of cable driven mechanism 

J. Zavřel a, Z. Šika a, J. Volech a, J. Dupal b 

a Faculty of Mechanical Engineering, CTU in Prague, Technická 4, 166 07 Praha, Czech Republic 
b Faculty of Applied Sciences, University of West Bohemia, Univerzitní 8, 306 14 Plzeň, Czech Republic 

Drive is an integral part of the mechanism. It is needed to control and achieve the desired 

motion. Today, drives are controlled by control units with inverters. The most used drive type 

is the AC synchronous servo motor (drive) with a very high power density. The whole drive 

system also consists of the drive and the appropriate control unit. Maximum performance 

requires the drive and control unit to be adapted to each other. 

In the first step it is important to tune servo parameters like moment of inertia, resistance 

and induction of the drive, maximum current and other parameters. 

The drive controll unit includes mainly controll loop which can be set by many 

parameters. It is basicly divided into three parts. The first part is the position controller, 

second is the velocity controller and the last one is the current controller. These parts of the 

controller can be in many parameters  tuned. 

Each part of the controller may be switched into two states - the desired value (setpoint) 

and the ramp (ramp enable signal). The basic scheme of the controller structure is shown in 

Fig. 1.  
 

 

Fig. 1. Overview of the controller structure 

In the project are used Schneider drives and control units also. In the product manual there 

is the control scheme described (Fig. 1). The block “P” denotes position controller, “V” 

velocity controller and “C” current controller. Position controller use the proportional 

regulator with the velocity feed-forward control. It is possible to switch the incoming position 

signal to the set-point or ramp type. The same property has the also the velocity and current 

controller. The velocity controller scheme is more complex. This velocity controller is PI type 

with acceleration feed-forward control. Before the evaluation of the regulation deviation there 

are placed filters. The first one is the overshoot suppression filter (posicast) and then the 
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velocity value filter (low-pass filter of the first order). These filters play important role in the 

control process. It affects significantly the controller behaviour. These filters can be set by 

parameters which are specified in the manufacturer manual. Nevertheless the description is 

usually very short and detailed description. Especially the mathematical description and terms 

are mostly missing. Every manufacturer has generally the different setting parameters. The 

last part of the controller structure is the current controller. It is the integration type controller. 

It includes the notch filter and the low-pass filter. In the current controller can be set filter 

parameters only. The main current controller cannot be set directly, it is locked. In the 

simulation scheme the current controller is usually modelled by the model of the drive 

including the current backward loop [1]. 

The outcome signal from the controller is input to the power stage unit. Its phase delay 

given by the PWM should be basically modelled by the Padde approximation [2]. It can be 

described by the 𝐺𝑃 transfer function (1): 

   𝐺𝑃 =
𝑇0

2

12
𝑠2−

𝑇0
2

𝑠+1

𝑇0
2

12
𝑠2+

𝑇0
2

𝑠+1
  . (1) 

The model must be verified by the experiment and then all parameters tuned in a good 

agreement with the real system. It is very significant in conjunction with cable driven 

mechanisms. Cables play big role in dynamic behaviour. It is fundamental to catch and filter 

frequencies which significantly can affect control process.  

Modelling of the drive control unit is usually inaccurate because it is often difficult to 

become the exact description of the control scheme based on the manufacturer’s manuals. A 

simulation model of the drive and control unit was built. The drive Schneider 

BMH0703P01F2A and a control unit LXM32MD18M2 are used. It is used for simulation 

model of the cable driven mechanism.  
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The influence of the slenderness ratio of the composite beam 

on its bending stiffness 

T. Zavřelováa, T. Mareša 
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The work is aimed to facilitate the design of composite beams. The usage of composite 

materials in all kinds of structures is common nowadays. A reliable method for determination 

the deformation of parts made of the composite material is required. We compare the known 

methods of bending analysis of composite beams for the different composition of the 

composite material. This paper presents the influence of the slenderness ratio of the composite 

tube to its bending stiffness. We used the three different models of FEM analysis to identify 

the aforementioned dependence and to show the differences between the models.  

The results of the deflection of a fixed beam loaded by an isolated force and by an isolated 

moment, respectively, are presented. The deflection is calculated by the FEM method. The 

conventional shell, continuum shell and the volume model are used. The geometry of the 

beam is chosen to meet the expectations of all above mentioned methods of calculation so the 

results can be easily compared.  

The FEM calculations are realised in Abaqus and for the analytical calculations the 

MATLAB is used. The geometry is the same for all models. The clamped beam is loaded by a 

single force F or by the momentum M (Fig. 1.). 

 
Fig. 1. The geometry of the models and its loads 

The composite layup is composed from three layers [90°, 0°, 0°]t=1mm. The diameter ∅𝑑 

and the length 𝐿 are variables. The material constants and the loads are entered as parameters 

of the models that do not change.  

The thickness of the beam is specified as a parameter of the model by usage both shells. 

The common elements S4R are used for calculations using conventional shell and SC8R are 

used for continuum shell. The continuum shell is modelled as a solid body. The real thickness 

of the beam is specified as the parameter of the model and by the composite layup. The 

elements of the model are distributed through the whole thickness of the solid body. The 

advantage of the continuum shell elements is that they can be stacked. According [1] they 
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yield the exact elastic solution. For calculations using shells, the ratio between shortest 

surface dimension and the thickness of the material larger than ten is assumed. 

For the calculation using the volume model, the full 3-D geometry is specified. Each ply is 

created separately as a separate solid section with his own anisotropic material specification. 

The element type C3D8R (three-dimensional hexahedral element) has been used for meshing 

the tube. 

The calculations of the equivalent modules are based on the Bernoulli’s theory. The 

deflection of the beams is obtained from the FEM analysis. Than the equations (1) and (2) are 

used to obtain the equivalent tensile modules 𝐸𝑒𝑞(𝑭) and 𝐸𝑒𝑞(𝑴) from the loading by the 

force F or by the momentum M (Fig. 1).  

 𝐸𝑒𝑞(𝑭) =
𝑭∙𝐿𝟑

𝟑∙𝒗∙𝐽
 , (1) 

 𝐸𝑒𝑞(𝑴) =
𝑴∙𝐿𝟐

𝟐∙𝒗∙𝐽
 , (2) 

where 𝑣 is the deflection of the beam, 𝐽 is the moment of inertia and 𝐿 is the length of the 

beam. These equations vary in the consideration of the shear. The effect of the shear is 

evident in the data obtained from the equation (1). The results from the equation (2) are used 

to obtain the equivalent shear modulus for the whole tube. The shear modulus G is recovered 

from the formula for calculation of the deflection considering the shear. 

 𝑣 =
𝑭∙𝐿𝟑

𝟑∙𝐸𝑒𝑞(𝑴)∙𝐽
+ 𝛽

𝑭∙𝐿

𝐺∙𝐴
 . (3) 

The equivalent tensile and shear modulus of the composite tube are obtained. The 

examined methods of the calculation of the equivalent tensile modulus show the great 

influence of the shear in calculation of the deformation of the composite beam.  

Furthermore, the data obtained from the continuum shell model and the volume model are 

close together. We note that the calculation using conventional shell is very sensitive to 

fulfilling the general conditions for usage of the shells. 
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Eigenfrequency analysis of nuclear reactor with clearances
in couplings

V. Zemana, Z. Hlaváča
aFaculty of Applied Sciences, University of West Bohemia, Univerzitnı́ 8, 306 14 Plzeň, Czech Republic

The original linear discrete model of the WWER 1000 type reactor was derived in co-operation
with Nuclear Research Institute Řež and Škoda Nuclear Machinery during the year 2006 [2].
The tongue and groove couplings between the lower part of core barrel and reactor pressure
vessel show small assembling side clearances. These clearances are excended during the reactor
operational period as a result of fretting wear and oxidative process on the contact surfaces.

For a simplification, we neglect the influence of friction in contact surfaces and all damping
type. One typical dynamic feature of conservative nonlinear systems is the eigenfrequency-
amplitude ralationship of the free vibration. In the absence of an exact analytical periodic
solution to a vibration of the large reactor model with eight symmetrical nonlinear couplings
with clearances, we wish to find at least an approximative solution. Supposing, in the first
approximation, harmonic vibration with frequency Ων of the nonlinear mathematical model of
reactor. The relative tangential displacements of grooves on lower part of core barrel from
central position compared to tonges on pressure vessel can be expressed as

ui,ν = ai,ν cos Ωνt, i = 1, . . . , 8 , ν = 1, . . . , n , (1)
where ai,ν = dTi vν is the displacement amplitude in coupling i corresponding to eigenvector vν
of dimension n (DOF number). Vector di of the same dimension is determined by geometric
parameters of the reactor and a position of the concrete coupling.

To linearize the symmetrical nonlinear couplings with clearances included in reactor stiff-
ness matrix, the harmonic balance method is used. Based on this, the term for determination of
equivalent stiffness of coupling i with half clearance ∆i and amplitude ai,ν according to (1) for
nonlinear normal mode corresponding to eigenfrequency Ων can be derived [3] for |ai,ν | ≥ ∆i

as
ki =

2k

π

(
arccos

∆i

|ai,ν |
− ∆i

|ai,ν |

√
1− ∆2

a2
i,ν

)
, i = 1, . . . , 8 , (2)

where k is coupling stiffnesses for |ai,ν | ≥ ∆i. For |ai,ν | < ∆i is ki = 0. The corresponding
reactor equivalent stiffness matrix is

Ke = K −KC(0) +
∑

i

kiKi , (3)

where K is reactor stiffness matrix for all clearance-free (∆i = 0, i = 1, . . . , 8) couplings,
KC(0) is stiffness matrix of all clearance-free couplings and Ki is stiffness matrix of single
coupling i with unit stiffness.

Localization of the one nonlinear normal mode [1], corresponding to chosen eigenfrequency
Ων and amplitude starting value of the most deformed coupling, can be provided using linear
normal mode as the first estimate to start to iterative computation. The eigenfrequency Ων of
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the reactor nonlinear model can be investigated depending on relative amplitude p =
aj,ν
∆j

of the
most deformed coupling j. Amplitudes ai,ν of others nonlinear couplings are calculated as

ai,ν =
p∆j

āj,ν
āi,ν , i = 1, . . . , j, . . . , 8 , (4)

where āi,ν = dTi v̄ν are amplitudes of relative displacements in couplings on reactor free vi-
bration by the ν−th normal mode. The eigenfrequency Ω

(r)
ν and the eigenvector v̄

(r)
ν of the

linearized reactor model in r−th iteration is calculated from the eigenvalue problem
[K −KC(0) +

∑

i

k
(r)
i Ki − Ω(r)2

ν M ]v̄(r)
ν = 0 , r = 0, 1, . . . . (5)

The eigenvector meet the norme (v̄
(r)
ν )TMv̄

(r)
ν = 1, where M is the reactor mass matrix. The

calculation procedure can be summarized as follows:
1. Selection of the calculated eigenfrequency Ων and relative amplitude p0 � 1 of the most de-
formed coupling corresponding to state that’s near to the reactor with clearance-free couplings.
2. Creation of the linear clearance-free mathematical model of reactor and calculation of eigen-
frequency Ω

(0)
ν and amplitudes ā(0)

i,ν = dTi v̄
(0)
ν , i = 1, . . . , 8 according to (5) for k(0)

i = k at the
start (for r = 0) of iterative process.
3. Identification of the most deformed coupling j with respect to clearance ∆j , calculation of

ratios ∆i

|a(0)i,ν |
= 1

p0

∆i

∆j

∣∣∣∣
ā
(0)
j,ν

ā
(0)
i,ν

∣∣∣∣ and equivalent stiffnesses k(1)
i according to (2) in the first iteration.

4. Calculation of eigenfrequency Ω
(1)
ν and eigenvector v̄(1)

ν according to (5) for k(1)
i and con-

tinuing in iteration process until satisfaction of condition Ω
(r+1)
ν −Ω

(r)
ν

Ω
(r)
ν

≤ ε, where ε is a small
dimensionless parameter.

Fig.1. Eigenfrequencies Ων-parameter p plot
of the reactor

5. Repetition of iterative process for value p =
= p0−∆p, whereas the start of every new iteration
cycle at interval p0 > p > pmin appear from the
linearized reactor mathematical model with clear-
ances in the and of previous cycle.

The presented method is applied to calcula-
tion of the some eigenfrequency-relative ampli-
tude plot of the most deformed tongue and groove
coupling providing that all side clearences in cou-
plings i = 1, . . . , 8 are same ∆i = ∆. For il-
lustration, the plots of the most sensitive reactor
eigenfrequencies are presented in Fig.1. The iter-
ative calculation of dependences Ων(p) fast tends
for p ∈ 〈2, 10〉 into relative error ε = 0.001.
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Dimensioning of the take-up bar on a weaving loom using
Winkler’s model of soil

J. Žáka

aVÚTS Liberec, a. s., Svárovská 619, 460 01 Liberec, Czech Republic

While considered as very solid in comparison with the stiffness of yarns the weaving loom
mechanical parts are often subject to so high loads that their deformation may either be com-
parable to the required precision of the final product either make the production of a product
almost impossible. For example high deflection of take-up rollers may cause deformation of
a highly setted fabric in its plane due to slipping between the rollers. Care must be taken in
order to avoid such situations, nevertheless these parts usually can be dimensioned without any
special restriction.

We were in a completely different situation when dimensioning the take-up bar on a special
3D fabric weaving loom. Restricted space limited the overall dimensions of the bar which
in turn resulted in a very low stiffness of the latter. This take-up bar is subject to high loads
from binding yarns during the loop turn formation while being pulled by a mechanism into a
wedge-shaped space between the two plain weave faces [1]. On the other hand the horizontal
dimension of the bar determines the minimal length of binding yarns that represents a quality
parameter of this fabrics, see Fig. 1.
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Fig. 1. Schema of take-up bar function

At first glance the classical model of thin beam loaded by distributed linear force was used
to determine maximal deflection and stresses in the bar. It soon turned out that a form of
interaction of the bar with the pulled binding yarns must be taken into account. It was due to the
comparatively equal bending stiffness of the bar and the elongation stiffness of the yarns. Due
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to the linearity of the problem, either in material properties either in geometry, the following
differential equation could be used:

y (x) ·K +

(
d4

dx4
y (x)

)
· EJ = C7 + C8 · x .

We were supposing linear, yet unknown, distribution of binding yarn pre-tension along the bar.
Then a solution in the form:

y (x) = yh (x) + yp (x) ,

yh (x) = eβ·x · (C1 · sin (β · x) + C2 · cos (β · x)) + e−β·x · (C3 · sin (β · x) + C4 · cos (β · x)) ,
yp (x) = C5 + C6 · x,

where β = 4

√
K

4EJ
can be used. By solving a system of linear equations built over appropriate

boundary conditions, we obtain a set of eight Ci. The difference between the solutions using
the two mentioned approaches is shown on Fig. 2.
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Fig. 2. Comparison of the two approaches

By using the model of elastic soil to represent the take-up bar loading we obtained results
which differed sensibly from the simple model using a constant loading. These results also
corresponded much better to our experience with a functional model of the bar.

As a side result we demonstrated utility of an analytical method even nowadays, in age of
modern methods such as FEM.
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